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PREFACE 


Nunn, Smith, Young, and other men of notable educa- 
tional insight and wisdom have written manuals of the 
pedagogy of algebra. Rugg and Clark and their co-workers 
have applied psychology and psychological experimenta- 
tion especially to the problems of the selection of subject 
matter in algebra. The National Committee on Mathe- 
matical Requirements has made important studies of many 
matters relating to pupils, subject matter, and methods. 

In this work we have been in part gleaners after all these, 
checking their insights by experimentation, and filling out 
needed details. In part, however, our work has been very 
different, inasmuch as we have resolutely applied to the 
pedagogy of algebra the facts and principles which recent 
work in the psychology of learning has established. The 
nature of this recent work will appear more suitably in the 
actual uses of it in this volume than in any brief verbal 
account. Suffice it to say here that it emphasizes the 
dynamic aspect of the mind as a system of connections 
between situations and responses; treats learning as the 
formation of such connections or bonds or elementary 
habits; and finds that thought and reasoning—the so-called 
higher powers—are not forces opposing these habits but 
are these habits organized to work together and selectively. 

There has been general codperation in the work reported 
here, but special credit may be assigned as follows: To 
Miss Cobb, for the last section of Chapter I, the work on 
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the degree of intellect required for success in high-school 
studies; to Mr. Orleans, for Chapters XV and XVI; to 
Mr. Symonds for the section of Chapter I on the careers 
of high-school pupils and for Chapter XVII; to Miss Wald 
for Chapter XIV; to Miss Woodyard for Chapter XI and 
the second section of Chapter II; to Mr. Orleans and Miss 
Woodyard for Chapter X. For the execution of the re- 
mainder of the work Mr. Thorndike has been responsible, 
and also for the general planning and supervision. The 
investigations owe much to the intelligent and careful work 
of Miss Eleanor Robinson and Miss Theresa Shulkin. 

We wish to acknowledge here our indebtedness to all 
those who have helped, some repeatedly, in our investiga- 
tions. The list is far too long to print, over two hundred 
teachers and scientific workers having given information or 
advice or expert opinion. We thank also those who have 
offered us facilities for experiment which lack of time pre- 
vented us from using. 

Our work was made possible by a grant from the Com- 
monwealth Fund and by the provision made for the Institute 
of Educational Research by the Trustees of Teachers 
College, Columbia University. 
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THE PSYCHOLOGY OF 
ALGEBRA 


CHAPTER I 
Tue Hieu ScHoou PurPin 


In this chapter we shall not rehearse the facts concerning 
boys and girls of fourteen or fifteen which are available in 
books on the psychology of childhood and adolescence, but 
shall report three studies which add new information 
concerning the select. group of boys and girls who enter 
American high schools. 


CHANGES IN .\THE QUALITY OF THE PUPILS ENTERING 
HIGH SCHOOL ! 


The mathematician or college teacher who concerns 
himself with the teaching of algebra tends to think of the 
high school and its pupils as it was when he himself attended 
high school. There is thus a tendency for, say, the textbook 
which he writes or the selection of subject-matter and 
methods which he advocates to be adapted to the pupils 
of twenty-five to thirty years ago. This tendency persists 
even when he visits high schools frequently and teaches 
their classes occasionally. 


This section is reprinted, with additions, from The School Review, 
May, 1922. 
1 
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The pupils of today, however, are different from those 
of twenty-five years ago, not only in their experiences and 
interests, but also in their inborn abilities. The data avail- 
able for 1918 may be compared with the figures for 1890, 
since the interval between a person’s study of algebra as a 
pupil and his opinion about it as an educational expert 
would probably average approximately twenty-eight years. 

The essential available facts are given on this page, 
according to bulletins! of the Bureau of Education and the 
census report? of 1910. All numbers are to the nearest 
thousand. 

Thus, the number of high-school pupils in 1918 was six 
times that in 1890, while the number of children of high- 
school age in 1918 was less than one and two-thirds times 
that in‘1890. The number graduated, which is in some 
respects a better measure, was eight times as large in 1918 
as in 1890. 


1890 1918 
Number of students in all secondary 
SCHOOLS Lenn conte om meen een 298,000 1,804,000 
Numibentgraduated2. /.c0.7 cue eee ee 30,000 248,000 
Total population hc. ass See ees ven 62,622,000 105,253,000 
Population, ages 10-14...005)... scare en 7,034,000 10,400,000* 
Population ages oO; nra ane 6,558,000 10,400,000* 


_ *Estimated from the total population for 1918, allowing for the general change in the 
distribution of the population by age groups. In 1900 there were 8,080,000 persons ten to 
fourteen years of age and 7,556,000 fifteen to nineteen; in 1910 there were 9,107,000 ten to 
fourteen and 9,064,000 fifteen to nineteen. By 1918 the numbers in these two age groups 
were probably approximately equal. 


Neither of these, however, is just the comparison we 
wish. We are concerned here primarily with the number of 
pupils in the first year of high school (minus repeaters, 


“Private High Schools and Academies, 1917-18,” Bureau of Education 
Bulletin No. 3, 1920, p. 4. “Statistics of Public High Schools, 1917-18,” 
Bureau of Education Bulletin No. 19, 1920, pp. 11 f. 


* Thirteenth Census of the United States, I (1910), 306. 
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since we do not wish to count a child twice because he takes 
the work of the grade a second time). This we would prefer- 
ably compare with the number of children who passed a 
certain age mark, say fourteen, during the year in question. 

On the basis of the primary data we may estimate the 
number of children who became fourteen years old during 
~ 1890 and 1918 as 1,365,000 and 2,080,000, respectively. 
The numbers who entered high schools and remained for 
four months or more in the school years 1890-91 and 1918-19 
are more difficult to determine. The students in the first 
year of high school in recent years are about 40 per cent of 
the total high-school enrollment... Some of these are 
repeaters and must be subtracted to leave the actual 
number entering high school that year. On the other hand, 
the enrollment figures omit some of the students who enter 
high school, study algebra for a few months, and then leave 
school. The percentage of repeaters is not known. About 
1905 in certain cities one pupil in five failed of pro- 
motion in the first year of high school.2. The pupils who 
failed of promotion would, of course, not all repeat the grade, 
the tendency to leave school being notably strong in those 
who fail. Considering these and other factors, we may set 
90 percent of 40 percent of 1,804,000 as an approximate 
count of the number entering the first year of high school 
annually. This is almost 650,000; that is, almost one in 
three of the children reaching their teens in the United States 
enters high school. 

This is a fact worth remembering. Nothing like it has 
ever occurred before in the world’s history. The correspond- 
ing figure for 1890 is almost certainly not over one in ten. 

Neither the percentage which the number of first-year 


1 Report of the United States Commissioner of Education for 1916, I, 448. 


2G. D. Strayer and E. L. Thorndike, Educational Administration, Quanti- 
tative Studies, pp. 29f. New York: Macmillan Co., 1913. 
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high-school pupils was of the total high-school enrollment in 
1890, nor the proportion of repeaters in the first year at that 
time is known. Since four-year high schools have been 
replacing schools with shorter courses, and since also the 
gain from 1890 to 1918 has been greater for graduates than 
for total enrollment, it is probable that the percentage put 
at 40 for 1918 should be put at 43 or more for 1890. Even 
if it is put as high as 46, and if we use 90 percent of 46 per- 
cent of 298,000 as our high-school inflow in 1890, we have 
an enormous change from 1890 to 1918. For every one 
hundred children who reached fourteen there were about 
three and one-half times as many beginning high school in 
1918 as in 1890! 3 j 

We lack measures of the inborn capacities of the one in 
ten or eleven of a generation ago and have only very scanty 
measures of the capacities of the one in three of today. We 


1 At the same time that we were making this investigation, Byrne [1922] 
was, entirely independently, studying the same matter, but more extensively. 
He does not make just the same allowances for distribution among the grades 
within the high school or for over-enrollment and repeaters that we have 
made, and secures estimates of ratios of enrollment to age populations which 
are a little higher than our estimates of the ratios of “school flow” to “age 
flow,” both at 1890 and at 1918. His ratios are 35.9 for 1918 and 11.5 for 1890, 
or 3.1 times as high for 1918; ours give 3.5 times as high. We quote his 
table as Table 1. 


TABLE 1 


Ratios oF ENROLLMENT TO AGE POPULATION AT DIFFERENT Dates 


GRADE U.S. U.S 

1870 1890 1904 1918 
Gye ocaerrries Carch ae Nchniees cece ae 68.6 77.9 79.8 92.1 
RAR eT Rane PRES, Oa 60.2 68.4 70.8 78.8 
CR BAP Se eaeey heen nrnn oe aU een A 44.5 50.5 53.6 12.0 
id Bo PTW Geen pee rm est have tag MOR So 5.0 a es) 21.3 35.9 
ig Beg tea Il ne Mt eet fil BS 2.9 6.8 13.0 24.2 
es Sy IE FX. Wee tear ee ee saan ees 1.8 4.2 8.3 16.9 
|: Pare Matt AAA eB octets cag Iona) 1.0 2.4 2 Nei Z/ 
College adage ance eee een eee Sf ital Lat 3.5 
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have, however, excellent reasons for believing that, the one 
in ten had greater capacities for algebra and for intellectual 
tasks generally than the one in three of today. 

We know that education is selective, that the correlation 
between native capacity and continuance in school to higher 
and higher grades is positive. Let us consider the effect of 


TABLE 2 


DISTRIBUTION OF INTELLECT IN 1000 Purits or THE First YEAR or HicH 
ScHooLt AccorpDING aS OnE IN TEN oR ONE 1N THREE ENTERS 
HicH ScHoou 


Low- | Sec- Sev- High- 
est ond | Third |Fourth] Fifth | Sixth | enth |Eighth} Ninth] est 
Tenth] Tenth) Tenth] Tenth] Tenth] Tenth] Tenth} Tenth} Tenth] Tenth 


Selective force: 
r= .10 

One in ten.. 0 2 v7 15 28 48 80 | 130 | 223 | 467 

One in three 4 ile oo 47 al 95 | 124 | A157 | 198) |) 255 
Selective force: 
p= 600 

One in ten.. 2 9 18 29 46 | 66 | 97 | 187 | 204 | 392 

One in three| 12 | 292i7 45 |. 61) 80) 98 | 121°] 146 | 177 | 230 
Selective force: 
T—.S0 

One in ten.. 0 0 1 4 vil 26 54 | 111°] 231 74 562 

One in three 1 6 17 35 57 SOUR LZ6 LON e222, aa 


what seems a reasonable degree of this selective force, say 
that represented by a correlation of .70.1 If the correlation 
is .70 and one-tenth of each oncoming age group is selected 
for entrance to high school and for the study of algebra, we 
shall have approximately the results shown in the first line 


1 The justification of this estimate would lead into highly technical argu- 
ments, unsuitable for presentation here. The actual data available are com- 
plicated by various factors; and their interpretation depends upon one’s 
opinion of the relative shares of native capacity and the amount of education 
in determining the score made in such tests as the Stanford-Binet, the Army 
Alpha, and the Army Beta. The correlation between Alpha score and grade 
reached, as reported by the recruit, may be taken as .75; that for the Non- 
verbal Beta Test, .65; and that for the Stanford-Binet, .65 (‘‘ Psychological 
Exmining in the United States Army,’ Memoirs of the National Academy of 
Sciences, XV, 779, 783, 805. Washington: Government Printing office, 1920). 
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of entries of Table 2. If, the correlation being .70 as before, 
the selection is widened to one-third, we shall have approxi- 
mately the results shown in the second line of entries of the 
table. In the former case, 95 percent of the pupils studying 
algebra will be above average in native intellectual capacity ; 
in the latter case, only 83 percent. In the former case 
seven-tenths of the pupils will be in the top fifth of human 
beings for intellect; in the latter case, only four and one-half 
tenths. If we set a forty-percentile human intellect as the 
minimum able to profit by the study of algebra, there would 
be only 24 percent of pupils unable to profit in the one case 
as against 10 percent in the other. If we set the median 
intellect as the minimum able to profit by the study of 
algebra, the corresponding percentages would be 5 and 17. 
For readers who would estimate the selective force as greater 
or less than that denoted by r=.70, the results of similar 
calculations are included in Table 2. 

It may be well to note here that the different selection 
of pupils in the European high schools must be considered 
in connection with any plans to adopt in whole or in part 
their subject-matter or methods in the teaching of mathe- 
matics. ‘Their selection was very much narrower, and unless 
they were foolish in their control of it, as by rigidity of sys- 
tems of caste, wealth, and the like, they should have obtained 
a much higher fraction of their youth in respect to intellect 
than we obtain of our youth. 

Just how much narrower it was, it is not important for 
our purpose to measure, but one case may be presented. 
In Prussia, in 1910, the numbers of pupils in the different 
grades of Gymnasien, Progymnasien, Realgymnasien, Ober- 
realschulen, and Realschulen altogether were as follows: 
upper first, 8,788; lower first, 10,993; upper second, 14,369; 
lower second, 25,060; upper third, 27,966; lower third, 
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$2,172; fourth,.35,044; fifth, 35,230; sixth, 37,071.!_ Ac- 
cording to the Statesman’s Year Book, the total population 
of Prussia in 1910 was 40,165,219. Estimating the number 
reaching a stage corresponding to our first year of high 
school as 30,000 and the number reaching fourteen years of 
age as 800,000, we have about one child in twenty-seven 
being selected for continuance to that educational level. 
The selection in 1913 was only a little wider, and in 1905 
it was not very much narrower, no such increase of secondary 
education having been in progress there as in the United 
States. 


Byrne [1922] has made the best estimates he could for 
all the leading European nations and Japan, for the ratio 
of the school enrollment corresponding to that in our four- 
year high-school to the population of four corresponding 
years. This is an extremely difficult task if one tries to 
secure the best data in the original foreign reports; and is a 
very risky enterprise if one works, as Byrne does, only with 
secondary accounts in English. We quote his results below. 
Experts for any particular country may be able to show . 
flaws in his procedure, and some of his estimates (as of 
Ireland’s being 10 per cent better off than England and 
Wales in the proportion continuing to high school, or of 
Norway’s being over three times as well off as Sweden, or 
of Japan’s being better off than Germany, or of. Russia’s 
being only a little below Germany) seem unlikely. It is, 
however, a most useful enterprise, and, regardless of par- 
ticular flaws, it abundantly verifies the unique and unprece- 
dented character of high-school enrollment in the United 
States. 


1 Data from Erginzungsheft 27 of the Centralblatt fur die gesamte Unter- 
richtsverwaltung i Preussen, 1910. 
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TABLE 3 


Ratios oF ENROLLMENTS 1N Upper Four Ypars (HigH ScHOooL) TO 
Estimatep Four-YEarR AG Porunations. In PERCENTS 
(Byrne, 1922, p. 5) 


NATION Ratio Four-YEAR ENROLLMENT 
To Four-YEAR POPULATION 


Bneland sand sWiales.t mcs.) errata 3.9 
Scotlandh Wak. 4... eh eee eet: a Pearce 
Gis Lei 8c Dieter Rupe RG Dinesh Lyk, Ph teem Nat oot ade 
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THE OCCUPATIONS OF HIGH-SCHOOL GRADUATES AND NON-~ 
GRADUATES ! 


High-school graduates make their life-careers in occu- 
pations that are among the more intellectual and more 
refined. Any observing high-school principal or teacher 
knows that his pupils very rarely become farm laborers, 
factory hands, cabmen, domestic servants, or salesgirls. 
Just how they are distributed, however, is not known for 
the country at large or for even any large geographical unit 
or large city. 

Investigations have been made by Shallies [1913], 
Mitchell [1914], Counts [1915], Inglis [1915], Koons [1917], 
and in connection with the Elyria Survey [1918], with the 
following results. 


1 This section is reprinted from the School Review, June, 1922. 
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Shallies reports that of 734 students graduating from 
seventy-five high schools in New York State in June, 1908, 
33.6 percent went to college, 16.6 percent to normal school, 
5.4 percent to professional school; 16.0 percent were en- 
gaged in teaching, 11.7 percent in business, 8.5 percent in 
trade; 5.6 percent were at home, and 2.6 percent were 
unknown as to their careers. 

The letter of inquiry which secured these facts was sent 
in March, 1911, to the principals of certain high schools, 
one or more of whose graduates in 1908 had graduated from 
a normal school in 1910. This procedure served to select 
high-school graduates who went on into normal schools in 
excess of their representation in the state in general. How 
many of the principals who were asked to report the facts did 
so is not stated. Probably not all reported, and those who 
did probably represented schools somewhat above the aver- 
age in the dignity of their graduates’ careers. 

Mitchell reports the distribution of 845! graduates from 
forty-eight high schools in Iowa in 1908 as follows: 


Percentage 
FAST ICUUGURCM eS rr REE We cist ecctn id Grendel fs 
MOLE ESIONSrrrn stra eieorast oe oars eroer en ees ie eee oo 4.5 
IB TISINCES eae te PRERAN en eh taki eccr sc MA ARP RP At toe ab ete 3.8 
Commercialiemployeess etm. sania peers ase Dek 16.1 
BE GAC DIN GRO eae carne coyote cc ee tetrand hclats Gh Cae cant pike Soaks 30.0 
Studying in liberal arts colleges.....................--- 16.7 
CITISMMAITICC MENT... hs ate ere tee Ree Shard eS Meng ere 17.0 
IVITIRICIOTIS HENS Satara tts chet «mek Oh iho hehe eee he Obra 312 
EN LNCOYCE Bere se, 6 ROE tee Sic GIRO ae cp REN COPEL Tne sO 3.0 


Counts, studying the immediate futures of 20,389 grad- 
uates in 1913 from high schools in the North Central Asso- 
ciation, reports the following distribution: 


1 The numbers for the groups specified total 841, and this total has been 
used in computing the percentages. 
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Percentage 
Colleges ba tercrson orqtlaceven seers eres sen eee ces 26.9 
Commercial schooliets gt: ia. ct ae eet cna Bill 
Trades ven eternton Devore fe Liste nario agka ae ean 3.4 
Aen calhay aan hie er ab eee nibho d hedas oly teon. cera Rago voids 2.9 
Normal schoo! Se sre cote heen OP mee eNe ers es: 
Business MAN. a oe the Ges cL Oe lero mete ie Me eee aS 10.1 
AA OMEAEE: ah eho ie tat oe ace ae eee ee AOI eee tn ac a eS ey eh 
Otherroccupations yer ee keno ne eae 14.3 
ProlessiOne thlates.ces.ce-4 each tenn a eT ee Re eee 3.3 
Domestic economy and agriculture....................- 2.4 
Meachingty:. ie Sake ots ca8 eR Ora Meteors eaes Shee, 3 4.3 
LUNA eaVonpolhe nett or Ae ere taat oe Menie iets foente SCN OMG ia Bene ges 6.3 


* This presumably means, at least to some extent, students in professional schools. 


The primary data used by Counts were voluntary returns 
sent in by the principals of 1,000 high schools during the 
first half of the school year 1913-14. They were asked to 
report the number of the boys and girls in the previous 
year’s graduating class belonging in each of the following 
groups: college, commercial school, trades, farming, normal 
school, business, at home, other occupations, medicine, 
dentistry, engineering, pharmacy, law, domestic economy, 
agriculture, and unknown. This request is somewhat am- 
biguous, and, oddly enough, omits teaching, the one occu- 
pation most widely undertaken by high-school girls in the 
year following graduation. Counts interprets medicine, 
dentistry, etc., as professions, but they may oftener mean 
students preparing for these professions. 

Inglis computes, from the data of the United States 
Bureau of Education for 1912, that the central tendency by 
states is for a trifle over one-half of the high-school graduates 
to continue in colleges, normal schools, or other institutions 
of higher education. 

Koons studied the graduates of a single high school 
(Murphysboro, Illinois) which was established in 1901. Up 
to January, 1916, there were 269 graduates, 117 boys and 
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152 girls. The occupations of these are reported by Koons 
as shown in the following table. For comparison similar 
facts are given for 117 boys and 152 girls selected at random 
from those who left school before graduation. The entries 
are expressed in percentages. 


GRADUATES Non-GRADUATES 

Boys Girls Boys Girls 

PNB OU ibe ae Mers ah sath pian A shack 3.4 0.0 9.4 0.0 
IB UISIINC SBS oe as cic cucu dss aA AE eed eno Ge 23.0 Loe Payal ee 
[DUG USCS SE een oe eae 14.5 0.0 26.5 5.3 
EL OUESOWVOS soiioschs: cleo orcis sock Glowssi.a a actavab 0.0 46.7 0.0 46.1 
PC OMMINC MRR An rect te ts scr ee 6.9 21.0 0.9 3.3 
POCO ICSRSSEICOWITES I erage Pee eae 12.0 0.0 Tats 0.0 
OBUMLCENUS ME ners Saka ere ee cea ci sas: aesale 23.1 2.6 0.9 les 
Miscellaneous sasaki e: atl 2':0 12.0 4.6 
PE MEMUTCTTIORN TA eM nc cn 2h ec 0.0 9.2 0.0 14.5 
INOROCCUPAULON  ci5p te alarm ered ol econ ary 2.6 0.0 2.6 0.0 
Occupation not known.:....../...... 3.4 2.0 21.4 13.2 
DSH ese len, Sek ese ee Rone ae ree 3.4 iss 1.7 4.0 


The Elyria Survey, reporting on 51 boys and 97 girls 
graduating in 1915 and 1916, finds that the percentage dis- 
tribution on the basis of occupation within a year or two 
after graduation is as follows: 


‘ Boys Girls 
Engaged in further study.................-- 35.3 34.0 
Reaching smears we Sk cui Be hie tee oieee oe 0.0 Paz 
Ebracten (allisin banks) tems Wey seeps alee. cus 7.8 0.0 
Manufacturing and mechanical industries..... 37.3 2.1 
Vid Creeee eye ewer ea tal alee, cat us i 0.0 2.1 
Clericalioccupanonss “eeeia ate ae ete 11.8 18.6 
INTE TCO ce ect even) elt ea ame Re Tao e Wer 0.0 5.2 
PARI ONIG Se awe Ate cece es ice atl ay ashore 2.0 13.5 
IMascellaneolsient cbacasccs aati okay ne unio 5.9 2.1 


In the spring of 1917 forty-six boys who entered the 
Elyria High School in the fall of 1913 but had left school 
were distributed as follows: 
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Percentage 
AP TICUIGUTO Reever cher ate ens emcee ees CN ee we 10.9 
TTAUG RE Fee eee Se VE a COE ee OR ee eee ees 26.1 
Industry seyeeiee. vce Set See ee ak ene 39.1 
Transportatwon yf enw etoceactaae a cuace ner ka ed kena 10.9 
Bell Woy: oo suse os beret poetical rs Sen tener tae nea 2.2 
Gist saa(o\va ieee ee ean tk to dias ean an. Oe ong aia’ 8.7 
Li Gain ehe ee ree ac ees ede 3 coin re ee: Cece eee ene 2.2 


Thirty girls of the same group who had left school were 
distributed as follows: 


Percentage 
GLUSUT Vyas. MeAe sy eaters tars ects ROA ae eae ee oar 10.0 
Melephone: operator... meta aes ts versa emer ees 26.6 
G@lericaliworkareemirus cee rice oes ae ae Oe ie 30.0 
UNGUIT SE tees foc PEA ees aor IN SOE: TIE ct ae 3.3 
YA ESOT REY. es ety ota oie tec Ae ae are a att nc WP IETS 20.0 
Miarried bin. 6, soraee da. SN Gea eh ern a ors Atami ony 6.7 
AQiclisney ate ee Meter Meh ui ct con Dns AoC hoot ot ron c 3.3 


These studies are valuable in helping to define our knowl- 
edge of the sort of life-work in which high-school students 
will engage, but they are limited in two important ways. 
They do not keep track of the individuals long enough for us 
to establish their eventual status; and the classifications 
employed (agriculture, business, industries) are too general. 
Agriculture may mean that a person operates a farm worth 
$50,000 and employs ten men or that he is a farm laborer; 
business may mean an errand boy or a bank president. 

An attempt has been made to overcome these limitations 
by searching for representative high schools which have 
published or unpublished lists of their alumni for many years 
back and which report occupations in detail. Information 
from the following institutions seemed especially suited to 
our purpose: The Ottawa Township High School, Ottawa, 
Illinois; data for the classes from 1878 to 1914. The Labette 
County High School, Altamont, Kansas; data for the classes 
from 1896 to 1915. The Atchison County High School, 
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Effingham, Kansas; data for the classes from 1892 to 1916. 
The Pontiac Township High School, Pontiac, Illinois; data 
for the classes from 1895 to 1916. The Gouverneur Schools, 
Gouverneur, New York; data for the classes from 1888 to 
1915. The Auburn Academic High School, Auburn, New 
York; data for the classes from 1868 to 1906. 

We have collated the facts for graduates from 1892 to 
1901 (1895 to 1901 for Pontiac and 1896 to 1901 for Labette 
County) and also for graduates from 1902 to 1911 (1902 to 
1906 for Auburn). The former group represents graduates 
most of whom had more than ten years after graduation in 
which to establish themselves in life and deserves special 
attention. 

The occupations mentioned are given in full, partly 
because these details give a concrete sense of the work of 
high-school graduates and partly to permit the reader to 
classify them as he wishes. They are also classified into 
groups. The detailed lists presented in Tables 4 and 5 show 
that the high-school graduates of 1892 to 1901 engaged in 
the main in the top quarter of the country’s work as rated 
on the basis of desirability and importance. In Table 4 the 
ninety-nine cases labeled ‘‘business”’ are all from two schools, 
Ottawa and Auburn; and the more detailed records of the 
other four schools show that only a very small percentage 
of these ninety-nine are engaged as porters, drivers, and the 
like. Even if we regard the “unknowns” as much inferior 
to the ‘‘knowns,”’ and estimate the number of “farmers” 
who are really farm Jaborers very generously, we have out 
of 466 males, only 41 who may be doing work below the 
level of a stenographer, salesman, or electrician (8 in Army 
and Navy, 6 in the factory group, 9 out of 33 farmers, 1 
lumberman, 2 out of 7 in the manufacturing group, 8 out 
of 99 in business, and 12 out of 24 unknowns). 
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Let the reader arrange the occupations of the 1892 to 
1901 male graduates along a scale of seven units in which 
one represents an unskilled day laborer; four, a blacksmith, 
carpenter, mason, or plumber; seven, a doctor, lawyer, 
engineer, or operator of an industrial or commercial plant 
with an income of $3,500 or more. Two and three represent 
equal steps between one and four. Five and six represent 
equal steps between four and seven. Distribute the “farm- 
ers,” ‘‘unknowns,” and other doubtful cases as seems just. 
It will probably be found that more than one-half of the 
male high-school graduates will be placed in the two highest 
compartments, and more than four-fifths of them in the 
three highest. The occupations of the women may be sim- 
ilarly distributed by using a scale in which one represents 
an unskilled laborer, a dish washer or factory hand of low 


TABLE 4 


PERCENTAGE DISTRIBUTION, ON Basis OF OccUPATION, OF MALE GRADUATES 
FROM Six HigH ScHOOoLSs 


1892— | 1902- 
1901 1911 


Artist, 1, 0; architecture, 2, 1; cartoonist, 1, 0; chorister, 0, 1; 

MUSIC 1, 2s music teachers 0} Liestage sl sO) cantunesss sete 1S 0.8 
Accountant, 1, 1; auditor, 2, 0; banking, 14, 2; bank cashier, 

3, 4; bank solicitor, 1, 0; city treasurer, 1, 0; post-office in- 

spector, 1, 0; postmaster, 2, 2; registrar, 2, 0; county treas- 

RITeLs On Pemcn eed erence eee em eee ame eee Rea 5.8 5 
0a cenipel CUP RIN EN aloe tal Nn act me osha Geto cia cHOmNnake cach o SOL Sats wat 0.6 0.2 
Advertising agent, 0, 1; business, 99, 131; book business, 2, 0; 

business manager, 0, 1; druggist, 4, 3; hardware, 0, 3; insur- 

ance, 0, 1; jeweler, 0, 1; lumber dealer, 1, 0; music dealer, 

1, 0; manager of coal office, 0, 2; manager of grocery depot, 

2, 2; manager farmer’s elevator, 0. 1; manager of show, 0, 1; 

real estate, 6, 4; merchant, 4, 7; salesman, 6, 4; shoe dealer, 

OME shoe salesman, Oy ls turew.cling sls |0 aerate ee ene PAF AU) Pek ie 


1 The wording of the original is followed in the list of occupations. The numbers after 
each occupation are the actual occurrences, the first being for the decade 1892 to 1901, the 
second for the decade 1902 to 1911. The totals are: 1892 to 1901, 466; 1902 to 1911, 664. 
The numbers in the columns at the right are percentages of the total. Thus, of the grad- 
uates from 1892 to 1901, 1.8 percent are artists, architects, etc.; 5.8 percent are account- 
ants, auditors, etc. 
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TABLE 4—Continued. 


1892- | 1902- 
1901 1911 


Clergyman, 11, 3; dentistry, 6, 2; editor, 5,0; education, 18, 4; 

entomology, 0, ile journalism, Oy oF law, 5 57, 14; medicine, 

19, 5; missionary, 1, 0; pastor, i 6; pathology, cf 0; prin- 

cipal of school, 0, 1; physical director, Ovi physician, LGtos 

professor, 1, 1; student, 1, 105; superintendent of schools, 

252: teaching, 7, 373 Y.M.C.A., Bibi ks abe gehae 4 Meee RS En eat 33.3 | 27.9 
Chemistry, 2, 5; civil engineer, 7, 7; engineering, 14, 9; elec- 

trical engineer, fers mechanical engineer, idle mining en- 

gineer, 0, 3; architectural engineer) 0," wet tase err at << 5.4] 4.1 
Draughting, 3, 2; electricity, 2, 9; forestry service, 0, 1; in- 

spector (meat and dairy), 2, 0: machinist, 2,2; painter, 0, 1; 

pharmacy, 2, 5; plumbing, J, 1; photography, 3, 0; teleg- 

RADON Ose SULVEV OL, Ol aaar ame tice hers Wve ec ae Seo. |ans 
Bookkeeping, 7, 9; billing clerk, 0, 1; cashier, 1, 2; clerking, 

11, 20; drug clerk, 0, 1; government clerk, 0, 1; groceryman, 

0, 1; mail clerk, 3, 8; postal plea 1, 0; Santa Fe office, 

0, 1; stenographer, 1, 14; secretary, 1, 0; railroad employee, 


Joly ab ahs PARR OPENS RI ale eee ERI BL ee Sed eet 6.2] 8.9 
Factory, 1,1; chauffeur, 0, 1; deliverer, 0, 1; mail carrier, 1, 3; 
mechanic, 4, 1; work in lumberyard, 0, 1; working for coal 
company, 0, 1 ae Bee San Gn RN earn eno Gite ee EU ANE ee Aa Rane 1.3 1.4 
_DSSTERT TWH TEES aS OE enema ce CRN Ror oan TiS er cee cece me eS tNe Yoedke |padlals@ 
PRETO RTTIANY phy tis ade ayn regs SARE UI AES co he. Vee RN oe inh ARE OF 25 OrS 
VESTA CUUNIN Dict 1 specie acorn cy UNE Seca ne ee eee se Ee LeSiieeOrs 
Agricultural agent, 4, 2; internal revenue officer, 1, 0; osteo- 
path, 1, 0; tailor, L, 0: United States mail, 2, 4; undertaker, 
aa te veterinary, 0, Hee eh ON aoa, Maaeincedy Wheels 1.9 1.2 
At home, 0,3 Sie Ost & RoR Gara alr ORS angen Cee RRR CE ROR Lc Rg SS Tac OFO8/ 1085 
Novieiated 2ossoy UDKMOW ly Gre motive ch certs oa Ne antee ie Hela alse 


grade; four, a clerk or typist; seven, a teacher in high school 
or an operator of a store or shop with an income of $2,000 
or more. This procedure will probably result in placing 
nearly three-fifths of the unmarried women graduates in the 
two highest compartments and nearly nine-tenths of them 
in the three highest. 

High-school graduates (male) have over ten times their 
quota in the professions. According to the census of 1900, 
in the general male population twenty-five to thirty-four 
years of age there were just about as many draymen, hack- 
men and teamsters as there were in the four professions plus 
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journalism and dentistry; but among the high-school grad- 
uates there were possibly one-sixtieth as many. Among 
women in general of the ages twenty-five to thirty-four, 
dressmakers and milliners outnumber teachers considerably, 
but among the high-school graduates teachers are about fifty 
times as numerous as milliners and dressmakers together. 
The life-careers of non-graduates cannot be pictured with 
surety. We have been unable to find records save those 
quoted from Koons and the Elyria Survey and those given 


TABLE 5! 


PERCENTAGE DISTRIBUTION, ON Basis OF OCCUPATION, OF FEMALE GRADUATES 
FROM Six HigH ScHOOLS 


UNMARRIED 
OMEN 


ALL WoMEN 


1892— | 1902— | 1892— | 1902- 
1901 1911 1901 1911 


Artist, 0, 2; music, 7, 10; musician, 1, 0; music 
teacher, 6, 4; stage, 1, 0; supervisor of music, 


dealer, 1, 0; deputy register of deeds, 0, 1; 
SiyoemumasneleMinOs dhe sonkoooscaseogoos soda: 9.5 6.2 | 19.4 | 10.3 
Bookkeeper, 18, 16; clerk, 13, 15; office work, 
0,1; private secretary, 2,1; postal clerk, 0, 2; 
saleslady, 1, 2; secretary, 0, 1; stenography, 
24, 37; assistant postmistress, 1,0.......... 6.3 Chek WV UGA ES || TE 0) 
Chautauqua system, 0, 1; education, 107, 22; 
librarian, 5, 5; married teacher, 3, 4; student, 


3, 70; settlement work, 0,1; teaching, 44, 204) 18.9 | 29.3 | 38.4 | 48.7 
Nursing, 6, 12; married nurse, 1, 0; osteopathy, 

TOs pharmacy.wll Oeming ors acre oe LEO i aL ieee 1.9 
Dressmakingss2 sles tanillinery: ali lescmriiiniecen ee Osco Obe2m Ham On fant man ness 
Domestic, 0, 1; housekeeping, 2,0............ 0.2 Ost OZ5 0.2 
WENO mbar oyster ore, WSO chysbooeonngudeecs oun yal 0.0 0.2 0.0 
Married, 43 i adie mcrae cine ee orate 5OSGH | SOs Silinse |e ale eee 
At home, 36, 94; in Japan, 1, 0; unemployed, 

gL Gaiets toby beta cee ke Srey ace MAE ee NUE eee 870) LOST 6 Sole 17g 
Not stated, 18, 34; unknown, 4,7............ 2.6 3.9 BP) MN (Os 


1The numbers after each occupation are the actual occurrences when all women are 
included, the first being for the decade 1892 to 1901, the second for the decade 1902 to 1911 
The totals are: all women, 1892 to 1901, 859; 1902 to 1911, 1,048; unmarried women, 
1892 to 1901, 421; 1902 to 1911, 631. ; 
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in Table 6 comparing graduates and non-graduates of the 
Northeast High School of Philadelphia, a school of rather 
special nature and history. The one fact which is certain 
is that the non-graduate takes, in respect to occupation, a 
position intermediate between the graduate and the person 
who has not attended high school. 


TABLE 61 
PERCENTAGE DisTRIBUTION, ON Basis oF OccUPATION, OF GRADUATES AND 
Non-GRADUATES OF THE NortTHEAST HIGH SCHOOL, 
PHILADELPHIA, 1893-1911 


ze Non- 
Sines | GRADU- 
Actors, 0.0, 0.2; artists and designers, 3.2, 0.7; engravers, 
0.2, 0.4; musicians, ONS OM eaee. Tati iewie cas © nr ht Os 5 ¢ et 
Accountants, 0.6, 0.4; bankers and pea Sy Tee O%3 
builders, 0.9, 0. 4; contractors, OS O2: HARE Ee eT 3.4 15 
Architects and architectural seer ee Oe: ee een 3.2 9 
Advertising solicitors and writers, 0.5, 0.7; commercial 
travelers, etc., 3.0, 7.3; insurance agents, etc., 1.4, 1.1. 4.9 9.1 
2 ale) 0.3, 0.2; druggists, 0.6, 0.9; manufacturers, 
rine MIMerChanius, Livh oe tees ek ce ae eee Se Deo 
Bookkeepers, 2.7, 2.0; clerks, etc., 5.3, 8.2; OM secre- 
taries, 0.3, 0.5; stenographers, 0. 8, 0.0... 9.1 10.7 
Chemists, 1. 71 0.4; engineers, 8.8, 2.4. 10.5 2.8 
Clergymen, 0. 4, 0. 3. dentists, 1.1, 0.4; journalists, 1. 5, 0. 4: 
physicians and surgeons, 2.7, 0.9; eet 2.4, 0.4; 
0 


consuls and lawyers, 2.3, 0.7.. 10.4 3. 
Draughtsmen, 8.6, 3.5; decorators, 0. = 0. 4: ‘electricians, 

5.3, 0.2; instrument ‘makers, 0.8, 0.0; jewelers, OnO:2? 

machinists and pattern makers, 1.5, 0.9 : photographers, 


0.6, 0.0; surveyors, rodmen and transitmen, 2.1, 0.7...] 19.8 5.9 
Osteopaths, 0.0, 0.4; veterinary surgeons, 0.1, 0.4.. ae 0.1 0.8 
Plumbers, 0.4, 0. rip printers 0.5, 0.9; tailors, 0. Ig ue 1.0 1.6 
‘SLEW KSI: 08 tote, Lope hs oie BAPAC Orn nt Jo ee eee ye 7 15 
Supervisors, 0. ‘A, 0. 0; " superintendents, foreman, and man- 

ACTS MICO OSIRIA va eee ne Mee ee tiga cus nae ok wr orcs 2.3 5.1 
Other occupations and not reported.................... 10.6 50.4 


From both the details and the grouped results shown in 


Table 6? it is obvious that, with any reasonable distribution 


1The first number after each occupation is the percentage of living grad- 
uates; the second, the percentage of living non-graduates. 

2 These facts are compiled from the Catalog of the Northeast High School, 
Philadelphia, 1912-13, and the Handbook of the Alumni Association of the 
Northeast Manual Training High School, Philadelphia, 1913. 
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of the “unknowns,” the non-graduates will be relatively less 
frequent than the graduates in the more dignified and im- 
portant occupations and more frequent in those less dignified 
and important. This is shown also by the data quoted from 
Koons and the Elyria Survey. 


We have shown in the previous section that from 1890 
to 1918 the percentage of children reaching a given age who 
go to high school has trebled and that the percentage of 
children reaching a given age who graduate from high school 
has increased even more. It seems unlikely that the envi- 
able status shown for graduates in 1892 to 1901 in respect 
to occupations can be fully maintained now and in the 
future. To maintain it would require that the favored 
occupations be practically closed to all but high-school 
graduates. This may perhaps be taking place. The supply 
of high-school graduates is increasing so fast that any pro- 
fession or reputable semiprofession may demand such. Even 
if it is not fully maintained — indeed, even if there is a 
considerable movement downward — the high-school grad- 
uates will still have a notably high occupational status; the 
correlation between amount of education and dignity of 
occupation will still be close. 


THE INTELLIGENCE OF HIGH-SCHOOL PUPILS ! 


The “‘intelligence’’ or ‘amount of intelligence”’ or ‘‘de- 
gree of intelligence”’ or “intelligence score” of a pupil, as 
used in this section, will mean the score he obtains in a first 
trial with the Army Alpha test. This test, presented on 
pages 38 to 46, contains 212 items. A correct response to 


1 The evidence for the statements of this section, and some critical dis- 
cussion of it, may be found in an article entitled ‘‘The Limits Set to Educa- 
tional Achievement by Limited Intelligence,” in the Journal of Educational 
Psychology for November and December, 1922. 
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any one of them counts one. An incorrect response counts 
zero, except where the pupil has an even chance of being 
right by guessing; then it counts minus one. About half of 
the native white adults of the United States would score 65 
or higher. About a third of them would score above 85. 
If the reader will go through the test, checking the 65 items 
that seem easiest, he will gain a rough idea of the degree of 
intelligence signified by a score of 65; in the same way he 
may obtain a rough sense of the meaning of a score of 85. 


The Intelligence of High-School Pupils 


If pupils in high school are given the Army Alpha test,! 
three facts appear very clearly. First, the average is much 
above that of the general population; second, the average 
rises from first to second, second to third and third to fourth 
year pupils; third, there is a very wide range of variation. 


Tables 7, 8, 9 and 10 show the facts, in the form of the 
number of pupils who obtained scores from 0 to 4, 5 to 9, 
10 to 14, 15 to 19, and so on. Thus Table 7 reads: ‘‘Of the 
high-school freshmen in Mt. Clemens, one obtained a score 
from 165 to 169; one a score from 145 to 149, one a score 
from 140 to 144, and so on. The median score (which is 
approximately the score such that 50 per cent of the pupils 
fall below it and 50 per cent exceed it) for the 85 Mt. 
Clemens freshmen was 96.” 


The scores in general average high. See Table 11, totals 
for Ill., Ia., Wis. and Mich. The median freshman score is 
96. The median sophomore score is 111. The median junior 
score is 123. The median senior score is 126. They increase 
from year to year as shown above and in Table 11. The 
difference between freshmen and seniors is shown graphi- 


1A representative form of Army Alpha is reprinted in full at the end of 
this chapter. 
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TABLE 7 
AupHa DistripuTion or HigH-ScHoot FRESHMEN! 
Toney 
Scorp Mr. Mr. Micu. Tikes a eae 
ON Cuem- | Mrivan | Pueas-| ALMA oe Hees xe oe 
ALPHA ENS ANT ETROIT Tate ins Bios 
EROS U4 S| ae ae elle eee am lees cee | aed ence 3 3 silze 
Bate WAS) Ds am A Dare eee IR iol Gain Suan tee oars A 0) OV ik eae: 
SIVA OK @ (Eis irl (ee Sl eee CNR yA lhe oer nr 2 2 712 
165 A eave ope ecene, siete str Bc 1 2 3 Ales 
LUGLO) "Aantal ll or moeaece: 1 iI Pa i ral 41 
ALES) Me SIN se aed scl Ades sores | sence eralll erro eects a if 41 
1D, eters APE Alb, Gena 2 & 9 12 .70 
145 1 DAE | Pai pee yee a 3 13 16 .93 
140 IRD eet | rectors 2 3 17 20 1PetG 
135 1 2 2 4 9 31 40 Qos 
130 il 2 2 3 8 50 58 Sod 
125 4 1 2 6 13 67 80 4.65 
120 83 iS 2 7 15 65 80 4.65 
i515) 6 2, 3 11 22 2 94 5.46 
110 6 4 2 10 22 73 95 5.52 
105 8 2 8 5 23 97 120 6.97 
100 5) 6 3 12 26 87 113 6.57 
95 i 6 5 20 45 2, 157 9.13 
90 4 ¢ 10 11 32 98 130 C55 
85 8 il 6 18 43 113 156 9.07 
80 3 7 11 10 3) 88 119 6.92 
75 5 7 9 18 39 73 109 6.34 
70 6 14 8 11 39 61 99 S765) 
65 5 8 6 11 30 on a 4.15 
60 4 4 7 12 Daft 23 50 2.90 
55 3 1 3 6 13 16 29 1.68 
50 1 AW ekaiceears 8 13 15 28 1.63 
45 2 3} 1 3 9 5 14 81 
CO I este A ee ere be ae 1 0 1 06 
SOOO Ty See Rea ees a 1 Be 4 6 3a 
OS ewe tea a Oe | Fad eee ee ew aes [lee ee 0 (OI IFS ea ONE 
ORAM etek a 4 leat all ere: eer ll eos ye eee |e eee 2 2 ib2 


No.Cases} 85 99 91 199 474 1247 1721 100.02 
Median..| 96 85 85 91 89 99 96 


1These results are typical for the country as a whole. There is very great variation 
among communities. For example, the median score for recruits from the highest ranking 
State in the Army data was almost twice that of the lowest ranking State (79 and 41). 
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TABLE 8 
ALPHA DISTRIBUTION oF HiGH-ScHOOL SOPHOMORES 
5 eke 
Sg Mr. Mr. Tope Lu., Wis., lowa 
ag Gian MILAN Preis: ALMA Guna Wis. AnD Mice. 
ALPHA ENS ANT DETROIT * sei 
Iowa No. PER- 
CasEs CENT 
TS D= TSU veh ae Saale Ol UIA J Ue cereee ed eer areas, a8 2 2 .16 
era MRE cae trea llescayeuce ites once teiyll se toveareiehe Bee 1 1 .08 
AD) ele, SSSI Seer | (ene eee (eee oe 6 6 .48 
165 Ds a Ss Oe ee Bees so ae % 7 9 .79 
160 ee ee Le ples 2, 7 9 .79 
JUSS) oe eR ee ar Nae 2 ) 1s 17 1.36 
NGOS Be. ak PC eae Ney ie 1 2 20 22 1.76 
145 Ages Ree J 4 9 30 39 Saal 
140 fy ed een > Rare? el fe eee 4 47 51 4.07 
ENS Oh eee oa Cll ae Pace 4 34 38 35,083 
130 6 2 ANY late ee 12 63 75 5.90 
125 6 5 2 2 15 67 82 6.54 
120 3 0 8 4 15 76 91 4220 
115 7 3 2 9 21 1? 93 EY 
110 5 1 5 5 16 94 110 8.78 
105 7 6 3 vé 23 70 93 7.42 
100 3 3 a 6 17 83 100 7.98 
95 2 F 4 as9 20 65 85 6.78 
90 5 5 9 9 28 67 95 7.58 
85 1 5 5 Zt 18 50 68 bye 
80 4 3 3 7 le 30 47 30S 
75 1 2 5 5 1s} 31 44 oro 
(a 1 2 3 6 22 28 2.23 
(Gi) (al RESO ee ee 3 Py 5 16 21 1.68 
GOMER, Paola ake 0 2 3 5 8 13 1.04 
515), | eee a. 4 hee een Pa 2 4 ] 3 .40 
me Ih kc ae 1 | ae 2 3 5 .40 
HES 1 A age Oa re Sees ers Poe lem te a Ae 2 2 .16 
OME Ex ete oe ac eats | A tlie Bee ace 0) On Waa ee 
SSE Paes MPa ete allio. c-apeelleentecanal| ie manic es 1 1 08 
IM Pe PI erent ee eee cach: aa sodbes 0 OLA ee kerstetee 
Bs TAS) || Ce aa ose ae | eee Ca ee 0 Na Gh e Fier, ee 
CA ME Anca oe, SRR | CR esha 9) Ole. learnt 
Its t1G hl RRS | i aie ars en ee a) Ue, ik il .08 
No.Cases| 61 45 69 87 262 991 1253 100.03 


Median..| 117 99 | 101 98 104 112 1A earl ee eine 
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TABLE 9 


Aupya DistrRipuTion oF HiGgH-ScHOOL JUNIORS 


185-189 


180-184 


175 


170 
165 


ToTaL 
Iuu., Wis., lowa 
Mr. Mz. Mica. Iut., anD Mic. 
Curem- | Miuan | Pieas-| AuMA | OUTSIDE Nie 
ENS ANT Dureor Tous oe a 
CasEs CENT 
See rer (Wee 5 ON IR a a OM LE Aer execs Pett gan 2 2 .20 
Web sihed (Od arenes OL ee Se aA 1 3 4 41 
Sere bs eh aes ee eect eae 2 2 5 ra .72 
all ea irate es AP eel he seceapees 3 8 11 eas 
dP Alle ach ae Die | aay a 3 15 18 1.84 
APO ces Ae eee ll oa er 1 15 16 1.64 
ASE no 55 ee 2, 1 Uf 32 39 3.99 
Ph A Ey 3 Vat tan Pace MR 4 38 42 4.30 
Pe A eee, 2 3 7 34 41 4.20 
Da hen See 4 4 10 onl 61 6.24 
UN. Sa Pema 3 2 5 8 60 68 6.96 
Sian Seererk all Pn 3 6 62 68 6.96 
4 il 4 1 10 66 76 7.78 
OMe ee 3 2 10 74 84 8.60 
Hit Neen C 4 16 76 92 9.41 
3), Alea aaa 2 6 11 68 79 8.09 
phe Hiiee snare 3 2 8 52 60 6.14 
3 1 3 3 10 48 58 5.94 
1 il 2 7 ial 42 53 5.42 
| ane 3 2 6 23 29 2.97 
i gel eee Saree 1 4 6 19 25 2.56 
EP coc eee a stir 1 3 4 13 17 1.74 
1 RSG ts. Semen 1 2 4 7 11 Pers 
Bert ested lee ten eR Rc 3 3 3 6 61 
Freer ons Steere toner i 1 3 4 41 
se rho at 4 ae el ene Te 2 2 0 2 -20 
ty Milena aceeene| okeactege 2 3 0 3 ok 
BS Fel Le enh nae or Reena sae hating td ch 0 0 kh ane 
Sa esa tersd Wear ac Meese, ener A gases leer ce ons 1 1 .10 
46 3 46 62 157 820 977 100.00 
ee A TS ot 120 110 118 124 123 S05 lhe eee 
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TABLE 10 


ALPHA DISTRIBUTION oF HicH-ScHooL SENtors 
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Toray It., 
Wis., lowa 


Scorn Mr. Mr. Micu. | ILL. AND Mic. Derroir 
ON Crem-|Minan| Punas-| Auma |Ovrstpe | W!S- | Exc. Detroit 
ALPHA ENS ANT DETROIT pales 
No. Prr- | No. | Prer- 
Cases | cent |Cases| cent 
PADD PAD els. aed ia Meee we ee ark a a de i a 1 1 SS alleen 
IG = CA ee ES fee ket ened Goce 4 Semrey eta (eu eae dee 0 (ONE (es: A hod DEN AES 5 ae 
OO OA irre ace esha Se asin [licen eo roeelle ee Resa: 2 2 AOE Sele ener 
ESM eae. [PS af Bete area ten cae he 0 OPA ys Foal See 8 es 
180 LIEN ai ee ek | oer rena ae 1 2 2 4 .52 3 48 
175 IN: eae eaade Alera ed as hee ae a 1 5 6 .78 3 48 
170 LF aaa el aie cae 1 2 12 14 TESS Da aiere 
NGM Pees hy tate 1 2 3 15 18 2.35 6 .97 
TKO eal Er ee eee 2 1 3 18 21 aia Lives een 
155 Thais rege: 3 3 of 31 38 4.96) 19 | 3.06 
150 Dealt. oA 2 3 ff 26 33 4.30} 30] 4.83 
11d irs ol a a er 3 2 5 36 41 5.35) 41 | 6.60 
140 oe ae re 4 3 9 51 60 C8d\- 84 |eov4e 
135 ae 4 1 6 41 47 6.13} 41 | 6.60 
130 Mts | Bases: 3 il 5 45 50 6.52) 41 7) 6:60 
125 1a em 4 3 8 59 67 8.75| 50) 8.05 
120 4 1 4. ts 16 44 60 7.83) 44 | 7.08 
TS Pt EB I ek 2 2 6 55 61 7.96) 48 |-7.72 
110 Dies cee 5 4 11 49 60 7.83] 46 | 7.40 
105 Pike Seat 1 6 9 42 51 6.66} 49 | 7.89 
100 hes ee 1 6 8 34 42 5248], 732) ould 
95 ddl arenas 2 1 4 18 22 2280) bd4| OLOL 
90 Vata aoe Se 2 1 5 1s) 20 2.61) 19 | 3.06 
85 eee | ones 3 1 5 4 9 Nel Pes lec ela%et 
SOMME AAAS ra alicr SER ots 1 1 7 8 1.04 8 | 1.29 
(fi Ee eae 2 3 5 ils) 20 PAK OF ip TATE | a (S967) 
70 ei ee ran sees |e tees 1 3 4 52 4 .64 
(CE: || PPIs Sed erence 1 il 3 4 52 3 48 
GUO 4am eet etait cts Walla ei aralae 0 1 il 138 2 .32 
55-59 a ese ean Ree epee comet te 1 1 2 .26 3 48° 
PS SAMs Uwe tte Mn nh lute wns || ecu eee leat a eit (Beer cet rail Ciuodrwn ee ii .16 
No.Cases| 28 1 48 54 131 635 | 766 |99.94} 621 |99.94 
Median.|l2t |... ¥: 128 121 123 ED 26 clare 23h | eee 
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cally in Fig. 1. They vary as shown in the tables, and (for 
the freshmen and seniors) in Fig. 1. 


Freshmen 


a--2~. Seniors 


al Y Ys We A» 
20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 
Fie. 1 


It will be seen that in spite of the wide range of ability 
in pupils, of which every high-school teacher must be con- 
scious, there are nevertheless few (less than 3 percent) who 
have not median intelligence (a score of 65) or better. This 
corresponds approximately to a mental age of thirteen years 
and two months on the Stanford Binet Scale. The pupils 
in academic high schools are, in fact, a limited group which 
covers just about half, the upper half, ‘of the total distri- 
bution of American intelligence. 

The facts of Tables 7 to 11 are corroborated by the scores 

“made in the Army during the war by those who reported 
themselves as having left school after one year of high school, 
after two years of high school, and so on. The median scores 
for recruits so reporting were 98, 105, 111, and 115 for the 
successive high-school years. 
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Continuance in High School in Relation to Intelligence 


The Army figures show very definitely that at the time 
these recruits were of high-school and college age, say five 
to ten years ago, the more intelligent youths remained longer 
in school, in general, than did those who made lower scores. 
Table 12 shows the percents at each Alpha level!, derived 
from Table 281, page 748, of the Army report (National 
Academy of Sciences, Memoirs, 1921).. The number of cases 
of each level always exceeds 1000, and the total group 
includes 48,102 recruits. Fig. 2 shows the situation for those 
continuing at least into the first year of high school. Of those 
scoring less than 35 on Alpha, for example, 4 in a hundred 
reported that they had entered high school; of those scoring 
155 or better, 92 in a hundred, or twenty-three times as 
large a proportion, so reported. This comparison, based on 
Alpha scores, omits the illiterate group altogether. It is 
probable that, had they been included, the chance of entering 
high school would have proved to be at least thirty times as 
great for those over 155 as for those below 35. 


Fig. 3 shows similarly the proportions who reported that 
they had become seniors and (in practically all cases) had 
graduated from high school. Of those scoring less than 35, 
less than 1 percent, and of those scoring 155 or over, 73 per- 
cent reached the senior year in high school. Thus the chance 
of reaching this level is over a hundred times as great for 
the highest as for the lowest group. Here again the contrast 


1The reader will, of course, bear in mind that these Army tests were taken 
at ages from 21 to 30, not at the time of entrance to high school. There would 
be some variety in competent estimates of the extent to which the score means 
that the man was as a boy more intelligent than others and so continued longer 
in school, and the extent to which it means that by staying on in high school, 
he got information and power which enabled him to make a higher score. In 
view of the nature of the Alpha test, and the evidence gathered in connection 
with the Army testing, psychologists in general would estimate that relative 
scores in it are determined largely. by innate qualities. 
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would have been intensified had we had a comparable 
measure of the illiterate group, and included them in the 
comparison. 


100% 


80% 


60% 


40% 


20% 


0% 


Below 35 
35 to 54 
55 to 74 
75 to 94 
95 to 114 
115 to 134 
135 to 154 
155 or over 


Fig. 2 


Q 


Fig. 4 shows comparable figures for college entrance. A 
quarter of one percent of the lowest group, and 53 percent 
of the highest group, reported that they had entered college. 
The chance of college entrance at that time appears to have 
been almost two hundred times as good for those highly 
endowed intellectually as for the lowest fifth. Were 
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illiterates included, the contrast would in this case also be 
strengthened. 
For the average person, score 55 to 74, the chance of 
entering high school was at that time about 1 in 4; of entering 
100% 


80% 
60% 
40% 
20% 

0% z 

Se au eek sg S 2 2 

8 3 3 3 s s S 
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Fig. 3 


college, about 1 in 30. It is at present somewhat greater. 
This educational selection of intelligence is evidenced also 
in the yearly increase in Alpha medians when the test is 
given throughout a school. Of course, not the whole amount 
of this increase is due to elimination of the less intelligent 
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pupils. To determine the exact proportion which is due to 
this cause is at present impossible, but that part of it is so 
caused is easily proved. 

Tables 13 and 14 show the available facts. The average 
superiority of high-school sophomores to freshmen is 15 
points; that of juniors to sophomores is 10 points; that of 
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35 to 54 
55 to 74 

to 94 
95 to 114 
115 to 134 
135 to 154 
155 or over 
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seniors to juniors is 4 points. Probably a third or more of 
these differences is attributable to the greater elimination of 
the less intelligent pupils. 
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The influence of intelligence on continuance in school 
appears also when we look at the elimination which takes 
place among the freshmen of least intelligence. Careful 
consideration of Tables 13 and 14 has led us to conclude that 
a freshman who scores 77 will as a senior score about 90; on 
this basis we can get a rough notion of the extent of this 
elimination in the schools represented in our data without 
necessarily following a freshman group all the way through. 
The assumption must be made that successive entering 


TABLE 11 
Mepian AupHaA Scores, High ScHoot AND COLLEGE GROUPS 
FRESHMEN Berne JUNIORS SENIORS Sere 
Mit:s@lemens:. . 25.2... 96 117 124 12 ee ee 
Milan ee... oe 85 10/9 Md [RRS > Seth ote iar iete, SRS DAYLE 44 chk reine 
Mts Pleasant. ........ 85 101 120 128) cer ase eer 
Meat ee ss es os og 91 98 110 aA Py ee Ree > 
Michigan, Outside Det. 89 104 118 DB Se la ab tere 5 
Ill., Ia., Wis. . 99 112 124 1 bf EN Wine cf Sarre 
Tll., Ia., Wis., Mich... 97 111 123 126 alse creed 
Detroit... atte | ee eek: OA ter ees (233g lee 
INA YS (Kansas Report) 92 104 118 T3O°% at Gomme 
Emporia, Kansas..... 80 105 101 Le et eee oe 
Stanton Val... deuree «\. 91 115 136 NU iy geeenta Leet ene be 
GHISASBLVEDOLUM Er. | ate. pA pA RE Bey cs Meare 129 
ROT CESIUV ROLE In se |e. wel et eels cous 0 a[tun .oeeeetaees 131 
SOLMOMS PLLC ROM Var. & «\|\< qc Rehr emeall ea econ | Nias Ais aillene ate okey siee = 130 
Ope chine C Glle ge mrraea eal ee it heen ceed Sorc ella coa.p eh aalsve lhe gnifevat meds 148 
AM CM OT ErSIUY Pe ck lopressor othe aera ces alee tee cee = 160 
Recruits who had been 
Freshmen, Soph. ., ete. 98 105 111 115 119 
Officers who had been 
Freshmen......... 14] 141 142 143 143 


classes are.each 5 percent larger than that of the year 
before!; then we may compare the number in the freshman 
class who score below 77 with 115.8 percent of the number 
in the senior class who score below 90. Comparisons of this 
kind show that, in the Michigan schools from which we 


1See the data given earlier in this chapter. 
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TABLE 12 


Tus PrerRceENT oF Recruits aT Various ALPHA LEvELs, ReportTiINnc THEM- 
SELVES AS HAviING CoNTINUED IN SCHOOL TO THE First YEAR OF 
Hic Scuoou, To THE FourTH YEAR oF High SCHOOL AND TO 
Tap First YEAR OF COLLEGE 


ALPHA No. of = 
SCouE pase ScHooL CoNTINUANCE 
PERCENT PERCENT PERCENT 
ENTERING H.S. ENTERING 
H. 8. SENIORS CoLLEeGE 
155 and above...... 1011 93 73 53 
15 — 1 SA ea os 1680 84 55 33 
Ut R5F=— SY ae gee 3076 Ps 38 veh 
O51. is 3 okies 5002 55 22, 11 
Aa oe eee eae 6282 45 14 Lf 
OD Sade etree 9750 23 6 3 
GO OA ae ne: 10709 10 2 IL 9 
Belowsooum tees 9592 4 On 0.3 
Totallaeerar cc: 48102 36 22 20 
TABLE 13 
Hieu ScHoot ALPHA SCORES 
ScHOOLS ARMY 
M Bas Ne Ye En- Sran- | MInn. Re- . Or- 
ICH. | Wis. (Kan. | porta,| Ton, |SuRveEy]| crurTs | FICERS 
Iowa | Rept.)| Kan. Va. 
Freshmen....... 88 99 92 80 91 93 98 -| 140.7 
Sophomores. .... 104 112 104 105 114.5} 105 105 141.3 
Juniors. SS pleonae mil ati Re! 124 118 101 136 111 111 142 
Seniorsas ae 123 127 132 111 ales 120 115 142.6 


*Recognized to have been a remarkably poor senior group for this school. 


have data, 75 percent of the freshmen who score less than 77 
on Alpha drop out of school before senior year. A 
score of 77 would be reached by not more than 35 percent 
of the population. In Madsen’s group (IIl., Ia., and Wis.), 
about 73 percent of such freshmen drop out. In general, only 
about one in four of the group below 77 remains to graduate. 
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TABLE 14 
YEARLY INCREMENTS 
ScHOOLS ARMY 
Tru. N: Y: EM- Sran- | MInn. ReE- Or- 
Micu. | wis. | (Kan. | porta, | Ton, |Survey|| crurrs | ricers 
Iowa | Rept.) | KAN. Va. 
Freshman to 
Sophomore....| 16 13 12 25mealeon en 2, a 0.7 
Sophomore to 
UIMIOR ek: 14 eZ, 14 —4 21.5 6 6 0.7 
Junior to Senior. 5 3 14 10 -19 On 4 0.6 
Freshman to 
DEMOLe ane cui atoo 28 40 Stil 24 27 17 » 


Success in Courses in Algebra in Relation to Intelligence 


Pupils who choose algebra, or a course including algebra, 
are in general a more intelligent group than those who do 
not; pupils who pass in algebra are in general a more intelli- 
gent group than those who take it and fail. The groups 
overlap considerably, but the one is definitely better than 
the other. The graphs in Figs. 5 to 10 show the distribution 
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of scores of pupils passing in algebra, of those who fail, and 
of those who do not take algebra. The contrast between the 


median scores of those who pass, those who fail, and those 
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who do not take it, is in some schools quite striking. In 
Alma, the median Alpha score of freshmen who passed was 
94, while the median of those who failed was 78. In Mt. 
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Clemens the corresponding medians were, passed 107, 
failed 89, and, still more significant, those who did not take 
algebra 69. In Mt. Pleasant the median Alpha score of the 
freshmen who passed algebra was 89; of those who failed, 65; 
of those who did not take algebra. 88. In Milan, passed 86; 
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failed 75. For this total Michigan group we find the median 
of those who passed to be 92; failed, 80; did not take 
algebra, 75. In Detroit, the median scores on the Terman 
Group Test of Mental Ability were, passed, 94; failed, 85; 
did not take algebra, 73. 
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Our Michigan data have been analyzed to indicate also 
the expectation of failure when the Alpha score is below 55, 
55 to 74, etc. Tables 15 and 16 show this, for the schools 
separately, and for the combined data. 
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Another way in which to look at this relationship is 
through the correlation of algebra marks with Alpha scores. 
This varies very much from school to school, as it does with 
other school subjects, according to the content of the course, 
the skill of the teacher in motivating and in teaching both 
dull and bright pupils, in judging of their acquirements and 
their progress, and in assigning marks in keeping with these. 
Were these at their highest, and the Alpha test a perfect 
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measure of general intelligence, the correlation would be 
very close, though never near 1.00, since algebra doubtless 
calls for a somewhat specialized type of intelligence. The 
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TABLE 15 


PreRcENT FRESHMEN AT Hach LEVEL Faitine IN ALGEBRA! 


eae MILAN aye ALMA Toran 
leo ae 25 0 0 0 5 
WS-134. 0. es 25 0 0 12 11 
95-114........ 23 6 0 9.6 10 
iy 47 7 6 16.7 14 
Om AGN a ss 67 7 23 21 20 
Below 55....... 0 14 0 33 20 

Median Alpha 
core....... 89.2 15 67.5 79 79.6 


1In Detroit, where the test used was the Terman Group Test of Mental Ability, the 
percents failing were: Below 50, no failures (8 cases); 50-69, 32 percent; 70-89, 26 percent; 
90-109, 20 percent; 110-129, 12 percent; 130-149, 7 percent; 150 and over, 9 percent. . 
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coefficients actually obtained from the Michigan data vary 
from +0.15 to +0.47, centering around +0.35. With the 
Terman Test, Detroit freshmen, the correlation with 
teachers’ marks is +0. 19. 

During the course of this work, half a dozen competent 
persons familiar with high-school classes in algebra and with 
mental measurements have been asked to estimate in terms 
of intelligence quotient the degree of intelligence necessary 
to complete freshman algebra successfully. The various 
estimates run as follows: 110, 110, 110, 105 to 110, and 110 


TABLE 16 


Percent FRESHMEN AT Each Leven WHo Dip Not Take ALGEBRA! 


eine MILAN Prete ALMA Tora 
gap Se ae Carer ees 0 0 0 0 0) 
LPS Y b,c bee ow 8 14 0 11 0 5 
Ob = 14 ene 6 8 6 0 0 2 
TO= Qh et 17 3 6 3.6 6 
Ho=o van ee ewan 25 0 4 (0) 8 
Below Domne 67 22 0 0 16 

Median Alpha 
SCOLeneeer 69.4 67.5 87.5 85 Teh 3) 


1In Detroit, where the test used was the Terman Group Test of Mental Ability, the per- 
cents not taking algebra were: Below 50, 27 percent; 50-69, 23 percent; 70-89, 9 percent; 
90-109, 5 percent; 110-129, 6 percent; 130-149, 3 percent; 150 and over, 0 percent. 


(this last was for a rapid advancement eighth grade class in 
algebra). An intelligence quotient of 110 on the Stanford 
Revision of the Binet Scale, at the age of fourteen years 
(that is to say, a mental age of 15 years, 5 months), corre- 
sponds to an Alpha score of almost 100 (98.5). 

Doubtless interest and effort may compensate somewhat 
for ability, and doubtless special ability for mathematics 
may compensate for deficiencies in the abilities measured by 
Army Alpha. In general, however, a pupil whose first trial 
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Alpha ability is below 100! will be unable to understand the 
symbolism, generalizations, and proofs of algebra. He 
may pass the course, but he will not really have learned 
algebra. This would rule out more than half (56 percent) of 
the present first-year students. It would not be unreasonable 
to regard 105 or 110 as an approximate prerequisite, 
excluding five or ten percent more. Pupils excluded may 
be given a course in mathematics that is within their 
capacity, or may in some cases study the customary first- 
year course in algebra in their second or third year. 

The reader will, of course, understand that the whole 
matter is one of steadily decreasing fitness of pupils with 
decrease in intelligence, not of any clear-cut distinction at 
100 or 105 or 110. 


1A first trial Alpha ability of 100 would not be accurately determined by a 
single trial with the Army Alpha. A number of different tests, such as the 
Army Alpha, the Terman Test for grades 7 to 12; the Otis Test, Part I of the 
Thorndike Examination for High-School Graduates, the Thorndike-McCall 
test in paragraph reading, or the Stanford Binet individual examination, 
should be used if a sufficiently accurate determination is to be made. A 
combined examination totalling two and a half hours may be expected to 
have a probable error of less than five points of the Alpha scale. Even 
this will mean that one pupil in three hundred will be given a score that 
is 20 or more Alpha points too low; so that any pupil who is thought not to 
have done himself justice should have the opportunity of a re-test. 

Differences betweea communities must also be considered in the case of a 
general standard such as this. For example, in one state, not more than about 
4 percent of all the school children—about 1 in 6 of those who enter the 
academic high school—are likely to profit by taking algebra, as now taught. 
In another state, about 24 percent, more than 1 in 3 of those who enter high 
school, may profit from the present algebra course. The proportion of pupils 
provided for in algebra courses and in academic high schools will need to be 
quite different in these two states. 
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Reproduction of Army Alpha, Form 6. 


TEST 1 
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7. ABCDEFGHIJKLMNOP 
8 OOO MLITARY GUN CAMP 
9. 34-79-56-87-68-25-82-47-27-31-64-93-71-41-52-99 
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12. 12345678 9 


This is an oral directions test. The directions given are as 
follows: 
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TEST I, FORM V 


1. “Attention! ‘Attention’ always means ‘Pencils up.’ Look at the circles 
at 1. When I say ‘go,’ but not before, make a cross in the first circle and also 
a figure 1 in the third circle.—Go!” (Allow not over 5 seconds.) 


2. “Attention! Look at 2, where the circles have numbers in them. When 
I say ‘go’, draw a line from Circle 1 to Circle 4 that will pass above Circle 2 
and below Circle 3.—Go!” (Allow not over 5 seconds.) 


3. “Attention! Look at the square and triangle at 3. When I say ‘go,’ 
make a cross in the space which is in the triangle, but not in the square, and 
also make a figure 1 in the space which is in the triangle and in the square.— 
Go!” (Allow not over 10 seconds.) 


4, “Attention! Look at 4. When I say ‘go,’ make a figure 1 in the space 
which is in the circle, but not in the triangle or square, and also make a figure 
2 in the space which is in the triangle and circle, but not in the square.—Go!”’ 
(Allow not over 10 seconds.) 


(N.B. Examiner.—In reading 5, don’t pause at the word CIRCLE as if 
eo a sentence.) 


“Attention! Look at 5. Ifa machine gun can shoot more bullets a 
sae than a rifle, then (when I say ‘go’) put a cross in the second circle; 
if not, draw a line wnder the word No.—Go!”’ (Allow not over 10 seconds.) 


6. ‘Attention! Look at 6. When I say ‘go,’ put in the second circle the 
right answer to the question: ‘How many months has a year?’ In the third 
circle do nothing, but in the fourth circle put any number that is a wrong 
answer to the question that you have just answered correctly—Go!” (Allow 
not over 10 seconds.) 


7. “Attention! Look at 7. When I say ‘go,’ cross out the letter just before 
C and also draw a line under the second letter before H.—Go!” (Allow not 
over 10 seconds.) 


8. “Attention! Look at 8. Notice the three circles and the three words. 
When I say ‘go,’ make in the first circle the first letter of the first word; in 
the second circle the first letter of the second word; and in the third circle the 
last letter of the third word.—Go!”’ (Allow not over 10 seconds.) 


9. “Attention! Look at 9. When I say ‘go,’ cross out each number 
that is more than 20, but less than 30.—Go!’’ (Allow not over 15 seconds.) 


10. “Attention! Look at 10. Notice that the drawing is divided into 
five parts. When I say ‘go,’ put a 3 or a 2 in each of the two largest parts 
and any number between 4 and 7 in the part next in size to the smallest 
part.—Go!” (Allow not over 15 seconds.) 


11. “Attention! Look at 11. When I say ‘go,’ draw a line through 
every even number that is not in a square and also through every odd 
number that is in a square with/a letter.—Go!” (Allow not over 25 seconds). 


12. “Attention! Look at 12. If 7 is more than 5, then (when I say 
‘o0’) cross out the number 6 unless 6 is more than 8, in which case draw a 
line under the number 7.—Go!”’ (Allow not over 10 seconds.) 
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PSYCHOLOGY OF ALGEBRA 


Trst 2 


Get the answers to these examples as quickly as you can. 
Use the side of this page to figure on if you need to. 


. If it takes 6 men 3 days to dig a 180-foot drain, how many men 
. A dealer bought some mules for $800. He sold them for $1,000, 
. A rectangular bin holds 400 cubic feet of lime. If the bin is 10 feet 


. If 33 tons of coal cost $21, what will 53 tons cost?........... Answer 
. A ship has provisions to last her crew of 500 men 6 months. How 


1. How many are 5 men and 10 men?..............Answer ( 15 ) 
SAMPLES } 2. If you walk 4 miles an hour for 3 hours, how far do 
(ss Syourcwalll?itmence Ss eo eee reese ten oan ene eee Answer ( 12 ) 


= Howamany are oUmentan de /juien tenner s ar tee Answer 


2s NS Me heads Red care ete re PE ee a Oe Answer ( 


. Mike had 12 cigars. He bought 3 more, and then smoked 6. How 


many cigars did he have left?..... ... Answer ( 


. A company advanced 5 miles and retreated 3 miles. How far was it 


Nay TROT ALES) TMH OORMMNOM ns sueco0g nu ooeeresabancosseuck 4 Answer ( 


. How many cigars can you buy for 50 cents at the rate of 2 for 5 cents? 


Answer ( 


. A regiment marched 40 miles in five days. The first day they 


marched 9 miles, the second day 6 miles, the third 10 miles, the 
fourth 8 miles. How many miles did they march the last day?. Answer 


a 


. If you buy two packages of tobacco at 7 cents each and a pipe for 


65 cents, how much change should you get from a two-dollar bill? 
Answer 


aremeecded) toxdigiat, in alk anc a.vacni ein eee eee Answer 


making $40 on each mule. How many mules were there?..... Answer 


OS es Ee 


longrandES feet; wide, howsdeep 1sit7. meres ese eee Answer 


. A recruit spent one-eighth of his spare change for post cards and four 


times as much for a box of letter paper, and then had 90 cents left. 
How much money did hethavelatctinsh: aero aden nee Answer 


—_—N 


Tun inva tit theof a SeCOnd?.... sate eee eae aaa Answer ( 


. A U-boat makes 8 miles an hour under water and 15 miles on the sur- 


mess halls. Of this remainder each mess hall received 54 barrels. 
What was the total number of barrels supplied?.............. Answer ( 


) 


) 
) 
) 
) 
) 
) 


ee 


NY 
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TEsT 3 
This is a test of common sense. Below are sixteen questions. Three 
answers are given to each question. You are to look at the answers carefully; 
then make a cross in the square before the best answer to each question, as in 
the sample: { Why do 2 use stoves? Because 
(_] they look well 
SAMPLE & they keep us warm 
_ (C they are black 
_ Here the second answer is the best one and is marked with a cross. Begin 
. with No. 1 and keep on until time is called. 


1. Cats are useful animals, because 9. Why do many persons prefer auto- 
(_] they catch mice mobiles to street cars? Because 
{_] they are gentle {J an auto is made of higher 
(_] they are afraid of dogs grade materials 
2. Why are pencils more commonly {_] an automobile is more con- 
carried than fountain pens? Be- venient 
cause CJ street cars are not as safe 
| they are brightly colored 10. The feathers on a bird’s wings help 
[_] they are cheaper him to fly because they 
[_] they are not so heavy L] make a wide, light surface 
3. Why is leather used for shoes? [_] keep the air off his body 
Because (_] keep the wings from cooling 
(_] itis produced in all countries off too fast 
[_] it wears well 11. All traffic going one way keeps to 
{_] it is an animal product the same side of the street because 
4. Why judge a man by what he does [] most people are right handed 
rather than by what he says? {| the traffic policeman insists 
Because on it 
(] what a man does chore what {_] it avoids confusion and col- 
he really is lisions 
L_] it is wrong to tell a lie 12. Why do inventors patent their in- 
{_] a deaf man cannot hear what ventions? Because 
is said L] it gives them control of their 
5. If you were asked what you thought inventions 
of a person whom you didn’t know, (] it creates a greater demand 
what should you say? [_] it is the custom to get patents 
() I will go and get acquainted 13. Freezing water bursts pipes because 
{_] I think he is all right (] cold makes the pipes weaker 
(_] Idon’t know him and can’t say [_] water expands when it freezes 
6. Streets are sprinkled in summer [_] the ice stops the flow of water 
(] to make the air cooler 14. Why are high mountains covered 
LJ] to keep automobiles from witb snow? Because 
skidding (_] they are near the clouds 
(_] to keep down dust [_] the sun seldom shines on them 
7. Why is wheat better for food than (_] the air is cold there 
corn? Because 15. If the earth were nearer the sun 
(_] it is more nutritious (_] the stars would disappear 
(_] it is more expensive [_] our months would be longer 
L_] it can be ground finer (_] the earth would be warmer 
8. If aman made a million dollars, he | 16. Why is it colder nearer the poles 
ought to than near the equator? Because 
_] pay off the national debt (] the poles are always farther 
{_] contribute to various worthy from the sun 
charities [] the sunshine falls obliquely 
CL) give it all to some poor man at the poles 


SF Go to No. 9 above (] there is more ice at the poles 
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TEST 4 


If the two words of a pair mean the same or nearly the same, 


draw a line under same. If they mean the opposite or nearly the 
opposite, draw a line under opposite. If you cannot be sure, guess. 
The two samples are already marked as they should be. 


SAMPLES { good—bad erid Beata Sad Ak oO same—opposite 
little—smiall.cs5 hots ia cs ean: ake bees Seta same—opposite 

TWEE OEY eer. atectne ee iode 2 ee Bs hae ee a ee ee same—opposite 
DSTO Ciseahe ie oie, ate Rs Sed dee same—opposite 
See oill—SVallle yea srr stecrscys eet ats ea ha ooh ee ete eee eee same—opposite 
A ® all OW == POrmMalt ove Sins, oioe- hh eae ee ee same—opposite 
Savexpand—contract)......ccvtsiues cei e eae dereieieeie vate same—opposite 
Gmclass=—oroupi- ei Stet dake e atom nk Ceres eee ee same—opposite 
N@etormer——latteria.. etek ec: hee cee ae same—opposite 
S/S CONLESS=— ACID ea Sie) htt. peete nds Gee ae ee Re same—opposite 
Oe Shiy=— tind eeygerl ne hand Aaah TR nc gas ons eee same—opposite 
10m delicate tenders anttaeo eheser nae same—opposite 
ivexting uish=-qmenchvyce mcr . s)cis tit cas ee nee ae eee same—opposite 
i2icheertul——-melancholiyay ase eee ree eee same—opposite 
1S ACCEDU=sLelECUst-aka rah as (fuss ate vee ee same—opposite 
LAT ACOnE AVG — CON VER aa. 5h adeae tae ooo ee same—opposite 
1s yell Ep A rrd (etme RC Pe AR gs Stine Ae ane o/s TalbEE CE Ss 3 same—opposite 
I Geeassert—maintalnass tens icone ae ee same—opposite 
Ligechamplon=—adiy OCA tree an «aaa ae eee same—opposite 
18 Sadapt—-contormen ave yds coon Co Lee same—opposite 
T9ve debase-—exaltian.. Atte ele aa ae ee same—opposite 
20s dissension——harmony rei cierenite e eenee same—opposite 
21S TEPLESS—TESUPAIN gare cay cae ayy wean OSE same—opposite 
22), bestow—coOnleny. 2... cero. done ea ee same—opposite 
23 amenable—tractable..... RLS 2 elt oes aoe ae same—opposite 
24 AV CTT —PlOVelib vs, ch cde sci vind eT Oe same—opposite 
25. reverence—veneration................00eeceeeees same—opposite 
20-" fallacy-— Verity eirnc tnt tac an aati te eee eee same—opposite 
27, sspeciti¢-—peneral. 88 ks... ee same—opposite 
28 pompous—ostentatious...........................8ame—opposite 
Z9eraccumulate— dissipate: aan Seen sete oe nee same—opposite 
30) ‘apathy —inditference. 4.159... one eee eee same—opposite 
3lvcefiemmate—viriles yc... 53 a ee eae ee same—opposite 
82 peculation—embezzlement........................8ame—opposite 
33) tbenign—renials 2... cola, soa da. Set ee ae same—opposite 
O41 -ACMEC=—-CLIMVAN a Layee bg. ere eae ree same—opposite 
3D. largess donation <.2..5.4 2. oo. eee ene ene same—opposite 
S6™ innuendo—insinuationa,.. 0. can aeeen ee cee same—opposite 
Si omivesper——Matiny 3.0)... ao oes a ee eee same—opposite 
SS eeap Onishi — ma xine ces ee same—opposite 
$9) “abjuré—renounces,, 1... |. -. a same—opposite 
40) Jencomium—eulogy = ayn same—opposite 


ce 
SCODAD APWNE 
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THST 5 


The words A EATS COW GRASS in that order are mixed up 
and don’t make a sentence; but they would make a sentence if 
put in the right order: A COW EATS GRASS, and this statement 
is true. 


Again, the words HORSES FEATHERS HAVE ALL would 
make a sentence if put in the order ALL HORSES HAVE FEATH- 
ERS, but this statement is false. 


Below are twenty-four mixed-up sentences. Some of them are 
true and some are false. When I say “go,” take these sentences 
one at a time. Think what each would say if the words were 
straightened out, but don’t write them yourself. Then, if what it 
would say is true, draw a line under the word “true”; if what it 
would say is false, draw a line under the word “false.” If you 
can not be sure, guess. The two samples are already marked as 
they should be. Begin with No. 1 and work right down the page 
until time is called. 


ARCALS COWPETASS Urs ches eee fee Oe true. .false 

meee ices teathersihaverallcrns.. s.r ene en true. false 
HeLIOT S45 UL OND LAME meet IS omens Pa rie torioucdcueiaa een peAAG true. false 1 
MOUSESAECOP ONIN MLV dys areeae «eae cans secs aor ee true..false 2 
SeRGays therein are week elght aii... js succes asc eae seas os true! false 3 
Ammlcpatlios One HavexOnhy2 nie sco aaie o east Sooke true..false 4 
5 months coldest are summer the..................00.05- true. .false 65 
Gmevoutenrsea water-sucar isifrom.). ci. 5eoe ohn ola: true. .false 6 
7 honey bees flowers gather the from.................... true. .false 7 
Gueand eat cood gold silvertoraré. 2. b-Fi. 8s. dies... true. false 8 
9 president Columbus first the was America of............true..false 9 
10 making is bread valuable wheat for.................... true. .false 10 
11 water and made are butter from cheese................. true. false 11 
emesioessevery nas four triangle... 2.20.62 ee does sce true. .false 12 
13 every times makes mistakes person at.................. true. false 13 
14 many toes fingers as men as have......................true..false 14 
Topo bentounpow der tO: OOM IS2 scr 2c oye gs a ne ass os true. .false 15 
16 ninety canal ago built Panama years was the........... true. .false 16 
17 live dangerous is near a volcano to it...................true. .false 17 
18 clothing worthless are for and wool cotton..............true. false 18 
19 as sheets are napkins used never.............2..0%5055- true. .false 19 
20 people trusted intemperate be always can...............true. false 20 
CimeeiiDloysdebsters ITONY NEVEN cia. ns as Masala toa teins true. .false 21 
22 certain some death of mean kinds sickness..............true..false 22 
ize envy, bad mance trate are and... 6255.0 e ee eae es true. .false 23 


24 repeated call human for courtesies associations......... true. false 24 
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TEST 6 
2 edn 60 CS 210 Cee, 16 
QS) 17 G6 5 4 3 2 
SAMPLES (0 netteesescet cacsecsecees 
2 cued 4 iO mess 4 4 § 5 
Ce Tie eS een 7 


Look at each row of numbers below, and on the two dotted lines 
write the two numbers that should come next. 


3 4 5 6 7 8 
10 15 20 25 30 35 
5 4 3 
3 12 15 18 
13 17 21 25 
1 6 1 4 1 
27 27 23 23 19 19 
4 8 16 32 
12 13 16 17 
7 7 
19 16 14 11 9 
2 3 5 8 12 17 é 
11 13 12 14 13 15 
29 28 26 23 19 14 
18 14 17 13 16 12 
81 27 9 3 1 \“ 
20 17 15 14 11 9 
16 1%; 15 18 14 19 
1 4 16 25 36 
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TEST 7 


sky—blue : : grass— table green warm big 
SAMPLES ; fish—swims :: man—paper time walks girl 
day—night :: white—red black clear pure 


In each of the lines below, the first two words are related to each other in 
some way. What you are to do in each line is to see what the relation is be- 
tween the first two words, and underline the word in heavy type that is re- 
lated in the same way to the third word. Begin with No. 1 and mark as 
many sets as you can before time is called. 


1 gun—shoots :: knife—run cuts hat bird..................... 1 

2 ear—hear::eye—table hand see play ..................... 2 

3 dress—woman :: feathers— bird neck feet bDill............... 3 

4 handle—hammer :: knob—key room shut door.............. 4 

5 shoe—foot :: hat—coat nose head ocollar...........:........ 5 

6 water—drink :: bread—cake coffee eat pie.................. 6 

7 food—man :: gasoline— gas oil automobile spark............. 7 

8 eat—fat ::starve—thin food bread thirsty.................. 8 

9 man—home :: bird—fly insect worm nest................... 9 
10 go—come:: sell—leave buy money papers.................. 10 
11 peninsula—land :: bay— boats pay ocean Massachusetts...... 1 
12 hour—minute :: minute—man week second short............. 12 
13 abide—depart :: stay—over home play leave................ 13 
14 January—February :: June— July May month year.......... 14 
15 bold—timid : : advance— proceed retreat campaign soldier.... 15 
16 above—below :: top—spin bottom surface side.............. 16 
17 lion—animal : : rose— Smellileafi. plants sthorns = ee 17 
18 tiger—carnivorous : : horse— cow pony buggy herbivorous..... 18 
19 sailor—navy : : soldier— gun cap Hille army ae: ae es See LO 
20 picture—see : : sound— noise music hear baricae <2 3 eee 20 
21 success—joy :: failure—sadness_ success fail work............ 21 
22 hope—despair : : happiness—frolic fun joy sadness........... 22 
23 pretty—ugly : : attract— fine repel nice draw................ 23 
24 pupil—teacher : : child— parent doll youngster obey.......... 24 
25 city—mayor:: army—navy soldier general private........... 25 
26 establish—begin : : abolish— slavery wrong abolition end..... 26 
27 December—January 7: dast—— least) worst Gmonth| first, 22..00 27 
28 giant—dwarf : : large— big monster queer small............. 28 
29 engine—caboose : : beginning— commence cabin end ttrain..... 29 
80 dismal—cheerful :: dark—sad stars night bright............. 30 
31 quarrel—enemy :: agree—friend disagree agreeable foe....... 31 
32 razor—sharp : : hoe— bunvawoullemcutse trees eas, 32 
33 winter—summer : : cold— freeze warm wet January.......... 33 
34 rudder—ship : : tail— sail bird opie Cathing seer mens ance: ras 34 
35 granary—wheat : : library— desk books paper librarian....... 35 
36 tolerate—pain : : welcome— pleasure unwelcome friends BWS.2 36 
37 sand—glass : : clay— stone hay bricks dirt.. Ore Te OT 
38 moon—earth :: earth— ground Mars sun sky.. Ra ok tas OO 
39 tears—sorrow :: laughter— joy smile girls grin. . ee cae aoe 


40 cold—ice : : heat—lightning warm steam coat................ 40 
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last word. Only one of them is correct. 


PSYCHOLOGY OF ALGEBRA 


TEST 8 
Notice the sample sentence: 


People hear with the eyes ears nose mouth 


The correct word is ears, because it makes the truest sentence. 


In each of the sentences below you have four choices for the 


In each sentence draw a 


line under the one of these four words which makes the truest 
sentence. If you can not be sure, guess. The two samples are 
already marked as they should be. 


SAMPLES eo hear with the eyes ears nose mouth 


France is in Europe Asia Africa Australia 


America was discovered by Drake Hudson Columbus Balboa 
Pinochle is played with rackets cards Jpins —dice) “a7 02.5-.0-. he eee ee 
The most prominent industry of Detroit is automobiles brewing flour packing 
The Wyandotte isa kind of horse fowl cattle granite. 


The U. S. School for Army Officers is at Annapolis West Point New Haven 
Ithaca ; 


BoD Bap pitts ste cote oe ke eae ea eo ee 
Bud Fisher is famous as an actor author baseball uleye: comic artist 
The Guernsey is a kind of horse goat sheep cow. Re 
Marguerite Clark is known as a suffragist singer movie actress writer... .. 
“Hasn’t scratched yet” is used in advertising a duster flour brush cleanser 
Salsify is"a kind of snake’ fish) lizard) vegetable... ... ) ee ee 
Coral is obtained from mines elephants oysters reefs.................... 
Rosa Bonheur is famous as a poet painter composer. sculptor 
The tuna is a kind of fish bird reptile insect 
Emeralds are usually red blue green. yellow 


Maize-is-a kind of ‘corn ) ‘Ray oats’. rice. pew eee ee eee 


Nabisco is a patent medicine disinfectant food product tooth paste.. 


Velvet Joe appears in advertisements of tooth powder dry goods tobacco 
0) | ee eR ge ASE een ent SII OO ck oh CO Re Ook Ue o, Sin ld ea 8 


Cypress isa kind of machine food tree fabric 
Bombay isa city in China Egypt India Japanvasca ee eee 


The dictaphone is a kind of typewriter multigraph phonograph adding 
machine 


The pancreas is in the abdomen head shoulder neck 

Cheviot is the name of a fabric drink dance food...... 0 sua sds 
Larceny is a term used in medicine theology law pedagogy............... 
The Battle of Gettysburg was fought in 1863 1813 1778 i812 Jighceminea s Oars bal 
The bassoon is used in music stenography book- sis eae ee ny 
Turpentine comes from petroleum ore hides trees. 

The number of a Zulu’s legs is two four six eight. RIVERS Sorta t,o ean one 
The scimitar is a kind of musket cannon pistol sword.................... 
The Knight engine is used in the Packard Lozier Stearns Pierce Arrow 


The author of ‘The Raven” is Stevenson Kipling Hawthorne Poe 
Spare is a term used in bowling football tennis hockey. . SA olan Sls 
A six-sided figure is called a schclium parallelogram hexagon trapezium... 
Isaac Pitman was most famous in physics shorthand railroading electricity 
The ampere is used in measuring wind power electricity water power rainfall 
The Overland car is made in Buffalo Detroit Flint Toledo................ 
Mauve is the name of a drink color fabric food 


The stanchion is used in fishing hunting farming ‘motoring... a Oh ; : : ; ; ’ ‘ : 


Mica‘is‘a “vegetable | mineral gasm squid eminem rn ete nee 
Scrooge appears in Vanity Fair The Christmas Carol Romola Henry IV... 


COIR an Pwr 
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CHAPTER II 
THe Uses or ALGEBRA 


Few if any teachers of mathematics or students of educa- 
tion in general would value algebraic abilities in exact cor-. 
respondence to the extent or intensity of their direct use in 
studies or productive labor. Their indirect or disciplinary 
value would probably always be given some weight. On the 
other hand all would attach some weight to utility, even if 
narrowly conceived. 

To measure the utility.of each ability acquired in ele- 
mentary algebra to each of the persons who do or might 
study it would be a worthy enterprise, though its findings 
would become obsolete and misleading if uncorrected year 
by year (percents were once as rare in the shop and on the 
street as fractional exponents are now). It would have to 
be a very extended and intricate enterprise, and we have not 
undertaken it. We have limited ourselves to two aspects 
of it, the uses of algebra as a preparation for work in the 
sciences in college or professional school, and the uses of 
algebra in general reading and study. A consideration of 
these two sample topics will satisfy the main purposes of 
such a study fairly well. For algebra as a tool today is 
chiefly a tool for scientific work, for thinking about general 
relations. Only a few of its abilities are used by workers in 
agriculture, mining, manufacturing, transportation, trade, 
the ministry, teaching, medicine, and the law, except as 


they become students of the sciences. 
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It may be objected that the consideration of these two 
topics will give an exaggerated impression of the general 
need for algebra by first-year pupils, only a minority of 
whom will go to college or treat their problems by the 
methods of science; and also that, for similar reasons, it will 
give a distorted impression of the relative values of the 
different topics within algebra. There is some Justice in 
these objections, ana the reader should not transfer the 
absolute or relative amounts of utility which we have to 
report to his first-year class without corrections and allow- 
ances. 


THE USES OF ALGEBRAIC ABILITIES AS A PREPARATION FOR WORK 
IN THE SCIENCES IN COLLEGES AND PROFESSIONAL SCHOOLS 


We may begin by examining the results of a census of 
opinions made by the National Committee on Mathematical 
Requirements. ‘‘A number of college teachers, prominent 
in their respective fields, were asked to assign to each of the 
topics in the following table [Table 17] its value as prepara- 
tion for the elementary courses in their respective subjects, 
according to the following scale: E essential, C of consider- 
able value, S of some value, O of little or no value. Table 17! 
gives a summary of the results for the ‘Physical Sciences’ 
(astronomy, physics, chemistry) and for the ‘Social Sciences’ 
(history, economics, sociology, political science). The last 
column in each set gives the number of replies received; the 
numbers in the other column give the number (reduced to 
percentages for greater convenience of comparison) assigning 


‘IT have added to these data three columns expressing roughly the general 
estimates revealed by the votes, counting each percent of E as 1, of C as 
3, of S as 3, and of Oas 0. Thus Negative numbers is rated as 86 (79X1)+ 
(5X4%)+(10 x3), by college teachers of the physical sciences, as 64 by college 
teachers of the social sciences, and as 75 by both groups (equal weight being 
given to each). 
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EK, C, 8, O respectively to the various topics.” [1921, 
n225.| 


The first thing to be noted about these opinions is the. 
great variation with respect to almost every topic. Some 
prominent college teachers can be found to rank equations 
of the third degree, imaginary numbers, conic sections, and 
polar codrdinates as essential as preparation for the ele- 
mentary courses in their subjects. Some can be found to 
rate as of little or no value negative numbers, simple formu- 
las, ratio, linear equations in one unknown—in fact, any 
topic in the list. 


Part of this variation is due probably to different concep- 
tions of the algebraic topic in question; the teachers who 
regard knowledge of negative numbers as of little or no 
value may have thought of the more elaborate and recondite 
features of the topic such as that “‘a minus times a minus 
gives a plus,”’ whereas those who regard it as essential may 
have been thinking of reading a thermometer. We shall see 
later that science uses very widely certain particular mathe- 
matical abilities within some of these topics but uses other 
abilities within the same topic very rarely. For example, 
the student of certain physical sciences may meet the 
standard form number very ‘often, but very rarely have 
anything else to do with negative exponents. 


Even if teachers of only one subject, say chemistry, 
voted and if the exact nature of each of the topics in the list 
were defined uniformly for all of them, much of the variation 
would still probably remain. An inspection of standard 
college textbooks for first-year courses in any science will 
show a variety in the algebraic abilities that are assumed 
and in the degree of each that is called for. 


50 PSYCHOLOGY OF ALGEBRA 


TABLE 17 


VALUE oF Topics AS PREPARATION FOR ELEMENTARY COLLEGE CouRSES 


In the headings of the a table, E=essential, C=of considerable 
value, S=of some value, O=of little or no value, N= number of replies 
received. The figures in the first four columns of each group are percents of 
the number of replies received. 


PHYSICAL Socrau 
ScIpNCES ScIENCES P.S. 8.8. Both. 


By GES S1OFENEE CEC oe Om 


Negative numbers—their meaning and 


ROG Se cue ia es CUbbura eens Peat Me 79 “510 besOy “45. 722507 1S 86 62. 75 
Imaginary numbers—their meaning 

LUIS here Lt cpeceen «Seton eceeee ee 23, 21 26.3039! WSs 13s ST AG 450 31 38 
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Graphs (mathematical and empirical): 
(a) as a method of representing de- 
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Linear equations in one unknown... 98 2 41 40 7 20 33 15 99 45 i 
Quadratic equations in one unknown (eS (5. 240. Skye Se7SS4e13) 90 39 70 
Simultaneous linear equations in 
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Simultaneous linear equations in 
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One quadratic and one linear equa- 
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Two quadratic equations in two un- 
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Numerical computation: 
With approximate data—rational use 
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Arithmetic progression.............. 16 32 38 138 387 23 29 12 35.17" 50 46 48 
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Plane trigonometry (usual course).... 57 27 11 5 87 8 23 31 38 13 79 34 57 
Analytic geometry: 
Fundamental conceptions and meth- 
OClEMUtRO DIANE ise ess ls, 32 45 19 3 31 15 38 46 13 68 23 46 
Systematic treatment of— 
ELSTON GUNO) cnn ok hay. cae.uara ee 34 37 20 9 35 9 9.18 64 1] 65 21 43 
(CHINGHE) RAN Re ck ee 29 43 20 9 35 18 9738 11 64 15 40 
Conic sections. Prcmte: holden pee eee eo LO et 91873 11 54 12 33 
Polar codrdinates. . . 18 26 41 15 34 18 82 11 49 6 28 
Empirical curves and fitting curves 
Rouovservationsss.... 605. desc ns 12 38 38 12 34 8 25 67°12) 50 16 33 


The great variation amongst the ratings of each topic is 
consistent with a general placing of it as high or low for 
usefulness. These placements may be considered as ab- 
solute magnitudes meaning how much more than zero use- 
fulness knowledge of the topic has; or as relative magnitudes, 
putting each topic in an order among the rest for its com- 
parative usefulness. The National Committee wisely utilizes 
these opinions chiefly for the latter purpose and so may we.! 

If we give a credit of 1 for each percent of ‘“ Essential”’ 
votes, a credit of } for each percent of a ‘‘Considerable”’ 
vote, and a credit of 4 for each percent of ‘“‘Some”’ votes, 


1 Such ratings are the product partly of impartial observations and partly 
of certain loyalties and convictions. For example, the consensus of college 
teachers of the physical sciences has a three-fourth vote that problems leading 
to quadratic equations in one unknown are essential for the elementary courses. 
Yet to the best of his knowledge and belief the writer, who took such courses 
in college in physics, chemistry, geology, and astronomy, never solved a 
quadratic equation in any of these courses or met any problem for whose 
solution a quadratic equation was suggested as desirable. One out of three 
of these teachers votes that ability with problems leading to simultaneous 
quadratics is essential; but apart from determining from two of its points the 
constants of a curve known to be of quadratic form, which surely is not a task 
for an elementary course, there are hardly any such problems in science. 
The makers of textbooks have searched far and wide for problems on which to 
apply the technique of simultaneous quadratics and still have to remain 
content with such fabrications as: 

a. Find the number of two digits in which the units’ digit exceeds the 
tens’ digit by 2, and such that the product of the number and its tens’ 
digit is 105. 

b. If the length of a rectangular field be increased by 2 rods and its 
width be diminished by 5 rods, its area becomes 24 square rods; if its 
length be diminished by 4 rods and its width be increased by 3 rods, its 
area becomes 60 square rods. Find its length and width. 


a 
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we have 100 as a maximum credit and 0 as a minimum credit. 
These credits, for the physical sciences vote, for the social 
sciences vote, and for the average of the two are given in 
Table 18, the first three columns in order. In this table the 
topics are arranged in order by the average of the two votes. 
Some such method of weighting both votes seems desirable. 
Since it is probable that relative utility for the study of the 
physical sciences is more important in the case of mathe- 
matics than relative utility for the study of the social 
sciences, we have added a fourth column in which the 
weights are as 2 to 1. 

The National Committee Report makes its list of 
“Topics in order of Value as Preparation for Elementary 
College Courses” in a different way from this; namely, 
according to the magnitude of the percentage of E votes in 
the case of the physical sciences (or in the case of the social 
sciences if the percent of E’s is higher for them, which it is in 
only five cases). The sum of the ‘“‘essentials’”’ and “‘con- 
siderables”’ percentages is also given for the group where it 
is the higher (the physical sciences group, in all save seven 
cases). These ratings are repeated in columns 5 and 6 of 
our Table 18. 

In examining Table 18, the reader may be helped by 
remembering that the median rating in column 1 is 65; in 
column 2 it is 40; in column 3 it is 51. The variability is 
somewhat greater in column 2 than in column 1, but no 
serious harm will be done by putting into comparison the 
deviations from 65, 40 and 51. For example, in the case 
of simple formulas the votes for the physical sciences, 
crediting 97, give +32; those for the social sciences, 
crediting 71, give +31; showing a close agreement. In 
the case of graphic representations the 79 and 78 signify +14 
and +38, a considerable disagreement. 
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For the sake of the reader who cares for more adequate 
commensurability, columns 7 and 8 give the credit numbers 
of columns 1 and 2, each as a deviation from the median of 
its column divided by the variability (mean square devia- 
tion) of the column. 

The most notable features of Table 18 are the much 
higher relative positions awarded to the algebra of statistics, 
to graphic presentations generally, and to numerical com- 
putation with many-place numbers, than have been given 
to them in the teaching of the past (or of the present, save in 
a few schools). AJmost equally notable is the very low 
opinion of the utility of literal equations other than formulas. 
The more detailed matters of interest in the table may be 
left to the reader’s examination of it. 

So far we have paid no heed to an important feature of 
the National Committee’s data — the individuals who failed 
to reply to the circular at all, and those who omitted certain 
topics from their ratings. The forty-two' who replied for 
the physical sciences were from a total of not over fifty 
teachers of the physical sciences to whom the circular was 
sent; the twenty-two! who replied for the social sciences 
were from a total of not over twenty-five teachers of the 
social sciences to whom the circular was sent.? Of the forty- 
two, as few as twenty-six replied to one of the questions; of 
the twenty-two, as few as ten. This is exclusive of “Graphic 
Representations — construction and interpretation,” with 
only fifteen and eight ratings, the small number of which 
seems to be due to misunderstanding.’ It is too hazardous 
to estimate what those who did not reply at all would have 


1Assuming that the maximum number of ratings for any topic equals the 
total number replying. 

2I am indebted for these facts to a letter from Professor Young of the 
National Committee. 

3This item was not reported in the Committee’ s printed report or in our 
tables and may be dropped from consideration. , 
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said, had they replied, beyond the probability that they 
would in general have given lower ratings. Failure to 
reply to such circulars is due in part to lack of interest, 
which would be correlated in this case with the attachment 
of less importance to algebra and mathematics in general. 
It is due in part to general unreadiness to spend time on 
work for others, and to accidental circumstances. 

Since the Committee succeeded in getting so high a per- 
centage of replies it is not necessary to make any more 
specific allowance for the non-answerers. Any reasonable 
allowance would affect the relative ranking very little. 

The failure to rate certain particular topics is also due to 
the operation of many forces, but we can learn something 
about the magnitude of these from internal evidence. Mere 
unreadiness to spend time is probably not in the present 
instance a large cause, since the items late in the list are 
sometimes very well reported on. ‘Use of logarithms,” 
over half way down the list, is reported on by forty-two for 
the physical sciences; and “plane trigonometry,’’ almost at 
the end, by thirty-seven. ‘‘Statistics,’’ three-quarters down 
the list, is reported on by a maximum of teachers of the 
social sciences. 

Lack of interest is a cause; twenty-one or twenty-two of 
the teachers of social sciences report on the four topics about 
statistics, which are among the most neglected by the 
teachers of the physical sciences. Only eleven to fifteen 
teachers of the social sciences rate the various topics under 
“Problems leading to Equations.” Lack of knowledge of 
the meanings of the words is probably. a cause. Assuming 
forty-two as the number of teachers of the physical sciences 
replying, nine topics out of ten are rated by nearly nine- 
tenths of them. Only one topic out of ten is rated by nine- 
tenths of the teachers of the social sciences. This difference 
seems too great to be explained by lack of interest alone. 
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Relative lack of interest in a topic means that the 
person in question would, if he had rated it, rate it relatively 
low. Lack of knowledge of the meaning of a topic means 
that the person in question ought to have rated it as of 
little or no value. If, for example, he did not even know 
what polar codrdinates were, they surely could not be 
essential for learning the elementary course in his subject! 

We have evidence that for these reasons or others, failure 
to rate a topic means that on the average low estimates of 
the topic would have been made, if the persons had been in- 
duced to rate. This evidence is the correspondence between 
“number failing to rate’? and “lowness of rating by those 
who did rate.’’ This correspondence is in terms of coeffi- 
cients of correspondence or correlation, +.51 for the physical 
sciences and +.84 for the social sciences. 

We might roughly compensate for this error by some such 
rule as: ‘‘Count half of the non-raters of a topic as rating it 
litile or no. Count the other half as assigning ratings of 
EK, C, 8, and O in the same proportions as those who did 
rate it.” 

The effect of applying any such rule would be to lower 
the absolute values of topics in proportion to the percentage 
of non-raters, and so to increase the variation amongst 
topics. The relative values would not be much disturbed, 
because in the case of the physical sciences the proportion of 
non-raters is not large, while in the case of the social sciences 
the correlation between “proportion rating”’ and the present 
order of values is so close. The effect upon the values for 
physical and social sciences combined would be to give more 
weight to the latter, since the increase in variation would be 
greater than in the values for the physical sciences. 

Since we do not know just what rule to use in treating 
the non-raters of certain topics, much less what rule to use 
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in treating those who rated none, it seems best not to try 
to estimate what a true complete vote would give. It is, 
however, worth while to note that we gave as high weight 
as we did to the votes of the teachers of the social sciences, 
taken at their face value, because a true complete vote would 
surely give them a greater relative weight than the vote as 
taken gave them. 

The study by the National Committee has been repeated 
in substance by Koch and Schlauch ! [as yet unpublished] and 
they have kindly allowed us to study their report. 

Their ratings were those made by 77 out of 500 to whom 
the task was proposed. These are unspecified as to the 
subjects which they teach, but were, we judge, predomi- 
nantly teachers of the physical sciences. The correlation of 
their ratings with our weighted total for the National 
Committee ratings is .60; if our weighted total for teachers 
of the physical sciences is taken, the correlation with the 
Koch and Schlauch results is .83. In view of these facts, it 
seems best not to try to combine their results with those of 
the National Committee, but to wait for them to present 
and discuss such matters as they think suitable. If we did 
combine their results according to our own judgment, it 
would be with the ratings of teachers of physical sciences; 
and such a combination would produce only very slight 


alterations in the general account given here. 


1“A College Professor’s Questionnaire was sent to 500 professors or their 
assistants. There were about 125 returns of which 77 were retained for 
tabulation.” It included the following: “Indicate a numeric order of the 
following topics by assigning number (1) to the most important topic, (2) to 
the second topic in importance, and so on through the list. Place an (e) 
against those topics which you consider essential and an (x) against those 
topics which you would like to see omitted from the secondary school syllabus. 

A. Linear equations in one unknown. 

B. Simple formulas — their meaning and use. 

C. Ratio and proportion. 

D. Negative numbers — their meaning and use. 

E. Goometric reasoning — ability to give logical demonstrations,” and 
40 more topics. 
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Attention was called in the discussion of the National 
Committee ratings to the fact that the rating of a topic as 
“essential,” “of much use,” “‘of some use,” and “of little or 
no use,” depends upon some sort of combination of judg- 
ment of the different abilities included in the topic. A 
rating might be ‘“‘of some use”’ for the topic as a whole and 
be “‘essential’’ for some features of it, but ‘‘of little or no 
use”’ for other features of it. 

In many cases of uncertainty about what to include in 
the elementary course in algebra, the uncertainty is pre- 
cisely about how far a certain topic shall be carried, or how 
elaborate tasks of a certain sort shall be undertaken, or 
whether this or that application shall be made. A census of 
opinions concerning detailed features within a topic is there- 
fore desirable as a supplement to such a census as we have 
been studying. It seems desirable also to have these judg- 
ments in terms of actual samples of abilities or tasks. 

To this end the fifty-six tasks of Table 19 were sent to 
certain college teachers of science, with the following state- 
ment: 

In connection with an investigation of the psychology 
and teaching of algebra, I need to know how complex and 
difficult tasks a student entering college should have 
mastery of in order to make such use of algebra as is 
desirable in the elementary course in ................ in 


college. I hope you can be so good as to take a few 
minutes to inspect the enclosed lists and check each task 


as follows: 
If the ability to handle such a task is essential 
for your elementary course in ................ , write 
E before it. 


If though not essential, it is of considerable value, 
write C before it. 

If it is of less value, but still of some value, write S 
before it. 

If it is of no value, write O before it. 
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The National Committee on Mathematical Require- 
ments have published valuable ratings of this nature for 
certain entire topics, but ratings of tasks within these 
topics are almost necessary to interpret their results. 
They will be useful in many other ways also. 


Table 19 presents the ratings of computational tasks by 
four groups of college teachers—seventeen teachers of 
physics, six teachers of biology, botany and agriculture, six 
teachers of economics (4) and statistics (2), and eight teach- 
ers of sociology (4), psychology (2), and anthropology (2)'. 

The ratings, and still more the letters which accompanied 
them, show certain tendencies which should be kept in mind 
in connection with a study of the table. 

There was a tendency to rate by the large groups, in 
spite of the obvious range of difference in complexity and 
importance of the tasks within each group. 

There was a tendency to confuse the ability to do one 
of these tasks with the ability to learn to do it or with the 
general ability of which the ability to do one of these tasks 
is a symptom. Teachers of a college course naturally pre- 
fer to have in their classes the sort of pupils who have the 
capacity to learn to handle such work as 32, 33, 34, 52, 53, 
54, 55, and 56, even though no such tasks ever occur in the 
course, and they tend to rate these computations not for 
their actual intrinsic usefulness, but for the kind and degree 
of intelligence which they indicate. 

As an offset to these two tendencies we have the natural 
tendency to be influenced somewhat by the general arrange- 
ment from simple and often used computations to complex 
and rare ones within each topic. 

Our original intention was to have these same fifty-six 
tasks rated when presented in a random order and also to 


‘These replies were 85, 75, 75, and 100 percent, respectively, of the 
number of inquiries sent. 
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have some of them rated when presented along with many 
non-mathematical tasks, so that there would be little or 
no suggestions about relative simplicity and commonness of 
use. This would, however, require about an hour and a 
half of time from each man of science; and it seemed, on the 
whole, unfair to ask them to give so much as that. 


In spite of a certain blurring of distinctions by these 
tendencies, the general results of Table 19 tell a fairly clear 
story. The utility of an algebraic technique diminishes in 
proportion as its application is complicated by elaborate and 
rare data, or by the need for ingenious rearrangements, 
factorizations, and acute perceptions of relations. On the 
contrary, complications of a sort actually found in scientific 
work ‘as by decimals, or by the use of fractional exponents 
instead of the radical form) are voted to be useful. College 
teachers of physics wish a thorough mastery of algebraic 
computation. Their average vote falls below ““Some”’ only 
for such obvious monstrosities as 32, 33, 55, and 56. College 
teachers of the biological and social sciences (other than 
economics and statistics) make little use of even the sim- 
plest algebraic technique in their first-year courses. Their 


average vote rises above “Some” only for 3n=12, an= 4 


when k = 30, and finding the constants in y= ma-+b, two points 
on the curve being given. The ratings of two tasks which 
are in the list but are not in the usual teaching of algebra, 
and almost certainly were not parts of algebra as it was 
taught to these men twenty-five years ago, are of special 
interest. One is the use of simultaneous equations to solve 
for the constants; the other is the use of exponents in 
understanding and using the standard form number.! In 


1 The ratings here would have been still higher probably except for certain 
objections to the use of the terms “standard” and “ordinary.” : 
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both cases the ratings are so high! as to suggest that these 
tasks be at once made a part of the course in algebra. The 
high ratings for 4 and 4 as exponents suggests that these 
usages be introduced earlier in the course than at present. - 

Five teachers of physics or chemistry (three of the 
former) and five teachers of economics, psychology, and 
sociology (two, two, and one respectively) rated the nine- 
teen problems of Table 20. Using 3 for “‘essential,’’ 2 for 
‘“‘Of considerable value,” 1 for ‘‘Of some value,’”’ and 0 for 
“Of no value,” we show their average ratings. 

The general voice of the teachers of physics and chem- 
istry is that any one of these problems is useful for their 
work, though they put the commercial problems (6, 14, and 
17) relatively very low, and put the genuine problems some- 
what below the fantastic ones. The general voice of the 
teachers of the social sciences is that in no case is the ability 
of any considerable use for their elementary course. Three 
(one economist, one psychologist and the sociologist) rate 
all the nineteen ‘‘zero”’; one psychologist assigns value to 
five of the simpler and genuine tasks; the bulk of the credits 
are due to one economist. 


TABLE 20 


AVERAGE Ratine oF NINETEEN VERBAL PROBLEMS BY COLLEGE TEACHERS 

OF THE PHYSICAL AND SociaL SCIENCES . 
AVERAGE RATING 
PHYSICAL Socrau 


1. How much water should be added to 10 

gal. of a 20% solution to make an 8% 

SOlUtOI Tatts SO on ee 2.6 0.8 
2. Listerine contains 25% alcohol. When 

used as throat spray it must be diluted. 

How much water to 100 parts listerine 

to make a mixture containing 15% 

ALCOHOL? gc secnceatee Mieie Meet eee at 2.6 0.8 


‘Even if a generous allowance is made for the suggestion from their 
position in the list. 
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TABLE 20—Continued 


Two grades of spice worth 25c. and 45c. 
a lb. are to be mixed so that the mixture 
can be sold at 50c. a lb. with a profit of 
25%. How much of each grade should 
be taken to make 8 lbs. of the mixture? 
Find where to cut a board 50 in. long 
into 2 parts, one being 26 in. longer 
Piao ORNEL.. . chet. Me GAM J 
A bar 60 in. long is to be so cut that 
one piece is to be 2 as long as the 
other. Find where to cut it.......... 
A clothing merchant puts on sale boys’ 
suits costing $8.00 each and advertises 
them at a 25% reduction from the 
marked price. What is the price if the 
actual profit after the reduction is 20% 


A belt runs over a pulley 48 in. in 
diameter, making 180 revolutions a 
minute. It is desired to reduce the size 
of the pulley, keeping the belt at the 
same speed by increasing the number 
of revolutions to 216 a minute. How 
much must the diameter be decreased? 
2.6 seconds after a gun fired the sound 
of its hitting the target 440 yd. distant 
is heard. If sound travels 1,100 ft. per 
second, what is the average velocity of 


Two boys are to mow a lawn 60 ft. by 
32 ft. The first boy is to mow half by 
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AVERAGE RATING 


PHYSICAL 


2.2 


2.4 


2.8 


1.4 


2.0 


2.6 


Socrau 


0.4 


0.2 


0.2 


0.6 


0.6 


0.8 
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12. 


13. 


14, 
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TABLE 20—Continued 
cutting a strip of uniform width around 


The specifications for a cardboard box 
are: ‘‘4 in. deep, twice as long as wide, 
contents 512 cu. in., to be madé by 
cutting a square from each corner of a 
rectangular piece, turning up the sides 
and pasting along the edges.” How 
large must the rectangle from which it 


A board 42 in. long is to have a hole 
bored so that its distances from the 


ends are in ratio 2. Where must the 


In a factory there are 3 large machines 
and 5 small ones making the same 
product. An order comes in which 
would require one large machine 60 
days or 1 small machine 90 days to 
make goods to fill. How long will it 


A book page is said to be most satisfy- 
ing to the eye if its length is a mean 
proportional between its width and the 
sum of its length and width. If it is to 
be 5 in. wide, how long should it be 


By getting a 5% discount for cash in 
buying a merchant can increase his net 
profit 8% without increasing the selling 
price. What is his gain when he re- 


AVERAGE RATING 


PHYSICAL 


2.6 


2.0 


2.8 


1.8 


2.4 


Soctau 


0.0 


0.0 


0.4 


0.4 


0.8 


0.4 


15. 


16. 


17. 


18. 


ay. 
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TABLE 20—Continued. 


A car slipping down hill moves 2 in. the 
first second, 6 in. the 2d second, 10 in. 
the 8d second, etc. How far will it 


At two stations A and B, 6 miles apart, 
the price of coal is $10 and $12 per 
ton, respectively. The cartage rate is 
$1.00 and $1.50 per ton, respectively. 
Find where on the road from A to B 
a customer lives if the price of coal is 
the same delivered for him from either 


A dealer bought grapefruit for $1.04. 
After throwing away 4 spoiled ones, he 
sold the rest at 6c. apiece more than he 
paid for them, making a profit of 22c. 


A can do 4 as much work as B and B 3 
as much as C, and together they can 
complete the work in 24 days. How 
long would it take each to do it alone? 


- Given 3 metals of the following compo- 


sition by weight: (1) 5 parts gold, 2 
silver, 1 lead; (2) 2 parts gold, 5 silver, 
1 lead; (3) 3 parts gold, 1 silver, 4 lead. 
To obtain 9 oz. of a metal of equal 
quantities of gold, silver, lead, how 
many oz. of each of the 3 given metals 
must be taken and melted together?. . 
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AVERAGE RATING 


PHYSICAL 


2.0 


1.6 


Ve) 


List 


2.2 


SocraL 


0.2 


0.6 


0.2 


0.0 


0.0 
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THE USES OF ALGEBRA AS SHOWN BY AN INVENTORY OF 
HIGH-SCHOOL TEXTBOOKS: 


As a crude but impartial method of estimating which 
algebraic abilities are useful and how great the need for 
them is, we have examined from two to four high-school 
textbooks under each of the titles of Table 21, noting the 
nature and extent of each demand or opportunity for the 
use of algebraic processes. 


The books examined were as follows: 

Robinson and Breasted: History of Europe, 1914. 

Hazen: Modern European History, 1919. 

Beard and Bagley: History of the American People, 1920. 

Muzzey: American History, Revised Edition, 1921. ; 

Ely and Wicker: Elementary Principles of Economies (Revised), 1917. 

Marshall and Lyon: Our Economic Organization, 1921. 

Giles: Vocational Civics, 1919. 

Hart: Community Organization, 1920. 

Hughes: Community Civics, 1917. 

Hodgdon: Elementary General Science, 1918. 

Barber, Fuller, Pricer, Adams: First Course in General Science, 1916. 

Snyder: Every Day Science with Projects, 1919. 

Salisbury: Physiography; Briefer Course, 1919. 

Wright: Manual in Physical Geography, 1906. 

Peabody and Hunt: Elementary Biology, 1912. 

Gruenberg: Elementary Biolozy, 1919. 

Hodge and Dawson: Civic Biology, 1918. 

Hegner: Practical Zoology, 1915. 

Packard: Zoology, 1904. 

Allen and Gilbert: Botany, 1917. 

Bergen and Caldwell: Introduction to Botany, 1914. 

Jackson and Daugherty: Agriculture, 1908. 

Warren: Elements of Agriculture, 1909. 

Conn: Elementary Physiology and Hygiene, 1910. 

Fitz: Physiology and Hygiene, 1908. 

Calkins: First Book in Psychology, 1910. 

Pillsbury: Essentials of Psychology, 1920. 

Kalenberg and Hart: Chemistry, 1913. 

Brownlee, Fuller, Hancock, Sohon, Whitsett: Elementary Principles of 
Chemistry, 1921. 

McPherson and Henderson: First Course in Chemistry, 1915. 

Henderson and Woodhull: Elements of Physics, 1900. 

Carhart and Chute: Physics, 1920. 

Millikan and Gale: Practical Physics (Pyle’s Revision), 1920. 

Matteson and Newlands: Foods and Cookery, 1916. 

Greer: Textbook of Cooking, 1915. 

Greer: School and Home Cooking, 1920. 

Kinne and Cooley: Foods and Household Management, 1914. 


'This section is reprinted from School Science and Mathematics for May 
and June, 1922. 
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Kinne and Cooley: Shelter and Clothing, 1913. 

Baldt: Clothing for Women, 1916. 

Matthews: Sewing and Textiles, 1921. 

Cooley and Spohr: Household Arts for Home and School, 1920. 
Stillwell: School Print Shop, 1919. 

Matthewson: Notes for Mechanical Drawing, 1904. 

Griffith: The Essentials of Woodworking, 1908. 


TABLE 21 
Toran NuMBER AVERAGE 
Toran Numper Percent SepaARATE NuMBER 
NumBer~  LINnAR LINEAR TIMES USES OF 
SuBJEcT LINEAR INCHES INCHES ALGEBRA ALGEBRA 
INCHES UsING UsInG Was Per Hun- 
EXAMINED ALGEBRA ALGEBRA UsrEpD DRED IN.4 
Social Sciences 
American History........ 7,070 210 3.0 56 0.8 
Community Civics....... 4,010 6 0.1 4 0.1 
COnOMMCScte pero 5,220 146 2.8 38 ORT 
European History........ 8,200 48 0.6 11 0.1 
Total: Social Sciences. . 24,500 410 led 109 0.4 
Physical and Biological Sciences 
AGATE, odcosa tenon cen 4,690 30 0.6 10 0.2 
IBIOLOg Yea sea. cin. Meee OU 154 3.0 44 0.8 
[BORGUNIos Bats ce eee oe 3,990 6 0.2 1 0.03 
@hemistrysesc. cr ace bor 7,540 \161 TI Sy aie! \eonG 
[332 f4.4 [6,079 [80.5 
Motals@hemistryncens: «eee: 499 6.5 6,503 86.1 
General Science.......... 10,440 304 2.9 111 ileal 
IPAUNASGSTARS es Gieine enone eee 7,550 \307 VEO ik Seer \11.0 
J 4 Jicadl fj 182 J 2:8 
eNO taleMVSlCS. «tients aise cs cies sylil Amal 969 12.8 
Physiorraphy,. .....3.2-- 4,290 513 12.0 127 3.0 
Physiologyens ees tea. 3,100 10 0.3 5 0.1 
Psychology.) 0 sr7a <6 « 4,410 23 0.5 8 0.2 
PAO IS) Lol oaigey en ieee aa 4,330 6 0.1 2 0.05 
Total: Physical and 
Biological Sciences..... 56,170 1,856 30 7,780 13.8 
eat 1,520 Preth 1,559 2.88 
Practical Arts 
COOKERY ysis esi a eet 8,920 89 1.0 47 0.5 
Mechanical Drawing... .. 340 8 2.4 141 41.5 
OWA Eien totes cio 7,680 1 01 1 0.01 
Woodworking........... 1,029 0 0.0 0 0.0 
Total: Practical Arts... 17,960 98 mi) 189 gal 
Total for all subjects... 98,630 2,364 DA 8,078 8.2 
Le TS Sk ie eee 2,028 745,11 1,857 1.98 


1In Chemistry 332 inches, 6,079 separate uses, are chemical formulas and 
reaction equations, éach writing of either being counted. 

2In Physics 4 inches, 132 separate uses, are chemical formulas and 
reaction equations, each writing of either being counted. ; 

This line gives the data with the chemical formulas and reaction 
equations discarded. : F ; : 

4Jn the ordinary high school text 100 inches is approximately eighteen pages. 
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The amount of text examined in each subject, the fre- 
quency of the uses of algebra, and the total use of algebra 
are reported in Table 21. 


The units of measure—‘‘an inch examined,”’ “‘an inch of 
algebra used,”’ and ‘‘a use’’—are, of course, extremely crude, 
but entirely impartial. 


A detailed study was made of the kind of algebra called 
for under the five following heads: 


(1) Manipulation of complicated polynominals; 

(2) Formation and solution of identities and equations; 
(3) Formation and evaluation of formulas; 

(4) Development and use of the notion of function; 


(5) Construction and interpretation of graphs for 
(a) statistics 
(b) functions. 


Table No. 22 presents the facts as found. 
The following conclusions from a survey of these tables 
would appear to be justifiable: 


(1) Omitting from consideration courses in mathematics itself, there 
is no need in high-school studies for facility in complex manipulation of 
polynomials. 


(2) In present textbooks there is no use made of the mathematical 
concept of function. 


(3) Except in chemistry and physics and agriculture the study ot equa- 
tions has at present no utilization in high-school work. 


(4) The making of formulas is practically not required of the high- 
school student. 


(5) The comprehension and evaluation of formulas is required only 
in physics, chemistry, and in the physical and chemical parts of general science. 


(6) The mathematical graph, either as illustration of the scope of the 
formula, or as vivifying the concept of function, practically does not occur 
in any high-school work.! 


‘Its only utilization in high-school physics lies in the reading and con- 
struction of graphs illustrating the resolution of forces. 
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(7) The statistical graph is used to a greater or less degree in all high- 
school subjects investigated, the number of linear inches given to graphs (in 
cuts and explanations) being twice as great as for all other types of the utili- 


zation of algebra combined. 


It is important to note to what extent the algebra of 
which use is made is necessary to a comprehension of the 


texts considered. 


TABLE 22 
EQuaTIons ForRMULAS GRAPHS 
fe 
° 
Zz | 
E D az Pe | é 
4 Z eri s £ ae aoe 
By] & 5 E < S E z 
ae) 3 I 4 p PB a i 
ae 5 a = A 3} I I 
of A 6 5 s Z < < 
moo We ie ) = a D = 
n n n n nD n na n 
6 8 8 S 8 8 8 8 
z z % z z z Zz z 
Blei B| P| el elele| a] & |ele| &| Blele 
SUPP On ial eee pres Ol OuliaS: S DS ee ope IS 
BO el Ol a) OMale late: Ne ou enino teeta 
European History....|..]..]...|... ..|.48} 11 
Amer.can’ History... .|../). 0). 2]... . .{210) 56 
Economics.......... Bella foaled Sealreaee lions eallamemafe cis mae Sto tl 
ROIVACS Sei croc cc ne: Me leet eee dlierers ll ccs al cel ealtee eleaseus tse (tere | me mee Pee ee 
General Science.. 13] 5) Ale) S| 23aOri anes 
Physiography....... =e (ese cc lees fC ie 
LOLOL VIM ye ral est omellerrrel ge cuslia call Saepaillbcel| seal oncil mouse ... {144} 44). 2). . 
SONOR ete aioe se sore sl featol les cereal fs eos aca cP be fern bs Ke Gis ieee 
ES OUaiy Mane Reel. Cnty re Cuollee eles galicea-dl'Seueie <i] cect nwed| aeeee yee ice 
NOMIC ULC en te. fea (all eslicg ae) |loeal Ol Ll yelies a| ical hark: 24, 91..).. 
eliysiology 9.2: 3 5. laa hoc asd kes Sl baemeed CA Aral See Rees Pia! || De LOWS Sle alee 
SWC ROLOR Yuasa see: bal fol ieecer| bac ie Gerd peace Peed era PER decd Ra Sal Pa ele a 
hemistry... 4.5. =... .|. .[235]906|124)276| 1/38)132|/5281]..}..} 7] 2). .].. 
Pbysles a.) sees ee neta lest [ae 2405 7O|52/5.) 6ale254 9 joc). ee 48 
(COG ET orcad ce cece mleaeacad (eae etl jaca NESE 5) i) 2A e168 
SRAIOVESS oat kes Eee tore OME alles i ele 
ee cea Nal ccel earls aklce el eral.s «bale bee coglam he alc cg (ate apuhite 
Mechanica LD rawine sieealeni pret oalaeilcreaiteel ect On aL Seles eet ele 


To read a statistical graph is within the power of the 
high-school student untrained in algebra. 


Pictograms and 
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cartograms have become part of the common language of 
newspapers and magazines. But to make them offers such 
difficulty that only the exceptionally gifted child might be 
expected to master it without specific instruction. Still less 
would one anticipate that a critical attitude concerning the 
veracity of a graph and ability to detect falseness and 
graphic misstatement would develop without drill in that 
precise function. / 

In chemistry the formula is not the equivalent of the 
formula in algebra. To quote from a recent text (Brownlee, 
Fuller, Hancock, Sohon, Whitsett, Elementary Principles of 
Chemistry, pp. 114, 115, 123), ‘‘The formula of a molecule 
is formed by grouping together the symbols of the atoms 
composingit. . . . Whenamolecule contains more than 
one atom of the same kind the symbol is not usually re- 
peated, but the number of atoms is written as a subscript 
to the symbol. . . . . The only thing that decides the 
formula of a compound is a chemical analysis. The symbol 
of an element and the formula of a compound represent more 
than the name. The symbol of an element stands for one 
atom of that element . . . and for a definite quantity 
of the substance” (by weight). 

Further, in the chemistry texts reviewed the chemical 
reaction identities in the two newer books are written with 
arrows, while in the older one the sign of equality is used. 
For example, the identity written NaCl+H.S0,=Na H 
SO.,+ HCl in the older books, in the newer is written NaCl+ 
H.SO.2Na H 80,+HCl. The student is instructed to 
read such an equation ‘‘NaCL and H.SO, will yield NaH 
SO, and HCl.” If the reaction is reversible two arrows are 
used thus: 2NH;<2N.+3H2. 

To quote again from the same source (p. 133): ‘These 
equations are not like mathematical equations. They are 
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brief statements of experimental facts and should not be 
written unless it is known that the reactions actually take 
place. If we know by experiment: 

(1) That the substances do react; 

(2) The composition of each of these substances; 

(8) All the products formed; 

(4) The composition of each product; 
we can represent the reaction by an equation, and calculate 
the relative quantities involved.” 

The treatment of formulas and equations in algebra may 
then do as much harm as good to the student’s learning of 
chemistry, especially if ‘‘emphasis’’ is put on the equation 
of condition rather than on the equation of identity. 

It is, therefore, only in the “problems” of the chemistry 
text that the student would find his elementary algebra of 
advantage. The equations which will be made are, in the 
large fraction of cases, of the form of a proportion in which 
three terms are known numerical quantities. A child thor- 
oughly grounded in proportion in arithmetic would be able 
to make and solve most of these without recourse to algebra, 
though the student who has had equation drill in algebra 
might fairly be expected to form and to solve such propor- 
tions with increased readiness and smaller percentage of 
error. 

A similar conclusion regarding the equation problems of 
agriculture is legitimate. The problems deal chiefly with 
balanced rations and are similar to the algebra problems of 
alloy or mixture. A knowledge of the proportion equation 
suffices for the solution. 

In high-school physics the significant demand for algebra 
lies in the reading and evaluation of formulas. Typical 
formulas are: > id 
P,/P2=D,/D2; S=1/2g?; I=E/(R.+Ri/n); V=~v2a8; 
E=R/n; (PiVi)/(P2V2) = T/T. 
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These formulas are selected from those stated in Millikan 
and Gale, Practical Physics (Pyle’s Revision); 1920; pp. 36, 
16, 77, 109, 1375280: 

To read these and such other formulas as the student 
will probably encounter in high-school physics requires 
knowledge of the signs +, —, =; the fraction line, the 
algebraic expression of multiplication, the use of subscripts 
and exponents,! the radical sign and the parenthesis, in 
addition to the fundamental notion of the expression of 
quantity by letters as well as by digits. 


The student well prepared in arithmetic probably knows 
all of these except the expression of multiplication, and the 
subscript and literal notations, before he studies algebra. 

It would be only just, however, to expect that one who 
had studied algebra would bring to these formulas a richness 
of content and a clarity and certainty of meaning that should 
make his comprehension of what he reads in them more vivid. 

The evaluation of such formulas from an algebraic point 
of view means the substitution (in an algebraic expression) 
of numerical values for the various literal quantities and the 
performing of the indicated operations. The answer sought 
will require no more than addition, subtraction, multipli- 
cation, division, squaring, and square root, in various com- 
binations. These do not demand mastery of algebra, but it 
is likely that the student of algebra would be spared the 
labor and ignominy of certain errors in the manipulation of 
his quantities. 

For instance, in 8S = 1/2 gt? the student unacquainted with 
algebra is in danger of multiplying the values of g and t, 
dividing by 2, and squaring the result, or of multiplying, 


‘It is useful for the student to understand both positive and negative 
exponents for the expression of standard numbers, though rarely beyond 6, 
and the fractional exponent 1/2, and, rarely, 1/3 and 1/4 as an alternative 
for the use of the radical sign. 
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squaring, and then dividing. Any teacher made familiar 
with like errors by their continual recurrence could supply 
equivalent illustrations. A very small amount of properly 
learned algebra would free the student from such practices. 

Further, the student unacquainted with algebra would 
find himself quite at a loss in the derivation of new formulas 
from those given. 

To illustrate, by the algebra student S=1/2 gé is trans- 
formed into g=2s/? or t=1/2s/g with a small amount of 
labor, but to the uninitiated each new form is a totally new 
experience. He can neither make it for himself nor readily 
understand how it was obtained by the other student. The 
foundation formula acquired through reasoning or experi- 
mentation is thus deprived of the richness of application 
legitimately to be expected from it. 

In high-school physics as in chemistry a large number of 
problems is given in the texts examined. These problems 
present almost exclusively data to be dealt with by means of 
formulas found in the body of the text. The student must 
select the formula appropriate to the problem, make the 
needed substitutions, and solve the resulting equation. 

The complexity of the operations required in such solu- 
tions rarely goes beyond the clearing of fractions in a pro- 
portion, transposing, combining terms, and extracting a 
numerical square-root. 

The following formulas present from the algebraic point 
of view the maximum of difficulty :! 

1/p+1/q=1/f with numerical quantities given for p and 
q, to solve for f; 

K=(l,—1,) /l; (t2—t), with K, h, ls, t:, known, to solve for 
to: 


1from Carhart & Chute: Practical Physics; 1920, pp. 254, 290, 388, 384, 
134, 139. 
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1=E/(r+r’); I, E, 7, being known, to solve for 7’; 
I=nE/(r+nvr’); 1, E, 7, 7’ given, to solve for n; 

f =mv?/r; f, m, 7, being known, to solve for 0; 

t =7/1/g; t and | being given, to solve for g. 


The algebra required in these is certainly much less than 
that ordinarily taught in the first year course. 

To recapitulate: I. Asa preparation for high-school sub- 
jects outside the mathematics courses as they are at present 
taught, so far as may be judged from textbooks, the most 
extensive need for algebra is in the reading of statistical 
graphs, and to a far lesser degree, in the making of them. 


II. Asa preparation for physics the chief value lies in 
the mastery of the formula, particularly in handling the 
transformation known as ‘‘changing the subject of the 
formula.’”’? The student unacquainted with algebra is en- 
tirely at a loss in proceeding with this type of work.! 


III. The solution of physics problems demands the 
ability to choose the appropriate formula, to make substi- 
tutions, and to solve the resulting equations. This involves 
skill in clearing of fractions (chiefly in proportions), trans- 
posing, combining, and taking numerical square root. 


IV. For the solution of chemistry problems, the ability 
to form a correct proportion is of high value. The algebra 
problems which can be applied with advantage in this field 
are those dealing with proportions, mixtures, and alloys. 

The next question. that presents itself is: Can algebra bo 
utilized by other high-school subjects to greater degree than 
at present with profit to these subjects, and with reinforced 
vitality in the algebra itself? 


1See Nunn: The Teaching of Algebra, 1914, p. 78, also pp. 14, 15. 
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Let it be assumed for convenience of classification that 
possible utilization of algebra may occur under the same 
five heads already noted: 

(1) Manipulation of complicated polynomials; 

(2) Formation and solution of equations; 

(8) Formation and evaluation of formulas; 

(4) Development and use of the mathematical concept of function; 

(5) Construction, interpretation, and criticism of graphs—both statistic" 
and functional. 

In no subject of the high-school curriculum outside the 
mathematics courses is any need for the manipulation of 
complicated polynomials discovered, nor does any such need 
seem probable. | 

By the formation and solution of equations certain science 
courses might be much enriched. However, the need would 
seem to be for extreme facility in the handling of easy equa- 
tions rather than the formation and solution of complicated 
ones. Especially is this true of the ordinary proportion 
equation. Charles’ Law, Boyle’s Law, the laws of the five 
simple machines (usually given in first-year general science 
as well as in physics and chemistry); changing recipes in 
cooking; adjusting patterns in sewing; obtaining lengths 
for use in mechanical drawing, or in scientific free-hand 
drawing; plan-making and model-making in wood and 
metal work and other shop work; all these demand ready 
use of the proportion. 

A pseudo-use of the identity occurs in such dictionary 
and word-analysis forms as “biology=bios, life+logos, 
study of.’! It is probable that such a form more readily 
conveys its meaning to the child who has studied algebra 
than “‘ Biology is derived from two words, ‘bios’ and ‘logos’ 
meaning ‘life’ and ‘study of,’” while if fifty such derived 
words are to be taught the advantage of symbolism from the 


1 Certain texts use this form “biology, bios = life +-logos = study of,” a form 
distinctly reprehensible from the algebra teacher’s viewpoint. 
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mere consideration of space required for printing is patent. 
The identity in chemistry already has been exploited. Re- 
action away from the algebraic identity is the present trend. 

This form of work readily passes over into the formation 
and evaluation of formulas. It seems certain that added 
usefulness could be found in certain subjects were the child 
equipped to make a formula, or to use one when given. 
Differing minds, to grasp and retain with ease, require dif- 
fering forms. In cookery it might be profitable to the stu- 
dent if he were required to transform rules into equivalent 
formulas. For instance, the length of time necessary to cook 
a roast of beef—‘‘a quarter of an hour to the pound and 
twenty minutes extra’’—or the amount of coffee to be used— 
‘‘a spoonful for each cup and a spoonful for the pot’’—are 
doubtless more easily remembered if presented in formula as 
well as in rule. Formulas for balanced rations, for infant 
feeding, for the use of leavening agents, might profitably 
occur. A move in this direction is the present custom of 
writing recipes by presenting first a table of the ingredients 
and their amounts, then a paragraph describing the method 
of combining them. The advantage here is the advantage 
of all algebraic symbolism, such compactness as to make 
possible a complete survey of the ‘‘elements of the problem”’ 
with a minimum expenditure of time and thought. 

In sewing, formulas on the allowance of goods for the 
making of ruffles, for accordion and otker kinds of plaiting, 
length of the bias strip for goods of given width, are devices 
for storing needed facts in the memory in an economical 
form. The allowance of embroidery threads to cover certain 
spaces is usually made nowadays by the experienced intui- 
tion of the worker or the sales-woman, with consequent 
over or under supply. Perhaps in time formulas for them 
will be developed that will prove of advantage. 
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In physiography it would be of interest and profit to 
present such formulas as d=1.22,/h, where h=the height 
of the observer above sea level and d the greatest distance 
at which an object on the sea is visible to him. 

The utilization of the statistical or pictorial graph has 
already become general in all high-school subjects. What 
is needed is the development of the critical faculty in reading 
and in evaluating such graphs. Especially is this true of the 
pictograms which utilize natural three-dimension forms. In 
determining lengths for proportional facts due regard should 
be paid to formulas for surface, volume, and perspective. 
The student reeds to be taught to avoid the false inferences 
which are natural when a pictogram naturally interpreted 
in units of volume is presented in linear units. 

Teachers of many subjects would find it advantageous if 
they could utilize the mathematical graph—that is, the 
graphic presentation of a law or a function. It is the aim of 
science to formulate its conclusions not as mere statistics, 
but as mathematical laws. But at present such laws are 
rarely expressed for the student in a mathematical form. 
Whether this is because the student has not been qualified 
by his study of algebra to grasp such statement, so that 
the vernacular must be used instead, or because the writers 
of the texts are unable to put their conclusions in such form, 
‘is not pertinent to the present discussion. 

Practically the only use of this highly refined tool of 
exposition discovered in our textbook survey is to be found 
in Ely and Wicker’s Elementary Principles of Economics 
(revised edition, 1917, pp. 183-201). 

Certainly, many of the laws of economic dependency; 
certain basic notions of continuity and sequence and causa- 
tion in history; facts of growth versus soil conditions and 
the composition of soils in agriculture; laws of growth in- 
creases in botany; interdependence of animal and plant life 
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in biology; time and rate in interest, and cost-price relations 
in commercial work; all these might be made clearer to the 
student by correct and appropriate use of the mathematical 
graph. 

The advantage of such graphic representation to supple- 
ment data by interpolation and extrapolation probably 
needs no emphasis with high-school students; rather a cau- 
tion against reading unfounded conclusions into graphs is 
needed. The fallacy of codrdinates, the dangers inherent 
in optical delusions, the misunderstanding occasioned by the 
omission of zero reference points, should be pointed out. 
Also, warning is needed against over-use. It would be easy 
in such work to go beyond the point of diminishing returns 
for high-school students who are little equipped for scien- 
tific generalization, but a small amount of such work might 
be made a source of illumination and progress. 

For most high-school students any larger use of the 
function concept than that suggested in the mathematical 
graph is of doubtful value. It is one of those fundamentally 
powerful conceptions whose elaboration has been one of the 
half dozen significant achievements of the race, but to the 
high-school student it is vague and tantalizing and stimu- 
lating rather than clarifying. To sum up: 

(1) Involved manipulation of polynomial expressions is 
not a justifiable way of using the high-school student’s time.! 

(2) Since the application cf equations in other high- 
school subjects is chiefly in the proportion form, mastery of 
that form and other easy equation forms should be secured. 


‘This statement is meant to cover addition and subtraction of long ex- 
pressions; multiplication and division of polynomials; manipulation of frac- 
tions with polynomial terms; squares and cube root of polynomials resulting 
in answers of more than two terms; involved factorization of polynomials; 
reduction of radicals (or fractional exponents) whose index is greater than 
three; operations with polynomials containing radicals; the factor and re- 
te tas theorems, and the binomial theorem, when the exponent is larger 

an five. 
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(3) It would be profitable to extend the field of appli- 
cation of the construction of formulas as well as their 
evaluation. 

(4) There is need for the careful development of the 
art of criticism as applied to graphs. 

(5) The presentation of laws by means of mathematical 
graphs should be encouraged. 

(6) The function concept should be used when advan- 
tageous, but with economy. 


THE USE OF ALGEBRA AND GEOMETRY SHOWN BY AN 
INVENTORY OF THE ENCYCLOPEDIA BRITANNICA 


To arrive at a notion of how far algebra has penetrated 
into the intellectual and practical life of men of intelligence 
and achievement comparable to that of high-school gradu- 
ates, an examination of the Encyclopedia Britannica has 
been made, noting all references to mathematics beyond 
arithmetic. The first two hundred pages of each volume 
from I to XXVIII have been read and the mathematical 
references collected. 

Table 23 gives the facts as found: 


TABLE 23 
Encyclopedia Counts. 


NUMBER 
NumBer~- Linear IN. 
or ARTICLES SPACE 
CONCERNED UTILIZED 


Mathematical’ Definitions’. 9). 2 6. chts eects wae e's 12 22 
Long Articles with Slight Mathematics.............. 7 3,714 
Requiring Vocabulary of Geometric Shapes: 
Wescriptionyor Crystaisee i) se nets eared sete 39 874 
Shapes of Buildings, Land, etc.................. 60 2,301 
Other use of Terms Indicating Geometric Shapes. 68 4,606 
Biographies of Mathematicians..................... 32 663 
Requiring Algebra Only: 
HEH OSE yc hes Bas tI RSE Ochodotce ct Ail Gi eae ge eR 5 375 
ORI weet oso -e- aee ea ata 8 fu0 wd 5) « 2 123 
Requiring more than Elementary Algebra............ 44. 7,063 
Motel Wathematics UWSACEC a... c.g ace erate nae asa 0 269 19,741 


MN CCANG MU RAIILIN CO epee rene retactc Screed iter ae odislanceetele 7,551 106,400 
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A further analysis may be illuminating. 

The twelve articles listed under ‘‘ Mathematical Defini- 
tions” are: Abscissa, Angle, Angulate, Anthelion, Axiom, 
Axis, Azimuth, Correspondence, Diagonal, Diameter, Gno- 
mon, Ordinate. General intelligence, rather than knowledge 
of mathematics, is required to understand these definitions. 

The seven articles which are listed under the head of 
“Long Articles with Sight Mathematics” are: Bacteriology, 
Egypt, Glass, Harmony, Medical Education, Mendelism, 
Respiratory System. The person who knew no high-school 
mathematics would be handicapped in reading not more 
than twenty-five linear inches of the 3,714 inches used in 
these articles. He would find the words conical, plane, 
parallel, angle, cylindrical, spherical, ellipsoid, rectangular, 
abscissae, ordinates, of whose meanings he would be ignorant 
or doubtful, and he would be at a loss to interpret the follow- 
ing five formulas: 


V =(nd—1)/(c—F) 

v/(V+0) = p/100 

V=v(100—p)/p 

ab?= AB?+ (Bb— Aa)?+2AB(Bb— Aa) cos x 
(c'd’)?= AB?+ (Ac’ — Ba’)?—2AB(Ac’ — Ba’) cos x 


In addition he would find one statistical graph of meager 
meaning and would be doubtful concerning the exact idea 
conveyed by this sentence: ‘‘And hence the enharmonic 
circle of fifths is a conception of musical harmony by which 
infinity is rationalized and avoided, just as some modern 
mathematicians are trying to rationalize the infinity of space 
by a non-Euclidean space so curved in the fourth dimension 
as to return upon itself.” Otherwise, he probably could 
read all the articles with as much profit as if he were skilled 
in mathematical lore. 
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Again the one hundred sixty-seven articles listed under 
“Requiring Vocabulary of Geometric Shapes’? make small 
demand upon knowledge of mathematics. The thirty-nine 
of these listed under “Description of Crystals’? contain 
usages of the technical terms describing the shapes in which 
crystals of various substances occur and are illustrated and 
explained in texts dealing with these subjects. This nomen- 
clature originally was taken from solid geometry but it has 
become a part of the special equipment of the student of 
those branches of geology which utilize it, and may reason- 
ably be expected to be acquired there by one who needs it. 
The second division, ‘‘Shapes of Buildings, Land, etce.,” 
includes such terms as rectangular, rhombic, quadrilateral, 
conical, cylindrical, triangular, trapezoidal, spherical, square, 
octagonal, hexagonal, quadrangle, as these are applied to 
grounds, towers, tunnels, and the like. The third division, 
“Other Use of Terms, Indicating Geometric Shapes” is a 
similar usage of terms as applied to plants, water systems, 
tools, cameras, explosives, glaciers, harps, ivory, labyrinths, 
pencils, perfumery, and the like. The person who had not 
studied geometry might find his comprehension of the arti- 
cles less easy and accurate than his more favored friend who 
had studied geometry in school, but he would probably not 
suffer greatly. 

The thirty-two biographies of mathematicians do not use 
any mathematics in the articles, but they list the achieve- 
ments and books of their subjects and therefore probably 
would have slight meaning for the person untrained in 
mathematics. 

The seven articles appearing under the head ‘ Requiring 
Algebra Only,” are: Animal Heat, Dew, Electricity Supply, 
Hydrozoa, Sunshine (which are illustrated by graphs using 
the terms abscissae and ordinates in their explanation), 
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and Anemometer and Hearing, in the latter of which occur 


these formulas: 
P=.0005v? 
ute= 256 
ut; =512 
uts = 2,048 
res = 2,304 
sole =3,072 
Sig — 3,840 


The reader ignorant of algebra would be handicapped in 
these articles to the extent to which these are an essential 
part of the explanation. 

There remain, from the 7,551 articles occupying 106,400 
linear inches of printed matter, forty-four articles for the 
understanding of which more than high-school mathematics 
is required. 

Table 24 gives a detailed analysis of these articles. A 
check mark in any column indicates a need of the subject at 
the head of that column for the comprehension of the article. 
For instance, “calorimetry’’ requires algebra beyond ele- 
mentary and the calculus; ‘‘Diagram”’ needs geometry, 
analytics and projective geometry for its complete mastery. 

Assuming that the importance of articles is roughly 
proportioned to their length the following percents are 
interesting. The articles using mathematics beyond arith- 
metic in any form are 3.57 percent of the total number 
of articles, but they occupy 18.55 percent of the total 
space. If from these we discard the long articles in which 
very slight reference to mathematics occurs the articles 
remaining are 3.47 percent of the total number of articles, 
but use 15.06 percent of the space. The articles which call 
for a geometric vocabulary, though not necessarily geometric 
knowledge, comprise 2.21 percent of the total number and 
use 7.31 percent of the total space. If only those articles 
using elementary algebra and advanced mathematics be 
considered, the percent of the total number of articles is 
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.68 and of the space 7.11. Those articles which utilize 

advanced mathematics are .58 percent of the total number 

of articles, but require 6.64 percent of the total space. 
These facts suggest the following conclusions: 


TABLE 24 


MATHEMATICS 


REQUIRED TO READ OTHER MATHEMATICS 


Method of Least Squares 


Ady. 
Alg. Geom. Trig. Anal. Calc. 
a dh Ly) RY Il ay 


PADETPAtION <0. s 5 sa ss - 


Absorption of light.... . 
Accumulator.......... 
POM ALY tones ao cere oe 
Walibration ie... 005 
Galorimetry...3....... 
Continued fractions... . 
Wensiivercns ceecs ck. . 
Determinant: sous. 20: 
Diagram. . re 
Dial. . 

Elasticity. . whine 
Electrical machine. .... 
iBlectricity... 1.25... Js: 
IBIGHS, aL aa ae eee ee 
EV Oramlicsis 0... 52.0.4. 
Hydromechanics....... 
Hydrometer........... 
Eiyperbola.) 2.155 22 23. 
LATOR AVA, o setumeee meer oe 
Lubrication......... ©. 


Perpetual motion...... 
BOW PON recuse ian 
Polygonal numbers..... 
Polyhedral numbers... . 
Wooly Med ron seo. 2051 50s 
IOKISMIME Ets Seo eee 
Reflection of light...... 
Refraction of light... .. 
PUPA NUS 2 2 eyes eae RO cre: 


SUILACE tee ee tee 
SUEVEVIN Peps ae ch shee 
SETA CHOMMenc -teeerei un coor 
Transformers. |........ 
ELTANSDCIECIG acces bays 
AVARION nt eee nares Secon te 


Vv 
Vv 
v 


See Re ee 


ete Oe Oe ee Se eS oe DUS SES. 


=v 


See eee 


aes ee 


eee 


<— “#444 42 <4) 


See 


22 


Astronomy 
Method of Least Squares 


Projective Geometry 
Astronomy 


Method of Least Squares 


Astronomy ; 
Differential Equations 


Astronomy 


Standard Deviation 


Astronomy 
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(1) The parts of elementary algebra that have made a 
place for themselves in the reading matter of the man who 
seeks information upon topics of widespread interest are the 
graph—particularly the statistical graph—and the formula. 


(2) Elementary algebra is not sufficient to enable one to 
read encyclopedia articles dealing with technical topics in 
physics, engineering, astronomy, chemistry, mathematics 
and allied subjects; but rather, speaking in general, one 
must have acquaintance with the mathematics ordinarily 
presented to the student in courses to be pursued from three 
to five or more years subsequent to the year of elementary 
algebra. 


(3) The importance of mathematics to an understanding 
of subjects of general interest is much greater than the fre- 
quency of its use since the ratio of about 1 to 11 is maintained 
between the percent of the number of articles and the per- 
cent of space they occupy. 


There are certain inferences from the foregoing that seem 
worthy of consideration in connection with the curriculum 
in first year algebra. 


(1) For utilitarian values in the first year of algebra one 
must pay much attention to the formula and to the statis- 
tical graph. 


(2) The student whose aptitudes and capacities will 
probably lead him into any one of a large number of fields of 
advanced study such as physics, engineering, psychology, 
chemistry, education, electricity, economics, aeronautics, 
social sciences, ballistics, navigation, etc., should have pre- 
paratory work not merely in algebra but in many other 
branches of mathematics to which rigorous algebra is the 
necessary antecedent and tool. 
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In comparison with careless statements implying that a 
knowledge of all that is taught in the usual course in ele- 
mentary algebra is of frequent use in the study of science, 
the facts which have been presented here may seem to 
reduce the utility of algebra to a small matter. Similar 
analyses of textbooks and of the Britannica with reference 
to other high-school subjects would, however, show that 
algebra was at or near the top in this respect. Since, further, 
science in general is steadily becoming more quantitative, 
the utility of ability to read formulas and graphs is increas- 
ing. Consider for example the prominence of frequency 
curves and correlations in biology, psychology, sociology, 
and education today, remembering that thirty years ago 
they were almost unknown there. 

Algebra is a useful subject, but its utility varies enor- 
mously. | 

Very few, if any, cases appeared in all the textbooks 
examined or in the 5000 pages of Britannica where ability 
to factor a’—b? or a?+6? was demanded. There were few, 
if any, cases where the ability to factor a?—b? was demanded. 
Algebraic abilities form a series of diminishing utility, be- 
ginning with reading formulas and graphs of the relation 
of one variable to another, and ending with short-cut 
methods of division by knowledge of special identities. 

The mere knowledge of the language of algebra has more 
utility than educators have thought, while skill in computing 
has less. Educators are prone to think it folly to learn 
algebraic symbols at all if you don’t compute with them. 
They forget that we have to read them, and perhaps twice 
for every once that we compute with them. The knowledge 
of and ability to use formulas in solving quadratics, answer- 
ing problems about progressions, and determining coeffi- 
cients and exponents in the binomial expression which figure 
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so largely in school examinations are toward the low end for 
utility. 

In general, we may divide this continuous series into five 
groups or sections. 

Section 1 includes: 

The notion of symbolism, ability to “let . . .=the num- 
berciores.” 

Ability to read simple formulas, including knowledge of 
positive integral exponents, of Va or a’, Va or a’, of single 
parenthesis, and of the omission of the X sign and of 1 as 
coefficient. 

Ability to evaluate and solve such formulas, including 
the interpretation of negative numbers as answers, when the 
unknown forms one member of the equation. 

Ability to read graphs of the relation of one variable to 
another in the ++ quadrant, when the nature of each 
variable is understood. 

Section 1 seems worth requiring of all students in Grade 
9 if anything is worth requiring of them at all, and if they 
have not learned its content previously in arithmetic. 

Section 2 includes: 

The ability to read formulas involving a parenthesis 
within a parenthesis and complex fractions. This involves 
learning algebraic addition and subtraction, algebraic multi- 
plication and division by monomials, and certain elementary 
facts about radicals and surds. 

The ability to transform formulas (after evaluation) 
where the desired number has a coefficient or is found in a 
denominator, or appears twice, or is only one term of one 
member of the equation into formulas where it appears 
alone as one member. The ability to do so before evaluation, 
provided no division of a polynomial by a polynomial is 
required. 
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Section 3 includes: 

The elementary algebra of the relation of one variable to 
another, including graphic presentations. 

The solution by linear and quadratic equations of genuine 
problems for which such solutions are desirable. 

Simultaneous linear equations. 

The elementary facts concerning surfaces of frequency, 
central tendencies, and variability or dispersion around a 
central tendency. 

The use of logarithms, tables of powers, roots and recipro- 
cals, the slide rule, and other means of facilitating computa- 
tion. 

Approximations and significant figures. 


Section 4 includes: 

Negative and fractional exponents. 

The general treatement of radicals (probably without 
imaginary numbers). 

Simultaneous equations. One linear, one quadratic. 

Elementary theorems in probability. 

The exponential curve and the theory of logarithms. 

Correlation. 

Training with general formulas, especially the binomial 
theorem and the progressions. 

Computations rarely used, such as multiplication and 
division by polynomials and factorization of polynomials. 


Section & includes: 

Simultaneous equations, both quadratic. 
Literal equations other than useful formulas. 
Imaginary numbers. 

Equations higher than the second degree. 
Fitting curves to observations. 
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It is, of course, the case that these sections are not clean- 
cut, but overlap somewhat, certain features of a topic being 
more useful and others less useful than the general place 
assigned to the topics would indicate. 

The abilities in Section 1, which can be acquired in a 
couple of weeks of the course, are probably many times as 
useful! to the general run of high-school pupils as all the 
abilities of Section 4, on which twelve weeks or more are 
often spent. If we had sufficient knowledge to measure the 
utility per hour of time spent we should, in fact, probably 
find it diminishing at least as rapidly as is shown in Fig. 11. 

The fact of diminishing returns in the way of direct 
practical utility probably characterizes many of the high- 
school subjects. The awareness that nature is regular, law- 
ful, and predictable, and a few chosen facts about mechanies, 
heat hydrostatics, and electricity, teachable in a month, 
would probably outweigh for utility to the general run of 

high-school pupils as 


Y 

they live today, what 

_ they might learn in the 

_ next two months, or in 
]/ ty the five thereafter, or in 


V// an entire second year. 


yyy The acquisition of a 
PF J vocabulary of five hun- 
VMI eee dred French words in 

1 2 ; ‘ 2 fifty hours and such 
common facts and laws 

of French grammar as could be learned in another fifty 
hours would outweigh, for utility to the general run of 
high-school pupils as they live today, what they would 


“Useful” and “utility’’ are used here as hitherto in this article of the direct 
practical utilities in contrast to utility as training, but including utility as 
preparation for other studies. 
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acquire in the 500 hours spent in extending the vocabulary 
from 10,000 to 12,500, and in acquiring the mastery of subtle 
matters of form and syntax. 

With certain individuals, the case may be very different. 
The Jast thousand hours of study which makes him the 
world’s authority on some field of mathematics may be for 
a certain person the most useful of all. It may for example 
quadruple his service to the world and double his salary. 
It is useful for the world not only to have many persons 
competent in certain often used abilities but also to have 
a few persons competent in specialties. If a high-school 
pupil is cut out by nature to be a scholar and discoverer in 
mathematics, the chief utilities of the course in algebra for 
that pupil are not those which we have been discussing but 
the amount of force with which the course in algebra helps 
him on toward being a mathematician and advancing the 
world’s knowledge. 


Actual, Possible, and Desirable Uses of Algebra 


We find in the case of arithmetic that people often do not 
use it when it would be to their advantage to do so, because - 
they have not mastered it. A woman seeing ‘“‘73lb. roast 
beef, $2.67’? may spend five minutes in telephoning the 
butcher to ask how much the roast was per pound, because 
she cannot readily divide by a fraction. Many people waste 
much time in dividing by long numbers when it is much 
easier to multiply by their reciprocals. The same may be 
true of algebra. Writers may use long and clumsy verbal 
descriptions because they lack the ability and habit of 
framing a formula to describe a state of affairs or relation. 
Very little use of algebra is made by accountants, but this 
may be due in part to traditions from the bookkeeping of the 
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small shop whence scientific accounting developed, rather 
than to essential needs and desirabilities. 

It is even possible that the writers of the textbooks which 
we surveyed occasionally failed to use algebra in ways that 
would have been desirable, because they lacked the required 
knowledge or skill. 


The Values of Algebraic Abilities for Direct Usefulness 
and for Culture 


There are notable discrepancies between the serial order 
in the five sections above and the serial order in which the 
abilities should probably be put in respect to their value for 
what we vaguely call culture. 

Negative and fractional exponents, which represent a 
system which is in mathematics what a master poem or 
painting is in art, or what the law of the conservation of 
energy is in empirical science, rank very low for direct use- 
fulness. The use of logarithms, tables, and slide rule rank 
in the utility series along with the conception that a relation 
between two variables may be expressed as the line made 
by a moving point, or by the equation telling the location 
of this point with respect to a defined codrdinate system. 
The former would usually be regarded in respect to culture, 
as like learning to use a crowbar, or take the elevator; the 
latter is a conception comparable by its unity, range, and 
power to any epic poem or symphony. 

In many important features, however, there is agree- 
ment. The general lesson of algebraic symbolism ranks high 
in both series. Elaborate manipulations and simplifications 
by canny use of certain combinations and factorizations 
rank low in both. The study of a variable quantity, ex- 
pressed by a surface of frequency, and measured by describ- 
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ing the form of that surface and reporting its central value 
and variability would be left by raters for cultural value 
not far from its place for usefulness. The progressions as 
ordinarily taught are about as devoid of culture as of utility.! 


1If they are used as introductions to and parts of more general truths, as 
by Nunn, they gain notably in cultural value. 


CHAPTER III 
Ture Nature or ALGEBRAIC ABILITIES! 
THE PRESENT CONCEPTION OF ALGEBRA AS A SCHOOL SUBJECT 


During the generation from 1880 to 1910 which witnessed 
the popularization of high schools in America, algebra? 
became fixed as a required first year study, and with a 
content which I shall call for convenience the “older” 
content, or the “older” algebra. The ‘‘older” algebra 
sought to create and improve the following abilities: to read, 
write, add, subtract, multiply, divide, and to handle ratios, 
proportions, powers and roots with negative numbers and 
literal expressions, to ‘“‘solve’’ equations and sets of equations, 
linear and quadratic, and to use these techniques in finding 
the answers to problems. These abilities were interpreted 
very broadly in certain respects and very narrowly in others. 
If anybody had asked Wentworth, for example, what 
negative numbers and literal expressions the pupil should be 
able to add, he would probably have answered, ‘‘ Any’’; and 
the pupils did indeed add an enormous variety, including 
many which were never experienced anywhere in the world 
outside of the school course in algebra’. On the other hand, 


1This chapter appeared originally in the Mathematics Teacher, Jan. and 
Feb., 1922. 


*Throughout these articles ‘ Algebra”’ will be used for what is commonly 
called in this country ‘Elementary Algebra.” 

‘For example: 

J. Add:  4arty526—32x5yt25 4-17 a?y324 —Sayrz28; 14a%yset+ 4ary22’ + 5ardytzs — 
dvryrae; —Aatyre —Qaiytz' + 4ryr2i+ 19a%y824; Qasytz>+- 5ay223 —7aty®2® 4 9a2y824: 
—12xy?25 + 4atyres — 15 x2yiet —atyt2; Sartyoeo + 41 x2yset —asyt25 + Try? 

Pg. 51, ex. 11; Wentworth: Elementary Algebra. Edition 1906 (reprinted 
from older editions). 
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decimals were very rarely used, and angles were almost 
never added, in spite of the definite need for that ability 
in the geometry of the following year. 


The actual content with which these abilities were 
trained was determined largely by two forces. The first 
was faith in indiscriminate thought and _ practice—the 
resulting tendency being to have the pupil add, subtract, 
multiply, and divide, anything that could be added, sub- 
tracted, multiplied, or divided; and to have him solve any 
problem that the teacher could devise. The second was the 
inertia of custom, the resulting tendencies being, among 
others, to make algebra parallel arithmetic, to continue 
puzzle problems, to use applications conceived before or 
apart from the growth of quantitative work in the physical 
sciences, and to be unappreciative of graphic methods of 
presenting facts and relations. 


The faith in indiscriminate reasoning and drill was one 
aspect of the faith in general mental discipline, the value of 
mathematical thought for thought’s sake and computation 
for computation’s sake being itself so great that what you 
thought about and what you computed with were relatively 
unimportant. 


The paralleling of arithmetic was perhaps most noticeable 
in the order of topics, and in the almost monomaniac devotion 
to problems with one particular set of quantities and con- 
ditions so that there was some one number as the “‘answer.”’ 
There was no reason why aXa=a? and aXa?=a? should not 
have been taught before a+a=2a, but to do so probably 
never even occurred to the generation of teachers in question. 
That a general relation as an answer was a much. more 
important matter than the number of miles a particular 
boat went, or the number of dollars a particular boy had, 
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and more suitable as a test of algebraic achievement—this 
again hardly entered their minds. 

This older algebra survives in whole or in part in some 
courses of study, instruments of instruction, and examination 
_ procedures. As the accepted view of leaders in the teaching 
of mathematics and in general educational theory, it is, 
however, now a thing of the past. I shall use the word 
“‘aleebra’”’ from now on to refer to the algebra which these 
leaders recommend as content for teaching in Grade 9 
(sometimes Grades 9 and 10), or as a part of the mathematics 
of Grades 8, 9, and 10. 

These leaders are not, of course, in exact agreement 
concerning details of content and degrees of emphasis, but, 
approximately, they would subtract from and add to the 
“‘older”’ algebra as follows: 

They would omit such computations as occur never or 
very seldom outside of the older algebra. Addition, subtrac- 
tion, multiplication, and division with very long polynom- 
ials, special products except (a+b)?, (a—b)*, (a+b)(a—b), 
(ax+b)(cx+d), the corresponding factorizations, fractions 
with polynomials in the denominator more intricate than 
a(b-+-c), elaborate simplifications involving nests of brackets, 
compound and complex fractions, and rationalizations other 
than of Va, Va+vVb, Va—vb, L. C. M.’s and H. C. F.’s 
except such as are obtainable by inspection—all these are 
taboo except in so far as some emphatic need of the other 
sciences or of mathematics itself requires the technique in 
question. Clumsy traditions in ratio and proportion (such as 
the use of ‘‘means,” ‘extremes,’ ‘“‘antecedent’’ and 
“‘consequent”’) are eliminated. Bogus and fantastic prob- 
lems are forbidden wherever a genuine and real problem 
is available that illustrates or applies the principles as well. 
The actual uses of algebra in mathematics, science, business, 
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and industry are canvassed and merit is attached to those 
abilities which are of service there. The mere fact that an 
operation, e. g., 

(2a4+ 3a%b’c — 7bc?d — 8d?) (a — 3b?) 
can be performed is not a sufficient reason for asking school 
pupils to perform it. The mere fact that a problem can be 
framed is not a proof that pupils will profit from solving it. 

Thus from one-fourth to one-half of the time spent on 
the older algebra is saved. This is used to establish and 
improve the following abilities: 

To understand formulas, to “evaluate” a formula by 
substituting numbers and quantities for some of its symbols, 
to rearrange a formula to express a different relation, to 
compute with line segments, angles, important ratios, and 
decimal coefficients, to understand simple graphs, to con- 
struct such graphs from tables of related values, and to 
understand the Cartesian codrdinates so as to use them in 
showing simple relations of y to x graphically. 

The discussions of Nunn [1914] and Rugg and Clark 
[1918], and the reports of the Central Association of Science 
and Mathematics Teachers [1919], of the N. E. A. Commission 
on the Reorganization of Secondary Education [1920], of the 
Commission appointed by the Committee of Review of the 
College Entrance Examination Board [1921], and of the 
National Committee on Mathematical Requirements [an- 
nounced for early publication], would, if combined into an 
average consensus, tally rather closely with the foregoing 
statement. 

Whereas the older algebra, giving in the main an indis- 
criminate acquaintance with negative and literal numbers 
and their uses, expected an undefined improvement of the 


1T. e., “Changing the subject” of the formula, or ‘‘solving”’ for one of the 
variables without substituting particular values. 
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mind, this algebra is selective and expects to improve the 
mind by extending and refining its powers of analysis, 
generalization, symbolism, seeing and using relations, and 
organizing data to fit some purpose or question. It expects 
to improve these greatly for algebraic analyses, generaliza- 
tions, symbolisms, and relations and for the organization of 
a set of quantitative facts and relations as an equation or 
set of equations, and hopes for a profitable amount of transfer 
to analyses, generalizations, symbolisms, relational thinking 
and organizations outside of algebra. It expects further to 
give better special preparation to see the more direct needs 
for algebra in life at large and to use it to meet them 
effectively. 

This program for algebra is fairly clear and comprehen- 
sible as educational programs go. Nevertheless, a hundred 
teachers and a hundred psychologists and a hundred 
mathematicians who should try to act on it as stated, would 
probably do three hundred things, no two of which would 
be identical. 

We need fuller and more exact statements of the nature 
of algebraic abilities and of the uses of algebra in mathematics, 
science, business, and industry. In particular we need 
clearer knowledge of what is, and what should be, meant by 
‘ability to understand formulas,” ‘‘ability with equations,”’ 
“ability to solve problems,” and ‘‘ability to understand, 
make, and use graphs.’ Still more do we need clearer 
knowledge of what ‘analysis,’ “generalization,” “sym- 
bolism,” ‘‘thinking with relations,’ and “organization”’ 
mean. 


ABILITY TO UNDERSTAND AND FRAME FORMULAS 


The ability to understand formulas may mean simply the 
ability to understand the face value of the symbols involved. 
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Such is the case when a pupil understands that A =p-+prt 
means the ‘‘amount is equal to the principal plus the product 
of the principal, rate, and time;” or, being given the formula 
and also, 


Let the case be one of simple interest, and let the interest 
accrue without fixed reinvestment, 


Let A =the amount in dollars, 

Let p=the principal in dollars, 

Letr=the percent paid per year for the use of the money, 
and 

Let t=the time in years, 


he understands that A = p+ prt means “‘ Fill in p, r and ¢ and 
A will be the correct amount.” 

The ability to understand formulas may, however, mean 
the ability to understand the face value of the symbols and 
also to supply such units and make such interpretation of 
the situation and the result of using the formula as fits the 
case and insures the right answer. Thus if, in the case above, 
the pupil was given only A=p-+ prt, and knew when and 
how to use it he would really understand much more than 
the formula. Many pupils, for example, who could translate 
A=p-+prtand use it as they had been taught to do habitually 
would fail with ‘“‘What would be the amount of 74 pounds 
at 1 percent per month after eight years, the interest being 
paid every 2 years but left uninvested?’’ They would not 
know how to use the formula or even perhaps whether to 
use it. 

The extent to which pupils shall be expected to read 
between the lines of a formula, knowing when it applies and 
when it does not, and choosing such units that the result will 
be correct, is a matter of dispute in theory and practice. 


102 PSYCHOLOGY OF ALGEBRA 


On the one hand it is argued that such interpretations 
are a matter of physics or geometry or business practice or 
the like, not algebra, and also that the mixture of such 
interpretations with rigorous mathematical thinking lessens 
the instructiveness of the latter. Algebraically, for example, 


it is correct if A=p+prt and I ae to conclude that 
R 

Al eas Lie That it happens to be nonsense to say that 

the amount of money times the current equals the principal 

times the voltage, etc., is not for the learner of algebra to 

know or care. So the extremists might argue. 

On the other hand, it is argued, first, that algebraic 
technique divorced from its applications to lengths and 
weights and dollars and years and amperes and volts is a 
barren game; second, that absolute clearness and rigor in the 
statement of formulas so that nothing needs to be read 
between the lines spoils the best feature of a formula, its 
brevity. Only two principles are needed, the extremists on 
this side would say. First, ‘‘Use formulas only in ways such 
as common sense and the facts of the case tell you are 
reasonable.’ Second, ‘“‘Use such units that the answer will 
be right.” 

From the point of view of the psychology of the learner 
either extreme seems tolerable, provided it is operated with 
consistency and frankness, and provided, in the case of the 
second plan, too much sacrifice of comprehensibility to 
brevity is not made. The learner may be taught to insist 
that every symbol in a formula be defined as a quantity, . 
expressed as a number of such and such units, and to separate 
sharply his operations with a formula from his choice of 
which formula. He would then simply refuse to try to 
operate with most formulas as commonly given. J se 


R 
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would have to be defined as, if J= the current in amperes; 
E= the potential in volts and R= the resistance in ohms,— 


then J= 4 A=4BH for a triangle would have to be 
extended to:—‘‘ Let B= the number of inches in the base of 
the triangle. Let H= the number of inches in the altitude of 
the triangle. Let A = the number of square inches in the area 
of the triangle. Then A=3BH. If B and H are numbers of 
feet, A will equal the number of square feet in the area of the 
triangie,”’ etc., etc. If he chooses the right formula the result 
of correct computation is ipso facto the right answer. 

He may, on the contrary, be taught that most formulas, 


such as I =7 or S=at+4at?, are simply hints to guide 


memory and thought in framing the right choice and 
arrangement of symbols and numbers, and that he is 
responsible for that arrangement, and for the interpretation 
of any results of evaluating or solving it. 


The former plan secures abilities easier to learn and 
requires less skill in the teaching; the latter secures abilities 
which are perhaps more educative and a better preparation 
for dealing with formulas as they actually occur in books on 
science and technology. If so, however, it is because time 
and thought are spent in the algebra course in learning 
science and technology, or in solving ambiguities of statement 
by reasoning out what probably is or should be meant. 


The greatest danger in the second plan is in the pupil’s 
framing of formulas. Suppose, for example, that he is told 
to express in a formula the fact that Profit equals Sales less 
the Number of Articles Produced times the Production Cost 
per Article, less Selling Costs plus Overhead, and writes 
P=F—NC,—C,+0. Is he to be blamed? His algebra 
and symbolism are correct. It is only his knowledge of 
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business facts and terms that is at fault. If he writes 
P=F—NC,—C,—O, is he to be praised? C, in actual 
business may well be a number of cents, not dollars, so that 
his formula may produce a preposterous answer. Or suppose 
that he is asked to frame a formula for the number of acres 
in a rectangular plot, the length and width in feet being 


given, and writes A=”. This is true enough if a is 


correctly defined ‘‘between the lines”? as the number of 
square feet in one acre, but of what use is it? In framing 
formulas it seems best to teach the pupil to demand such 
rigor and adequacy in the conditions given to him that his 
task is simply translation into an arrangement of numbers 
and symbols and to demand the same rigor and adequacy 
of him. 


In reading formulas it seems reasonable to train the pupil 
to a certain extent to read between the lines, to be judicious 
and consistent in his selection of units, and in other respects 
to use formulas as suggestions -and clues rather than as 
adequate, unambiguous rules. It will be convenient and 
probably sometimes necessary for him to do so in his actual 
contacts with formulas in books and elsewhere. 


in either case the pupil may profitably understand that 
from the moment that he begins to operate with the formula 
until he completes the operations by reaching the desired 
result or “‘answer”’ all the symbols are simply numbers. 
Nothing needs to be labeled as inches, feet, dollars, years, 
volts, ohms, foot-pounds, or the like during the operations. 
What the quantities are must be considered before operating 
in choosing or framing the formula, and after operations 
are done in order to put the right label or interpretation on 


the “answer.”’ But for the purposes of operation Amperes = 


volts tele acpela e _ Number a _a@ 
ohms *>! ‘Number 67 7 6 
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Other things being equal, genuine formulas useful in 
mathematics, science, industry and business are to be 
preferred for training in understanding, evaluating, trans- 
forming, and framing formulas. Other things, especially 
convenience, are not always equal. The genuine formulas 
that are of significance to pupils may be too simple, or too 
much burdened with long numbers, and there may not be 
enough of them to give the practice considered necessary. 
So teachers and textbooks tend to make up formulas of just 
the desired complexity, involving just the relations with 
which practice is needed, and with just as little or much 
numerical difficulty as the occasion demands. 

The use of these artificial formulas is not essentially more 
vicious than the use of multiplications like 4659817. It is 
probable that not one pupil in a hundred will ever have to 
multiply 9817 by 465. But we do not object to such work in 
moderation in arithmetic because the elementary abilities 
practiced are all useful; and this is a good way to give them 


practice. In the same way practice with a formula like 


Patsy MON 


formula has only a very slight probability of occurrence 
outside of school. 


may be defensible although the 


ABILITY WITH EQUATIONS 


Ability with equations includes two groups of abilities 
which are, at least psychologically, very different. The first 
is to manipulate the equation so as to obtain a numerical 
value for the literal element, or so as to obtain a value for 
one of the literal elements in terms of the others. The 
equation is ‘‘solved.’’ The second is to understand the 
equation as the expression of a certain relation whereby we 
can correctly prophecy what value a certain element will 
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have, according to the values which one or more other 
elements have. 


Thus $=KR+4 is “‘solved” for Q by finding that 
Q=2KR+8. S=KR+4 is ‘‘understood with respect to 
the relation between Q and R” by understanding that if K 
is a constant, Q is in direct proportion to R, that if Q is 
expressed as ordinate to fit R abscissa value, we have a set 
of points on a straight line cutting the y axis at +8, with a 
slope depending on what K is, and that every increment 
added to R produces, other things being equal, an increment 
of 2K in Q. The older algebra neglected the second ability 
almost entirely, and even yet the first ability is given far 
more time and attention in most textbooks, courses, and 
examinations. Yet the second ability seems of equal or 
greater importance. 


There are three cases of “solving.” First, the pupil is 
taught to organize all the data needed to secure the answer to 
his problem in the form of an equation with x or n or Ans. 
or ? or an empty space to be filled, to represent his desired 
result. “Solving” then means the computation needed to 
get the x or n or Ans. or ? or empty space on one side of = 
and to get the other side free from the x or n and, where 
desirable, in simplest form. Sometimes two or more equa- 
tions with x and y or n; and nz or Part I of Ans. and Part II 
of Ans. are used. The ability to manage this organization 
and manipulation of data is useful. The problems of life, 
when of this sort, almost never lead to quadratic equations. 
The computations are rarely literal. 


Second, the pupil is taught to “solve” a formula or 
equation already organized, as when he derives a formula 
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for finding the radius of a circle from its circumference, 
from C= 2rr. 

Third, the pupil is taught to solve equations of the type 
y=ax+b or y=x?+axr+b for a and 6b, being given related 
pairs of values of « and y, and to discover the two values 
of x corresponding to a given value of y in equations of the 
type, y=axz’?+bx-+c. This third sort of “solving”’ is valuable 
if a certain mastery of the ‘‘understanding of the relation” 
has been attained. Otherwise it is dangerously near to being 
an aimless mental gymnastic. The older but still common 
practice of solving quadratics only for the case where y=0, 
out of all relation to the general problem, seems indefensible. 
The only argument in its favor seems to be that x in az?+ 
ba+c=0 is an unknown quantity and ‘that you should 
therefore find its value regardless of whether knowledge of 
its value is of any consequence. 

The understanding of equations as the expression of 
relations, goes straight to the heart of all applied mathe- 
matics, showing the formula and equation as the story of a 
‘rule or law which certain events in nature follow or approx- 
imate; it introduces the most important idea of mathematics, 
that of quantitative dependence or functionality; it is a 
vital and potent review of the principle that algebra tells 
what. will happen to any number under certain conditions; 
it furnishes a principle of organization for graphics; it 
furnishes the treble parallelism between certain important 
relations, certain graphs, and certain equations which will 
arouse respect for algebra. 

It may be retorted that the understanding of an equation - 
as a story of a relation or law is too hard and varied an 
ability for pupils in the ninth or tenth grade to acquire, in 
comparison with the more mechanical and uniform “‘solving.”’ 
Weshallseeina later chapter that it has been made needlessly 
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difficult by unfortunate usage of terms and unwise building 
up of certain mental habits which get in each other’s way 
and trip each other up; and we shall there show how to 
reduce these difficulties greatly. 


ABILITY WITH PROBLEMS 


One of the most revered features of algebra is training in 
organizing a set of facts given in a problem described in 
words, into an equation or set of equations such that solving 
will produce the desired answer. This, so far as the prob- 
lems are genuine ones whose answers a sane person in the real 
world might seek, is admirable. The genuine problems 
appropriate to a reasonable life do not, however, often lead 
to such fractional expressions, or quadratic equations, or 
denominators that need to be rationalized, or sequences 
wherein x appears three or four times, as are being studied 
and await “application to problems.” The genuine prob- 
lems are mostly of a type where x appears once, the other 
elements being numbers, and require only straightforward 
arithmetic plus certain conventions with respect to paren-. 
theses. . Consequently, problems have been made up to give 
the pupil training in applying his more subtle algebraic 
techniques. These pervade the textbooks, courses of study, 
and examinations. The following are samples: 


The earth and seven other planets revolve around the sun. Twice the 
number of planets which are nearer to the sun than the earth is plus one 
equals the number of planets which are farther from the sun than the earth 
is. Find the number of planets nearer to and the number more remote from 
the sun than the earth is. 

If a railroad train is made up of five sleeping cars, one parlor car, and a 
certain sort of engine, its cost is $129,200. ‘The cost of each sleeping car is 
$300 more than the cost of the engine. The cost of the parlor car is five- 
sixths of the remainder when the value of the engine is diminished by $100. 
Find the cost of the engine, the parlor car, and of a sleeping car. 

_ The front wheel of a cart makes 16 revolutions more than the rear wheel 
in going 360 feet. If, however, the circumference of the front wheel were 
increased by a third, and that of the rear wheel by a fifth, the front wheel 
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would make only 10 more revolutions than the rear wheel in going the same 
distance. Find the circumference of each wheel. 

The hours required by Mr. A to travel a certain distance equals the 
number of miles he travels per hour. Mr. B goes the same distance in 2 
hours less time by going three miles more per hour. Find the rate of travel 
and time taken by Mr. A. 

There are two angles, one of which is 5° less than the other. If the number 
of degrees in each is multiplied by the number in its supplement, the product 
obtained from the larger of the given angles exceeds the other product by the 
square of the number of degrees in the smaller of the given angles. Find 
the angles. 


Shall the ability to solve problems mean the ability to 
solve such as these, or shall it mean the ability to solve 
genuine problems of a sane life? 


It has been customary to select and arrange the problem 
materials almost wholly from the point of view of the alge- 
braic technique to be applied. The teacher or textbook 
maker, having taught the pupil how to operate with algebraic 
fractions, for example, looks about for problems which will 
lead to fractional equations. Other characteristics are 
treated as of minor importance. From the functional point 
of view, emphasizing ability to use algebra in solving prob- 
lems which life will offer, it seems desirable to consider the 
lives of boys and girls and men and women as students, 
citizens, fathers and mothers, lawyers, doctors, business men 
or nurses, and select problems which they may usefully solve 
and which are properly solved by algebraic methods. These 
may then be arranged according to the technique involved 
if this is desirable; but from the functional point of view 
much is to be said in favor of arranging them with considera- 
tion also for their natural connections in the world of fact 
and their logical connections in the mind. Problems about 
public health, for example, may well be on the same page 
even though one should involve a simple equation without 
fractions, one a fractional equation, one a radical, and one a 
quadratic. 
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The arrangement is of much less consequence than the 
choice. Most important of al! is the general choice of atti- 
tude — are problems to be an exercise ground for algebraic 
insight, or is algebra to be a tool for life’s needs? 

The quantitative problems of life usually come in con- 
nection with real things, events and relations. There are 
real fields and floors, or at least maps and house plans; real 
ships to be navigated, guns to be pointed, alloys to be com- 
pounded, medicines to be diluted, electric cells to be con- 
nected. The abilities eventually desired are preferably 
abilities to deal with real situations. 

Since it is inconvenient to provide these real situations 
in schools, we have recourse to verbal descriptions of them. 
We cannot, however, take it for granted that the ability to 
manage a certain quantitative problem as it is described in 
words is identical with the ability to manage the same 
problem when it actually arises in a real situation. The 
difficulties of the described problem may be largely linguistic; 
to take an extreme case, a person obviously could not solve 
a problem no matter how easy it was in reality, if it were 
put to him in an unknown language. On the other hand, 
the verbal description may be far more suggestive of the 
procedure to follow than the real situation would be. If a 
boy should think “In how many years shall I be half as old 
as my father?” and proceed to solve the problem he would 
have to know enough to ask, ‘‘ How old is he now?” “‘How 
old am I now?”’; and he might puzzle about exact birthdays, 
even the time of day of birth or allowance for leap years. 
In the described problem, ‘A boy is 14. His father is 40. 
In how many years will he be half as old as his father?”’ 
he is given all the data needed, and encouraged not to bother 
about anything more than getting a certain number which, 
if added to 40 and 14, makes one result twice the other. 
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In proportion as we retain the older view that the main 
value of problem-solving is its formai disciplinary value as 
a mental gymnastic, the distinction between ability with a 
problem as it occurs in reality and ability with a similar 
problem described in words approaches zero importance. 
We may even deliberately make the verbal description much 
easier or much harder to understand than the corresponding 
real situation would be. 

This view is, however, hardly tenable with respect to 
problems that assume to have anything to do with real 
situations of business, science, technology, or the home. 
If problems have only formal disciplinary value as mental 
gymnastic, we may as well use unreal problems about the 
square of somebody’s age being equal to the cube of half 
of his age less 24 times his age, or about consecutive num- 
bers, or about fractions whose numerators and denominators 
are related in divers ways. If we have problems about 
realities at all, we probably have them to train the pupil to 
manage realities themselves rather than to manage words 
about them. 

One special difference between problems arising in con- 
nection with situations actually present to sense and the 
customary verbal problems of the algebra class is that in 
the former needed data may be missing and irrelevant data 
may be present in large numbers, whereas in the latter we 
have practically accepted it as a rule that every problem 
should be solvable from the data given without any further 
additional data and that all the data given in the problem 
must be used in order to attain the solution. 

There may be in use in some schools problems where the 
pupil has to decide whether the data are adequate for its 
solution and problems where he searches elsewhere for the 
additional data needed, but they are surely very rare. Prob- 
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lems where the data to be used in framing the equations 
have to be chosen from amongst many data irrelevant for 
that particular problem are almost equally rare. 

Our custom in schools of making each problem a little 
paragraph of statements all to be used without adding or 
subtracting one jot or tittle, like the pieces in a picture 
puzzle, is so fixed that we find one of our standard textbooks 
announcing the following: 


1. Every problem gives a relation between some un- 
known numbers. 


2. There are as many distinct statements as there are 
unknown numbers. 


3. Represent one of the unknown numbers by a letter; 
then, using all but one of the statements, represent the other 
unknowns in terms of that same letter. 


4. Using the remaining statement, form an equation. 
[Wells and Hart, 1912, p. 100.] 


Is problem solving in algebra to be only a puzzle game 
of fitting translated phrases into a proper equation? 

There is, then, a wide range of possible opinion about 
what problem solving does mean and about what it should 
mean. We should surely try to make it mean something 
more educative than the solution of more or less attractive 
puzzles made up to exercise algebraic technique or to give 
indiscriminate practice in ‘‘thinking.’”’? We shall return to 
this subject later when the attempt will be made to clear 
up the psychology and pedagogy of problem solving in 
algebra. 

The psychological demands and the psychological effects 
of organizing the facts of a problem into an equation or 
equations such as will, when solved, give the desired answer 
varies greatly according as the problem is, so to speak, an 
“original”? which the pupil thinks out, or follows other 
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similar problems which he has learned to handle by special 
training ad hoc. 

The approved theory has been, and still is, that the 
former should be the process in the main, but skillful teachers 
seem to think or fear that actual proficiency in solving the 
problems that are met in life (or at least those that are met 
in examinations) is best secured by special training in certain 
routines such as ‘‘let 2 equal the smaller number, when there 
is a choice,” or “‘be sure to use all the numbers that are 
given,” and by still more specialized training with rate prob- 
lems, mixture problems, tank-and-pipe problems, and the 
like. 

Rugg and Clark argue that directed practice with many 
different kinds of problems will make the pupil “able to use 
the method in solving any kind that you may happen to 
meet later’’ [1918, p. 208]; and provide this directed prac- 
tice with (I) Problems relating to age, (II) Problems in 
which a number is divided into two or more parts, (III) 
Problems based on coins, (IV) Problems based on relations 
between time, rate, and distance, (V) Problems involving 
percents, (VI) Problems concerning perimeters and areas, 
and (VII) Problems based on levers. Their treatment of 
the first group is as follows: 

“Section 97. Need for tabulating the data of word prob- 
lems.— Many problems involve so many different statements 
that it is practically necessary to arrange the steps in the 
translation in very systematic tabular form. Take an example 
like this: 

‘John’s age exceeds James’ by 20 years. In 15 years 
he will be twice as old as James. Find the age of each now.’ 

‘Before we can write this statement in the form of an 
equation we must express in algebraic form four different 
things: (1) John’s age now; (2) James’ age now; (3) John’s 
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age in 15 years; and (4) James’ age in 15 years. These four 
facts can best be stated in a table like this: 

“(First step) Let n represent James’ age now. 

‘(Second step) Tabulate the data. 


TABLE 
Acer Now AcE IN 15 YEars 
John’s age i n+20 n+20+15 
James’ age : ; n n+15 


‘With all the facts expressed in letters we can now state 
the equation which tells the same thing as the original word 
statement; namely: 

“(Third step) n+20+15=2(n+15) 

““We are now ready for the 

“(Fourth step) the solution of the equation; the steps 
are as follows:” 

Then follow explanations of solving and checking and 
sixteen carefully graded tasks leading up to five of the cus- 
tomary age problems such as, ‘‘A man is now 45 years old 
and his son is 15. In how many years will he be twice as 
old as his son?” [1918, p. 208.] 

Shall we treat the problem material as a series of orig- 
inals, or as a collection of typical groups of problems, each 
group of which the pupil learns how to solve much as he 
learns how to subtract a negative number or multiply 2” 
by x” by adding exponents? Or shall we treat part of the 
problem material in the one way and the rest in the other? 
This last is Just what we do in arithmetic. Certain groups 
of problems (as about areas, perimeters, discounts, insur- 
ance, compound interest, taxes and commissions) are pre- 
pared for by special training with each. Certain other prob- 
lems are left to the undirected ingenuity of the pupils. 
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ABILITY WITH GRAPHS 


The ability to understand, construct, and use graphs 
needs definition in at least two respects. (A) Shall school 
algebra present elementary facts concerning all graphs that 
are simple and important, or shall it limit itself to the 
graphic presentation of a relation between two variables 
through the Cartesian coérdinate system, and to such 
introductory matter as facilitates that? (B) Assuming the 
second answer to A, shall it deal with graphs of irregular 
relations not presentable in any equations which the pupil 
can be expected to manage, or shall it restrict itself to the 
straight line, parabola, hyperbola, and the like? Question 
A may be made clear and vivid in this form: ‘‘ Which of the 
types of graphs on pages 115 to 117 shall the pupil be taught 
to understand, construct, and use?”’ 

The graphs which are simple and important may be 
classified: (I) descriptions of the way in which a certain 


What William did with his earnings 


ES 
EEE EEE 
e 


|G, Yj cee 
Bank 77 Y, lothes7 Book He Musi 
What Louise did with her earnings 

Fie. 12 


quantity is divided; (II) general comparisons of two or more 
magnitudes; (III) comparisons of two or more magnitudes 
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which are put in order by their relation to some character- 
istic; and (III-A) comparisons of two or more magnitudes 


70-Ib. 
60 lb. 
50 Ib. 
40 lb. 


30 Ib. 


Ib. 
Charles Dick Fred Tom 
Left-arm lift 


Fig. 13 


1. According to the 


TYPE Il. COMPARISON OF MAGNITUDES 12 ft. 
diagram how many 
How many can Dick 

10 ft. 


pounds can Charles lift? 


lift? Fred? Tom? 


which are themselves frequencies of 
occurrences and are put in order by 
their relation to the magnitude of 
some characteristic. 


TYPE I. DIVISION OF A QUANTITY 


1. These diagrams show what William and 
Louise did with the money which they earned 
last summer. Make a table showing what each 
of them did with the money. What percent of 
his money did William put in the bank? 


2. What percent did he spend for clothes? 
For books? For tools? 


3. What percent 14 ft. 
did Louise spend for 
clothes? For books? 
For music? 


2. Draw a diagram to show how many of 
the exercises in the arithmetic practice each of 
these children did correctly, in 5 min.: 

Alice, who had 30 correct 
Anna, who had 19 correct 
Nell, who had 24 correct 

Sarah, who had 36 correct 


Let § in. of distance up and down equal 1 ex- 
ercise correct, 1 in. equal 8 exercises correct, ete. 


TYPE: Wid 
COMPARISON OF ORDERED MAGNITUDES 


_ 3. Using thin paper trace and complete this 
diagram or graph, which tells how Dick Allen im- 
proved in the broad jump. His records were 8 ft. 
in 1911, 9 ft. in 1912, 9 ft. 6 in. in 1913, 10 ft. 
6 in. in 1914, 13 ft. in 1915, and 13 ft. 6 in. in 1916. 
_ 4. Draw a diagram or graph to show how Elsie 
improved in repeated trials with the practice test. 

Her scores in the 10 successive weeks were 
Wy Lit, 19) 28) 22238 245251245 26: 

5. Do the practice of page -— twice a day for 
five days. Draw a graph showing how well you 
did in each trial and how much you improved. 


4 ft. 


0 ft. 


Records of Dick Allen 
in the broad jump 


Fig. 14 
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School A School B 
Fig. 15 


TYPE Ill-A. GRAPHS OF RELATIVE FREQUENCIES 

5. Examine the diagrams. Read the diagram for School A, saying, 
“On 2 days, the temperature was 67°; on 4 days it was 68°; on 5 days it was 
69°”; ete. Find what percent of the days were “satisfactory”? as to tem- 
perature in School A. In School B. (A temperature of 66, 67, 68, 69 or 70 
is called “satisfactory.’’) 

Figure 12 is an illustration of graphic descriptions of 
the way in which a certain quantity is divided, as when we 
wish to show how a family spends its income, or how the 
population of a country is divided with respect to race or 


how a pupil spends the day. 


Figure 13 is an illustration of general comparisons of 
magnitudes, as of the number of boys and of girls in a school, 
or of the values of certain products of a farm, or of the 
number of voters of each political affiliation, or of the size 
of a school ten years ago and now, or the per cent of illiteracy 
in each of forty states. 

When the magnitudes to be compared form a series easy 
to put in order by their relation to some characteristic, this 
is usually done. If, for example, we have the size of a school 
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now, five years ago, ten years ago, fifteen years ago, etc., it 
is obviously best to put the columns or bars showing size 
in a chronological order. If we have the number of children 
at each age in a school, it is obviously best to put the col- 
umns or bars in the order: aged 5, aged 6, aged 7, etc. 

Figures 14 and 15 illustrate such graphs of class III. 
The typical graph of the relation of one variable to another 
is the most notable case of class III. Graphs of surfaces of 
frequency or distribution (III-A) are a group of increasing 
importance in the social sciences. 

It is customary to draw a distinction between statistical 
graphs and mathematical graphs. The former include all of 
classes I and II and those of class III which are not readily 
analyzable into regular relations conveniently expressed in 
the relation of y tox. This distinction is not sharp or rigid, 
some weight being also given to custom and convenience. 

Return now to our question A, “‘Shall school algebra deal 
with graphs of classes I and II, or shall it limit itself to class 
III?” The future will probably save us the trouble of 
answering, because acquaintance with graphs of classes I 
and II, and with simple cases in class III, will probably be 
given in Grades 4 to 8. Figures 12, 18, 14, and 15 are, in 
fact, all from a recent textbook in arithmetic. When it has 
not been given already, such work may deserve a place in 
ninth grade mathematics because of its intrinsic worth, and 
because of the interest it lends to the graphic presentation 
of the relations between two variables. 

Graphs of class I and class II are, however, psychologi- 
cally useful in algebra only as possible introductions to those 
of class III. For pupils at the high-school level, the erection 
of a series of columns and the formation of the curve joining 
the midpoints of their tops, seems adequate. Also it seems 
to the writer that the development of a serial graph from 
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the graph of mere comparison will introduce more interfer- 
ences than aids to comprehension of the former. Logically, 
the graph of a systematic, ordered relation may be thought 
of as a sub-class of, and development from, the graph com- 
paring any quantities— the population of states, or the 
scores of ball players, or the heights of species of trees. But 
it seems sounder psychology to teach the systematic graph, 
ordered in relation to time, or number of articles, or size of 
the object, or force exerted, etc., by itself.! 

The elementary facts of surfaces of frequency deserve a 
place in the curriculum somewhere in Grades 6 to 9 (prefer- 
ably in Grades 7 or 8), the pupil being taught to understand 
such graphs and to construct them from the tabular data. 
Their relation to the curve y=e “, and to the coefficients 
of the binomial expansion may perhaps be shown toward 
the end of a course in algebra.? Their consideration along 
with the graphs of simpler relations of one variable to 
another will be confusing and should be avoided. 

Our second question was: Assuming that algebra in 
Grades 9 and 10 limits itself to ‘‘mathematical” graphs of 
the relation of one variable to another and to such intro- 
ductory matter as is of value therewith, shall it deal with 
graphs not presentable in any equations that the pupil can 
master, or shall it restrict itself to the straight line, rectangu- 
lar hyperbola, parabola, circle, and the like? It may be 
answered provisionally as follows: Enough work with 
irregular relations should be given so that the pupil will 
appreciate the regularity of regular ones by contrast, and 
also the place of these regular relation lines amongst rela- 
tion lines in general. Except for that, it seems best to spend 


1That is, to make the principle of organization the facts and laws to be 
expressed, rather than the general nature of graphic presentations. 


2 More suitably, probably, in an advanced course. 
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the time on standard forms whose mathematical significance 
can be realized.! The curves for y=ax, y=ax+b, y=2’, 
Y =x+a, Y =x, y -Oy= a Y =x?+axr+b, y+te= a’, 
and y=a’ will probably provide sufficient variety to make 
the principles general. 


ye 

6 
5 ea 
4 
3 
2 
eee 

WH 

Za 2 3 se. 5 6 7 8 9 


Fig. 16 


When the topic of fractional exponents is taken up, a 
review and extension of the graphic treatment of regular 
relations may be had by presenting the curves for y=2’, 
y=a', y=a', y=2', y=a', and the like, as in Fig. 16. If 
logarithms are taught, the construction of such curves pro- 
vides excellent exercises in computation and approximations, 
and a useful application of knowledge of fractional expo- 
nents. Simple facts about y=k" may be taught also. 


_ ‘Including, perhaps, standard forms obscured by chance errors which 
disappear in a coarser grouping of the data. 


CHAPTER IV 


THE PsycHOLOGY OF THE EQuATION! 


The equation has two different uses. First, it is an 
organization of data in such a way as to indicate the opera- 
tions required to obtain a certain numerical result, this 
result being the answer to a question which led the worker 
to frame the equation. So 60—x1=2—465 is a good way to 
organize data to answer the question, ‘‘What number is as 
much less than 60 as it is greater than 45?” The equation 
is here a thing to be solved. Second, the equation is the 
~ expression of a relation between a variable and one or more - 
other variables. The important thing in this case is to 
understand the relation or law. 


So in y=kza, or y=", or y=’, or 72+ y?=k?*. 


In the first case the equation may, of course, represent a 
special instance of some important relation or law to be 
understood, and in the second case the equation, then or 
later, may be solved for some special values of the variables. 
But in the great majority of cases one or the other purpose 
is primary, as stated above. The difference is recognized 
to some extent in the early distinction between (A) organ- 
izing numerical data into an equation with x or two equa- 
tions with x and y, and (B) framing a general formula or 
equation. 


1 This chapter appeared originally in the Mathematics Teacher, March, 1922. 
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Consider these samples of A: 


1. Ten times a certain number is diminished by 6, the result being 36 
more than four times the number. What is the number? 


2. How much water must be added to three pints of a 20 per cent solution 
of carbolic acid to make it a 5 per cent solution? 


3. A man walks at the rate of 3 miles an hour. Two hours after he 
started another man sets out to overtake him in an automobile going 25 
miles an hour. How far will the first man have gone before the second man 
overtakes him? 

No teacher probably expects the pupil to do anything 
with the resulting equations except solve them. He has to 
understand certain particular conditions to frame the equa- 
tion. He does not have to understand the equation as an 
expression of a general relation or law in order to solve it. 
Usually he is not expected to. 

Consider these samples of B: 


- 1. Make a formula or an equation which tells the cost of any number of 
pounds of starch at J1 cents a pound. 


2. Using m, s, and d for minuend, subtrahend, and difference, respect- 
ively, what equations can you make from them? 


3. Using l, w, and h for the inside dimensions of any rectangular tank 
in inches, write a formula or equation for the cubic capacity of the tank in 
gallons, counting one gallon as equal to 231 cubic inches. 


4. If «is any even number, what is any odd number? 


In these cases the pupil is expected only to frame the 
formula, not to solve it. To frame it he must understand 
the general relation or law and, to at least a large extent, 
the formula or equation as its shorthand expression. 

The pupil probably realizes a difference between work 
like that of A and work like that of B. Also he may be 
influenced by being given the name equation for things like 
102 —6 = 36 — 42a or .05(38-+- x) = .20(3), and the name formula 
for things like C=7D, m—s=d, m—d=s, or j= eh. 

From this point on, however, almost everything that he 
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is taught about equations blurs the distinction. He is given 
many literal equations like 


(a—1)x=a?—-1, 
x 
(eb aS pt 

a(a—x) =b(b—2), 
Mae A 

paneer, 
lab 
m 


Presumably these represent some important relations be- 
tween x or y or z and the variables a, b, and c; otherwise 
they would not be set out as generalized rules. But, in fact, 
they do not, and all that he is told to do with them is to 
solve them. 

He is taught the codrdinate system and set to study 
y=x+4, y=x, y=x—A4, and the like. He is much per- 
plexed because hitherto « has always been unknown but 
only one number when you finally got it known; whereas 
now you know what it is, but it is 1 or 2 or 3 or 4, or whatever 
you like. Also, he has been painstakingly learning in sim- 
ultaneous equations that you can do nothing useful with 
x and y unless you have two equations, whereas now you 
cannot have one equation of the new sort without both of 
them in it. 

To the mathematician or logician these may seem to be 
childish and trivial perplexities. Childish they may be, but 
since we are teaching children, childish perplexities are pre- 
cisely the ones we need to prevent. Trivial they certainly 
are not, at least to the psychologist. For the most uniform 
and stable connections or bonds that x or y has formed are 
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with “‘not known,” ‘‘to be found,” ‘‘one number and only 
one right when you find it.’”’ The most frequent and em- 
phatic connection or bond that “x and y both to be dealt 
with” has formed is with “you must make two equations.” 
The pupil’s strongest habits of thought with respect to x and 
y (with ordinary teaching, all his habits of thought with 
respect to « and y) make the y=2+4 a monstrous per- 
versity. The coordinate system and the facts of the 
linear equation would in fact be more easily taught to 
the pupil who has had the customary training with equations 
to be solved, if NS and EW, were used instead of YY and 
XX, andif V,and V; were used instead of Yand X. Almost 
everything in the usual previous study of equations inter- 
feres with the understanding of y=ax-+b. 

Conversely, under the customary methods of teaching, 
the abit of regarding y as a variable whose value depends 
on the value attached to x, the habit of shifting x and seeing 
what happens to y, and the habit of thinking how y depends 
on x rather than hastening to solve for something, are likely 
to interfere with the old solving habits. The pupil who was 
wont to proceed readily, and even automatically, to solve 
for any posterior segment of the alphabet that came into 
view, now hesitates, wonders whether he is to solve it, or 
graph it, or evaluate it, or perhaps even consider what it 
and its context mean! 

Partly because of a more or less explicit sense of this 
interference, the majority of teachers and textbooks retain 
the disturbing y only as a necessary evil to help explain the 
coérdinate system and the graph of an equation, banishing 
it soon and replacing “the equation y=2r+3” by “‘the 
expression 27+3,”’ and then quietly shifting to ““27+3=0,” 
which can be “solved” in peace. But this shift is destruc- 
tive to the understanding of y=2a+3 as the expression of 
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a straight-line relation or law whereby one variable always 
equals 3 more than twice another. This treatment also 
tends to change the codrdinate system from an easy and 
beautiful organization of what is known about equations 
into a puzzle to be reconciled with what you do with equa- 
tions. If this peculiar y always becomes 0 before you do 
anything to the equation, why bother to learn about y? So 
works the potent unconscious argument of mental habit. 

With quadratics this mysterious appearance and disap- 
pearance of yisrepeated. All his experiences with equations 
except the brief interlude with y=ax+b almost forbid the 
pupil to do aught with y=az?+bxr+c save regard the y as 
a misprint for 4 or 7. After a renewed exposition of the 
codrdinate system has given him a dawning insight into 
what such equations mean, the y is spirited away again, and 
he has the equations of the form az?+bx+c=0 to solve. 
Why he should “solve” them he probably has not the 
faintest notion. An additional degree of mystery is added 
by now calling the values of x the roots. 

A final element of confusion is introduced by simul- 
taneous quadratics. The y comes back, but now it is (in 
many modern courses) not a mere second unknown to be 
solved for, as it was in 3y—4%=2, y—x=1, but is the y of 
of the codrdinate system. The two equations are not mere 
corpora vilia for solving, but two real relation-lines, the 
question being, ‘‘Do they cross; if so, at what point or 
points?” 

The algebra of a generation ago was free from this con- 
fusion because it did not attempt to teach the equation as 
the expression of a general relation between a variable and 
one or more other variables, and did not introduce graphs 
and the Cartesian coordinates. The equation was a thing 
to be solved and nothing more. 
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When teachers of mathematics began to introduce the 
formula, the concept of a general relation or function, and 
its graphic treatment, two courses were open to them. 
They could try to assimilate the new aspect to the old, in- 
sisting on the rew treatment as if it were only an extension 
and enrichment of the old. Or they could make a clear 
distinction, almost a contrast, between the equation as an 
organization of facts to find some unknown or hidden fact 
and the equation as an expression of a relation between 
variables. 

The force of the teacher’s mental habits and a superficial 
pedagogy favored the former course, and it was taken. For 
example, graphs were used as an aid in solving, or in checking 
solutions of, equations which gave specific numerical values 
of an unknown. Solving simultaneous quadratics was (and 
is) taught not as a means of determining the constants in an 
equation expressing a relation between the variables y and 
x, but as a means of answering such specific questions as: 


1. The sum of the squares of two numbers is 130, and the product of 
the numbers is 63. Find the numbers. 


2. A number is formed by three digits, the third digit being the sum of 
the other two. The product of the first and third digit exceeds the square 
of the second by 5. If 396 is added to the number the order of the digits is 
reversed. Find the number. 

In almost every way the new aspect was made to seem 
as far as possible an outgrowth and extension of the old, or 
at, least a peaceable ally of the old. 

A superficial pedagogy might defend this as a case of 
‘““apperception,’’ of basing the new idea on familiar ideas, 
of gradually extending the concept of the equation. A 
deeper psychology shows that the other course is the one 
that should have been taken and should be taken now. It 
appears, in fact, that the two aspects of.the equation should 
be kept distinct from the start and to a large extent through- 
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out; that they should, other things being equal, be given 
different names, taught at different times and in different 
ways and with different applications. 


Teaching Particular Equations 


‘ 


The equation to be ‘‘solved”’ in order to find some par- 
ticular quantity should appear early in arithmetic, say in 
Grade 3, in the form 


5+...=9 
3X 9a 
24 = (9923's 
ix a=2) 
nh 8 <330 


It should be used freely thereafter in all computations where 
it is the most serviceable form for thought. For example, 
fa Sa. XS | BMH... % of $400 

It should be used as a way of organizing data in the solution 
of problems where it is a desirable way. Here Ans. or ? or 
“the number of dollars’? may replace the empty space to be 
filled. This use may be continued in algebra, with such 
intricacies as are there desirable, but the name for the 
missing number should under no circumstances be 2 or y or 2. 
Ans. or Num. or A or N seem to be the best names (Ans.; 
and Ans.., etc., being used where two or more equations are 
framed to state the given facts). Small n (for number) 
would be a good name, except for the later interference 
with n for ‘‘any number.” Q (for question) would be al- 
most as good as Ans. or Num. or N, possibly better. When- 
ever the equation was used to indicate an exercise in numer- 
ical computation or a search for some number, its earmarks 
would be an equality sign, and Ans. or N. or Q. In so far 
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as problems requiring quadratic equations are perpetuated, 
we shall have Ans.? or A? or N? or Q?, in their solutions. 

Such equations are an organization for convenient com- 
putation. To frame them rightly requires sagacious hand- 
ling of the particular facts and relations of the problem 
situation. To solve them when they are framed requires 
competent computation. They may be called equations or 
equalities or arrangements for solving, or even be given no 
name at all, so far as learning algebra is concerned. Since 
the number who study arithmetic is enormously greater then 
the number who study algebra, this type of arrangement 
should be called an equation. 

This work, so far as done during the study of algebra, 
should be organized under the principle that ‘‘Any real 
question having a discoverable number as its answer can be 
answered by putting the data together in a suitable equation 
and solving, providing the data are sufficient to give the 
answer.” Probably it should be completed before the sys- 
tematic study of the codrdinate system, and of linear equa- 
tions as such, is begun. The questions answered should be 
in the main genuine ones. Only a few resulting in elaborate 
fractional equations are necessary, simply to show that, no 
matter how intricate the relations, they can be handled by 
the equation technique. 


Teaching General Equations 


The equation as the expression of a general relation be- 
tween variables is prepared for in arithmetic in two ways. 
The idea of such a general relation has its first stage in the 
implicit use of rules like ‘‘ Length in feet = (length in inches) 
+12”; “Cost in cents = (cost in dollars) x 100.”’ In Grades 
7 and 8 such rules or formulas are more explicitly got in 
mind, in the case of :— 
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C=27R, for Number of inches in circumference = 27(No. of 
in. in radius), 

I =PRT, for Number of dollars interest = (Number of dol- 
lars in principal) times (the rate in hundredths) times (the 
time in years), 

H?=8,°+8,2, for the hypotenuse rule, and the like. 

The idea of space representation of a relation between 
two variables becomes familiar in a modern course in arith- 
metic by reading and making and using as problem matter 
such graphs as of the growth of a plant, height in relation 
to age, score in successive practices, population change, rise 
in costs or wages, and the like. 

In algebra the work with formulas will be extended to 
give training in reading and understanding any formula 
which expresses correctly any useful relation which could be 
understood by the pupil in words, in expressing such relations 
in formulas, and in finding the value of any variable (whose 
value is worth finding), when the values of the others are 
given. Asa rule, not one such “solving”’ should be set for 
volts 
ohms 


any one variable, but many. For example, in Amp. = 


the task will be, How many Amperes 

(a) when volts=110 and ohms= 22 

(b) when volts=110 and ohms=25 

(c) when volts=220 and ohms= 20 

(d) when volts= 12 and ohms= 2? 
The use of x and y and z will be avoided in such formulas, as 
Nunn has advised. The work with graphs will be extended 
to the comprehension of the Cartesian codrdinate system, 
habituation to y and x as names for the two distances and 
the understanding of y=x, y=2x, y=4a, y=r+2, y=r-2, 


1 é ; ; 
y=" y= 5, and other instructive relations. Then comes 
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the systematic algebra of systematic selected types of equa- 
tions. These may be called ‘‘equations of variables,’ or 
‘“‘equations of relation lines.” This will include the study 


One : : : 
of y=cx and y=— in connection with ‘varies directly as” 
wo 


and ‘‘varies inversely as,” of y=? and y= /z in connection 
with tables of squares and square roots and with interpolating 
in such tables, and of the quadratic equation in general. It 
seems preferable to use C1, C2, ¢s, or ki, ke, ks, rather than 
a, b, and c to express constants in such equations. 

The case of solving for « when y=0 will be treated as 
simply one special case of all the possible solvings. First, 
y will be found for various assigned values of xz, then x will 
be found for various assigned values of y, including 0, which 
are specially instructive. Probably: graphical solutions, if 
taught, should come before solutions by computation. Sim- 
ultaneous equations with x and y will be taught chiefly as a 
means of answering the question, ‘“‘Do these relation lines 
cross? If so, where?’’— and as a means of answering the 
question, “If in a linear equation y=civ+cz one point of the 
curve is (7,4) and another is (13,6), what doc; and c,equal?’’! 

In connection with the study of exponents, curves such 
as y=at, y=at, y=ad, y=a?, y=a!, y=al, y=at, y=at, 
y=x', y=x', y=2', may be briefly inspected and compared. 
Some of the practice with logarithms may well be given up 
to the computations required for plotting a few such curves. 
The equations y=a", (w+c:)?+(y+c.)?=cs, and others of 
notable interest may be studied, if time permits. 

Finally the “function” ax+b or the “function” axz?+ 
bx-+c may be studied as a function without any “y= ”’ to 
introduce it, but it will then no longer be or bear the name of 
equation. 


Similarly, of course, with y=cyx?-+cox+tcg. 
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As a consequence of this reorganization, the indiscrim- 
inate practice with what are now called literal equations 
would be replaced by two distinct lines of work. First 
there would be given, in connection with real formulas, 
practice in expressing any one of the variables in terms of 
the others, that is, in solving for that variable. Second, 
there would be given, in connection with typical forms of 
relation lines, practice in understanding the meaning of the 
constants concerned as well as the meaning of the two 
variables. 


CHAPTER V 


Tur PsycHotoGy oF PROBLEM SOLVING! 


In a previous chapter we called attention to some of the 
differences of opinion concerning the application of algebraic . 
technique to the solution of problems. In the present chapter 
we shall take up systematically the questions there suggested, 
together with others, and present the results of certain 
investigations which we have made, to aid teachers in decid- 
ing what to do with problem solving, when to do it, and how 
to do it. 

At the outset we need to distinguish certain types of work 
all of which might with some justification be called applica- 
tions of algebraic technique to the solution of problems, but 
which differ notably in the psychological demands they 
make of a pupil, in the psychological effects they have upon 
him, and in their uses in the algebra course. All are different 
from mere computation, evaluation, reading or making 
graphs, or the solution of equations already framed. The 
more important types are shown on page 133. 

The psychology of the I-1 type is clear. Such problems, 
carefully chosen and graded, may be used very helpfully to 
teach meanings and to test, strengthen, extend and refine 
knowledge of meanings. Teachers of algebra should study 
the problem material of this sort devised by Nunn [1914] 
and by Rugg and Clark [1918a]. 


1This chapter appeared originally in the Mathematics Teacher, April and 
May, 1922. 
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Type I. Problems to 
answer which no explicit 
equation or formula is needed 
or supposed to be used. 


1. Concerned with knowl- 
edge of meanings, e. g., of 
literal numbers, negative 
numbers, exponents. 


2. Concerned with knowl- 
edge of operations. 


8. Concerned with com- 
binations of meanings and 
operations or with other 
aspects of algebra. 


(1) Which of these 
formulas fits the prob- 
lem is also known. 


A. The equation or 


formula 


mulas. 


Pype -LT. 
Problems to 
answer which 


is one of a 
group of known for- 


known. 


properly to it. 


(2) Which of them 
fits the problem is not 
Pupil must 
select the formula as 
well as fit the facts 


133 


If pencils cost ¢ cents each 
what will n pencils cost? 

Express 248 ft. below sea 
level if sea level is called 0. 

If a Xa Xa Xa is at, how 
will you express the product 
of a row of n a's? 


What was your average 
score in a game in which you 
made these separate scores: 


teke ae A ey ate 
Under what conditions 
} 1 
will a =—? 
a 


In a=p iB what will be 


the effect upon a of an in- 
crease in 7? 

The value of ve for vi= 
4 was omitted from this 


table by the printer, What 
do you think it was, 
approximately? 


IfviisOwis 4 

If viis 1 v2is 5.02 
If viis 2 v2 is 7.96 
If vi is 3 ve is 12.98 
If vi is 4 ve is serge 
If vi is 5 ve is 29.03 
If vi is 6 ve is 40.05 


F =32°+2C. 

What does 86° F 
equal on the Centi- 
grade scale? 


The meanings of 
these are known, 


V =at v=gt 
S=} att S= fet 
v= V2aS_ v= V2gS 
g=32. 


Neglecting the re- 
sistance of the air, how 
far will a bullet 
dropped from a height 
of 5000 ft. fall during 
the, sixth second? 


an equation or 
formula is sup- 
posed to be 
used. 


B. The equation or 
formula is not known, 
but must be con- 
structed by the pupil. 


(a) The equation or 
formula is_ primarily 
a rule for all cases of a 
certain relation. 


(b) The equation 
(not usually called a 
formula) is primarily 
an organization of data 
to secure the result in 
one special case. 


Frame equations for 
finding the dimensions 
of a rectangle twice as 
long as it is wide to be 
of a sq. in, area. Find 
the dimensions when 
a is 10, when a is 20, 
when a is 100. 


A girl wishes to have 
a rectangular card 
twice as long as it is 
wide, and 10 sq. in. 
in area. How long 
shall she make it? 
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Problems of the I-2 type, which apply algebraic compu- 
tations in useful ways, are very rarely used. This may be 
because teachers think there is no need of applying compu- 
tation; or it may be because genuine uses for algebraic 
computations are not to be found in such matters as a first- 
year high-school pupil can understand. 

The first reason is almost certainly a bad one. Pupils, 
save some of the very intellectual, are stimulated by seeing 
what a computing procedure is for, and by associating it 
with the world outside of mathematics. In arithmetic it is 
found serviceable to introduce each new item of computa- 
tional method by some genuine and interesting problem 
whose solution is facilitated by the computation in question. 
Students of algebra can doubtless get along without such 
stimulants better than students of arithmetic, who are 
younger and duller; and may gain less from them. But 
they, too, will gain much from such introductory problems 
showing the service which the computation performs. 
Again the teacher should examine the problem material 
of this sort in Nunn and in Rugg and Clark. 

The second reason is in part valid. Much of the com- 
putational work often done in courses in algebra cannot well 
be introduced by or related to problems from the world the 
pupil knows. The problems that one might invent would 
not make the computation clearer or easier or more esteemed 
or longer remembered. The value of such computation is 
questionable. 

The miscellaneous group listed as I-3 represents a border- 
land between what we ordinarily call problems and tasks 
calling for mathematical inference and conclusions of all 
sorts. Too little attention has been paid to this group by 
teachers of algebra. There has been, in fact, so little of such 
work that we can hardly judge of its value; but it would at 
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‘ 


least add variety, give more scope for ‘‘original’”’ thinking, 
and assist in integrating a pupil’s algebraic abilities into 
something which for lack of a better term we may call an 
“algebraic sense’’—a somewhat general readiness to see 
algebraic facts and to think about them with all bis algebraic 
equipment. 

The work of II-A represents what is regarded by teachers 
of the physical and social sciences as the most essential con- 
tribution of algebra in preparation for their study. It has 
the merit that the facts operated with have some chance of 
being themselves worth thinking about—are not mere 
valueless items about A’s age, or B’s time in rowing up a 
stream, or C’s buying and selling of sheep; and that the 
relations among these facts are likely to be important 
relations in nature; and that the results obtained are such 
as a Sane man might obtain in that way. 

It has also the merits that it emphasizes the fact that a 
letter can be used to mean any one of the class of numbers 
that fulfil certain conditions, and that it leads up to the 
general treatment of the relation of one variable to another. 

Two cautions are useful in connection with such work. 
The first is to be careful not to burden pupils unduly with 
learning physics or astronomy or engineering for the sake 
of having genuine formulas. Formulas whose meanings are 
obvious from a careful reading should be preferred. They 
should not be complicated by unfamiliar terms, or by the 
need of difficult inferences to secure consistency in units. 
Tabular and grapbie work may be usefully codrdinated with 
the problem work. The same formulas may often be used 
in exercises in formula reading and formula framing, evalua- 
tion, and the understanding of relations, before they are 
used in connection with verbal problems. 

The problem material from science and engineering that 
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can be adapted so as to satisfy wise teachers of algebra that 
it is as good for their purposes as the material in customary 
use about familiar facts like the ages of boys, the hands of 
clocks, boats on streams, or tanks and pipes, may be rather 
scanty. The question then arises of using made-up formulas, 
such, for example, as: 

A boy’s father gives him each month half as much as the 
boy earns. 

1. Let e=what the boy earns in any month. What will 
equal what his father gives him for that month? 

2. Let 7 =what the boy gets in all that month. Make 
a formula for finding T. 

3. What will the boy receive in all in each of these 
months: January, when he earns $10? February, when he 
earns $12? March, when he earns $8.60? 

4. How much must he earn in a month to get (in all) $20 
that month? 


It is for such cases that we need the second caution, — 
namely, that we avoid in such made-up formulas the un- 
realities and trivialities that have characterized so much of 
the problem material of the past. 


We have left the H-B type, where the equation or formula 
is not known but must be constructed by the pupil. This 
is problem material par excellence, and is, in fact, all that 
certain teachers would consider worthy of the name. With- 
in it, the II-B-b type is in far wider use than the II-B-a 
type. In the rest of this chapter, consequently, unless the 
contrary is specified, we shall mean by a problem one of the 
type of II-B-b where an equation is built up, organizing 
the data given in the problem about some one state of 
affairs, so as to secure the answer to one or more quantitative 
questions about that particular state of affairs. 
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We shall deal with the following matters, in the order 
given: 

The genuineness of the problem. 

The importance of the problem. 

Shall every technique be applied to problems? 

How far shall the problems be worked as originals, and 
how far shall routine procedures for solving a certain kind 
of problem be taught? 

The overestimation of the educative value of the verbal 
problem. 

The use of problems at the beginning of a topic to show 
the need for certain technique and to facilitate the mastery 
of the technique, as well as at the end to test the ability to 
apply the technique. 

Criteria in selecting problems. 

Problems as tests. 

Real versus described situations. 

- Isolated and grouped problems. 

Problems requiring the selection of data, as well as their 
organization. 

Problems requiring the discovery of data as well as their 
selection and organization. 

Problems requiring general solutions. 

Problems of puzzle and mystery. 

The election of problems by students. 


Genuineness 


Relatively few of the problems now in use are genuine. 
First of all, over half of them are problems where in the 
ordinary course of events the data given to secure the 
answer would themselves be secured from the knowledge 
of the answer. For example, ‘‘In ten years John will be 
half as old as his father. In twenty years he will be three- 
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fifths as old as his father. How old is John now? How old 
is his father?’ In reality such a problem would only occur 
in the remote contingency that someone knowing that John 
was 10 and his father 30, figured out these future age ratios, 
then forgot the original 10 and 30, but remembered what the 
future ratios were! 

We have made the count for three representative text- 
books of excellent repute with the results shown in Table 25. 


TABLE 25 
PERCENTAGES OF ‘‘ANSWER KNowN” PROBLEMS! 


Tur BEGINNING © 


Up TO THE or FRACTIONS 
B8GINNING OF Up To QUADRATICS 
FRACTIONS QUADRATICS AND BEYOND ToTaL 
IBGokeA want thaneeees 52 - 69 54 BY 
IBOGB enantio. ose 45 36 42 
BOO OARS se ate 53 52 51 52 


Such problems, if defensible at all, are defensible as 
mental gymnastics, and as appeals to the interest in mystery 
and puzzles. As such, they are better if freed from the 
pretense at reality. “I am thinking of a number. Half 
of it plus one-third of it exceeds one-fourth of it by seven. 
What is the number?” is better than problems which falsely 
pretend to represent sane responses to real issues that life 
might offer. It is degrading to algebra to put it to work 
searching for answers which in reality would have been 
present as the means of framing the problem itself, save 
frankly as a mere exercise in sharpening one’s wits and in 
translating a paragraph into an equation. 

Of the problems which are not clearly ruled out by this 
criterion many concern situations or questions or both which 

1An “Answer Known”’ problem is one where it is highly probable that ° 
in real life the data given would be obtained from the answer rather than 
the answer from the data. The totals from which the percentages are com- 
puted include problems of Type I and Type II-A. [If only II-B problems 


were considered, the percentages of ‘‘Answer Known” problems would be 
much higher. 


THE PSYCHOLOGY OF PROBLEM SOLVING 139 


are not genuine, because in the real world the situation 
would probably not occur in the way described or because 
the answer would not be obtained in the way required. 

We can make a scale for genuineness running from prob- 
lems that are fantastic to problems that are entirely ge 
Zero (0) genuineness (or reality) is defined as, ‘‘ Would never 
occur as a problem in life, in whole or in part; nor would 
anything at all closely like it.’”’ 10 genuineness (or reality) is 
defined as, ‘‘Could occur just as it is in every detail, quanti- 
ties, relations, and all.” 1, 2, 3, 4, etc., are defined as an 
arithmetical series from 0 to 10 genuineness. We may set 
as a very charitable criterion that a problem should be 
as high as 4 on this scale, 4 being the average genuineness 
of the following problems. 


REALITY 4 


A. Three men are asked to contribute to a fund. The first agrees to 
give twice as much as the second, and the third agrees to give twice as much 
as the first. How much must each contribute to make a total of $1050? 


B. What angle is five times its complement? 

C. A boy knows that his boat can go 6 miles per hour with the current 
and 3 miles per hour against the current. How far can he go and return 
making the whole trip in just 3 hours? 


D. The diagonal of a rectangle is 102 inches and the base of the rectangle 
is three times its altitude. What is the length of its base? 


E. The principal varies directly as the interest and inversely as the rate. 
If $2000 brings in $125 interest at 4%, how much principal will yield $500 at 
5% for the same time? 

Reality 4 is obviously not a high standard. It is doubt- 
ful whether in all the world’s cases of conditional giving the 
problem of A has ever occurred. If B has ever occurred it 
probably has been in such connections that the immediate 
solution by 180°—4 of 180° would be used. C illustrates a 
genuine relation but one which in reality is usually so 
complicated by other circumstances that only approximate 
estimate is made; hence the equational treatment seems 
rather pedantic. It is very hard to conceive cases where a 
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person would know the proportions of a rectangle and the 
length of its diagonal and not already know the length of the 
base. The determination of the investment required to 
yield $500 when you don’t know for how long, but do know 
that $2000 at 4% brings in $125 in the time in question, 
would not occur probably once in the lifetime of a million 
men. 
We have counted for one of the books noted above the 
number of problems which passed the ‘‘ Answer Known” 
criterion but failed to rate as high as 4 for genuineness. There 
were 70 out of 213. 


Importance 


Within the minority of problems that remain after the 
exclusion of bogus problems and problems whose “ genuine- 
ness” is less than 4, a considerable percentage concern 
matters that are of importance to few people and not of 
much importance to them. The problems of the book in 
question were rated by four psychologists, three of whom 
were well versed in mathematics. We used as a scale for 
Frequency of use the following: 0 frequency, ‘“‘Not one in a 
million ninth-grade graduates use it once a year,” 10 fre- 
quency, “95 per cent of ninth-grade graduates. use it once 
a month or oftener;’’ 1, 2, 3, 4, ete., are to represent approxi- 
mately an arithmetic progression from the former to the 
latter. As a scale of Importance to those who do use it 
we had: 0 means ‘‘Of no use or approximately none;’’ 10 
means “A sine qua non or very nearly so.” 1, 2, 3, 4 are 
in a progression as above. The Importance rating was an 
average of that for Frequency of use and Importance to those 
who do use vt. Importance 3 means the degree of import- 
ance possessed by the following: 
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IMPORTANCE 3 


A. Divide $108 between A and B so that A receives eight times as much 
as B 


B. A has $2000 invested at 4%. How much must he invest at 6% to 
make the total yield equal to 5% on the total investment? 


C. Mr. A paid $300 per share for some stock. At the end of five years 
he sold it for $550 per share. What rate of simple interest did his money 
produce for him during the five years? 


D. Mr. A can plow a field in 6 days. Mr. B can plow it in 9 days. 
How long will it take them to plow the field if they work together? 


E. A man does one-third of a piece of work in 10 days. He and another 
man finish the task together in'8 days. How many days would it take the 
second man to do the work alone? 


F. ABC is an isosceles triangle, AD is its altitude, AD being perpen- 
dicular to BC. BD=DC. If AB is 18 inches and BC is 15 inches, find AD. 


G. If a boy earns $520 during his first year of work and receives an 
increase of $50 a year each year thereafter, what salary does he receive the 
tenth year? How much has he earned in all during the ten years? 


H. Each year Mr. A saves half as much again as he saved the year before. 
If he saved $64 the first year, how much will he save in all in seven years? 


If we eliminate all the problems whose importance is less 
than this, we have left 96, about one-fifth of the total list. 
Of those so left, many are more suitably solved by mere 
arithmetical computation without any equation than by the 
organization around a symbol for the desired number and 
an equality sign. Omitting these also we have left 61 of 
the original 491. 

Some of these 61 are clearly problems of Type I where 
no equation or formula is needed (e. g., One bu. equals 32 
qt. How many qt. in 4 bu.? In x bu.?) Others are 
clearly of Type IJ-A-1 where only substitution in a formula 
presented at the time is needed (e. g., changing Fahrenheit 
temperatures to Centigrade). Omitting these, we have left 
49, one-tenth of the original series. 

These genuine problems which pass our minimum stand- 
ard of importance for life seem worthy of presentation. 
The problems themselves show the teacher’s available 
resources in this respect better than a description or tabula- 
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tion of them would. These 49 problems appear on pages 
148 to 145.1 


Table 26 shows the facts separately for the work up to 
the beginning of fractions, from there up to quadraties, and 
from quadratics on. 


TABLE 26 


ANALYSIS OF THE VERBAL PROBLEMS OF A STANDARD TEXTBOOK 


nD 

Bee Ga eee og 
PER poees Ze 2 
ong Mok g Peel a 
Bao agha am ° 
& Oke ap sp 4 <4 = 

Pag i) (cs p po 

8 a e Od 

1. Total numbe: of . verbal 

10100) HN, wmeoeodoes os Uwe 268 126 97 491 


2. Number in which the an- 
swer would ordinarily not 
have to be known in order 
to obtain the data of the 
problem yy saci. seers 129 39 45 213 (43%) 


3. Number of these (2) which 

are rated as 4 or above for 

Tealitiy wuceaas See te 100 16 27 143 (29%) 
4. Number of these (3) which 

are rated as 3 or above for 

HIM POULANCe eee ee ee 73 9 14 96 (20%) 
5. Number of these (4) which 

are not much more readily 

solvable by arithmetic 

alone and which are not 

clearly of Type I (where no 

explicit equation or formula 

Is iNeed) beeactyea tects 39 9 13 61 (12%) 
6. Number of these (5) which 

are not clearly of Type 

II-A, where only substitu- 

tion of numbers in a given 

formula is required........ 29 9 11 49 (10%) 


1The problems given here are not quotations, since it seems desirable to 


preserve the anonymity of the source, but are duplicates of the originals in 
general nature and form. 
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An analysis like that of Table 26 has been made for a 
second book of excellent repute, which contains work only up 
to quadratics. It gives the following results: 


Up To FRACTIONS 
FRACTIONS TO QUADRATICS TOTAL 
1 283 129 412 
OETA Stee chy a i We 157 82 239 (58%) 
Steer ey oe ae en ek 125 56 181 (44%) 
OER, 1h eke 121 23 144 (85%) 
Ls 33 0 Ce, Cte CRORE ee 39 19 59 (14%) 
(Oc ccocthtnt at Ree ean a 38 15 53 (18%) 


Highteen of the problems in this second book left in 
class 6 are not typical problems of Class II-B. Ten are 
constructions of graphs, and eight are applications of simple 
trigonometrical facts not usually taught in algebra hitherto. 


THe Hicuest Rankine TENTH oF PROBLEMS IN RESPECT TO 
GENUINENESS AND IMPORTANCE 


1. The selling price of this book is five-fourths of its cost. Find its cost 
if it sells for $2.00. 

2. In making a certain casting 13% of the metal is lost in the melting. 
How much metal is needed to make a casting weighing 86 pounds? 

3. Cotton seed meal is used as a fertilizer. It contains approximately 
7% of nitrogen. If a farmer wishes to put 15 pounds of nitrogen on a certain 
field, how much cotton seed meal must be purchased? 

4. Tobacco stems contain about 8% of potash. How many pounds of 
tobacco stems must be bought to obtain 12 pounds of potash? 

5. Divide $108 between A and B so that A receives 8 times as much 
as B. 

6. Three men are asked to contribute to a fund. The first agrees to 
give twice as much as the second and the third agrees to give twice as much 
as the first. How much must each contribute to make a total of $1050? 

7. The minimum temperature on February 2nd at Minneapolis was 
—15; the maximum was —4. What was the range of temperature there on 
that day? 

8. Mr. A wishes to enclose a rectangular field, 20 rods wide. He wishes 
to make the field as long as he can, using 214 rods of fencing. How long 
can he make it? 

9. If the cost of a car is p dollars and the rate of gain is 20%, what is the 
gain? What is the selling price? (p+.20p=?) 

10. What was the cost of a car sold for $1320 if the gain is 10%. 
11. Mr. A wishes to make 20% on some chairs. At what price must he 
buy them if he is to sell them at $2.00 each? 
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12. Mr. B wishes to sell chairs at $7.00 each. At what price must he buy 
them so as to make 12% on the cost ? 


13. Mr. C knows that he can sell a piece of property for $3540. How 
much must he pay in order to make a profit of 18%? 

14. What principal must be invested at 4% to yield an income of $600 
a year? 

15. How Jong must $2000 be invested at 5% simple interest to produce 
$375 interest? 

16. The amount equals the sum of the principal and the interest. Express 
the amount at the end of a year when p: dollars are invested at 4%. 

17. What is the amount at the end of two years if p dollars are invested 
at 5%? 

ne What sum of money invested at 6% simple interest for three years will 
amount to $4000? 


19. How long will it take $1000 to amount to $1500 if it is invested at 
5%? (1500=1000+1000X.05y. Solve for y.) 


20. How long will it take $1000 to double itself at 6%? 
21. Let A represent the number of dollars in the amount. Let P, R, 


and T have their usual meanings. Show that A=Pytee 
22. Use the formula above to find how many years will be required for 
$7000 to amount to $9100 at 5% simple interest. 


23. Use the formula to solve this problem. Mr. A paid $300 per share 
for some stock. At the end of 5 years he sold it for $550 per share. What 
rate of simple interest did his money produce for him during the five years? 

24. Mr. A has tea worth 65 cents and tea worth 45 cents’ per pound. 
How many pounds of each should he use to make a mixture of 100 pounds 
to sell at 53 cents a pound? 


25. Mr. B has tea selling at 70 cents a pound and tea selling at 50 cents 
a pound. How many pounds of each should he use to make a mixture of 50 
pounds selling at 62 cents a pound? 

26. Same as the two previous, using different numbers. 


27. Mr. A has $2000 invested at 4%. How much must he invest at 6% 
to make the total yield equal to 5% on the total investment? 


28. Mr. B has $6000 invested at 3% and $9000 at 4%. How much 
must ae invest at 6% to make the total yield equal to 5% on the total invest- 
ment? 


29. A boy knows that his boat can go 6 miles per hour with the current 


and 3 miles per hour against the current. How far can he go and return, 
making the whole trip in just 3 hours? 


30. A man can do a piece of work in 8 days. What part of it can he do in 
one day? In 7 days? In x days? 


31. A man can do a piece of work in x days. What part of it can he do 
in 1 day? In 5 days? 

32. A can do a piece of work in 6 days. B can do it in 10 days. How 
much can A do in one day? In x days? How much can B do in one day? 
In x days? How much can A and B together do in one day? In x days? 
How much can A do in 2 days? How much can B do in 5 days? How much 
can A and B together do if A works 2 days and B works 5 days? 
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83. A can do a piece of work in 10 days. B can do it in 5 days. How 
long will it take A and B together to do it? 

34. A can do a piece of work in 8 hours. B can do it in 24 hours. How 
long will it take A and B together to do it? 

35. Mr. A can plow a field in 6 days. Mr. B can plow it in9 days. How 
long will it take them to plow it if they work together? 

36. One machine can do a piece of work in 4 hours. Another machine can 
do it in 6 hours. How long will it take them both together to do it? 

37. A can do a piece of work in 15 hours. B can do it in 18 hours. If A 
works for 7 hours, how long will it take B to complete the work? 

38. A does one-third of a piece of work in 5 days. A and B complete the 
job by working together for 4 days. How long would it take B to do the 
job alone? 

39. ABC is an isosceles triangle. AD is its altitude, AD being perpen- 
dicular to BC. BD=DC. If AB is 18 inches and BC is 15 inches, find AD. 

40. If a boy earns $520 during his first year of work and receives an 
increase of $50 a year each year thereafter, what salary does he receive the 
tenth year? How much has he earned in all during the ten years? 

41. On January 1st of each of 10 years a man invests $100 at 5% simple 
interest; what will principal plus interest amount to at the end of the tenth 
year? 

42. Mr. A owes $2000 and pays 6% interest. At the end of each year he 
pays $200 and the interest on the debt which has accrued during the year. 
How much interest will he have paid off when he has paid off the debt? 

43. Mr. A is paying for a $400 lot at the rate of $20 a month with interest 
at 6%. Each month he pays the total interest which has accrued on that 
month’s payment. How much money, including principal and interest, will 
he have paid when he has freed himself from debt? 

44. Mr. A plans to give his son 10 cents on his fifth birthday, 20 cents on 
his sixth, and each year thereafter to the eighteenth birthday, inclusive, to 
double the gift of the preceding year. How much will this be in all? 

45. A problem in finding the height of a tower by similar triangles. A 
diagram is given. 

46. Finding the width of a pond by similar triangles, and subtraction. 
A diagram is given. 

47. Finding the width of a pond by similar triangles and double sub- 
traction. A diagram is given. 

48. The number of tiles needed to cover a given surface varies inversely 
as the length and width of the tile. If it takes 300 tiles 3 inches by 5 inches 
to cover a certain surface, how many tiles 4 by 6 will be needed for the same 
area? 

49. The number of posts needed for a fence varies inversely as the distance 
between them. If it takes 120 posts when they are placed 10 feet apart, how 
many will it take when they are placed 12 feet apart? 


It must be confessed that this list of what one of our 
standard instruments for teaching algebra offers as genuine 
problems to be solved by framing an equation does not 
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support the general high estimation of problem solving of the 
II-B-b type. Problems 16 to 23 and 41 will not be accept- 
able’ to many because they neglect the fact that in real life 
the interest on the investment is almost always paid at 
stated intervals, not when the principal is repaid, and so 
can be compounded by reinvestment. Nos. 6, 27, 28, and 
43 are rather fantastic. Nos. 48 and 49 require a method 
of finding the number of articles required which would 
rarely be wise, and never necessary, to use in such situations. 
Of the other problems, some are very probably better dealt 
with by the arithmetical methods which the pupils have 
already learned to use in such cases. 


The advocate of the made-up problems will use the 
scantiness of this list as an argument that we must resort 
to the made-up, even insane, problems in order to give 
sufficient practice in applying principles and technique. 
But why should we give any practice in applying a principle 
or a technique to created problems when there are no sane 
problems to which it applies? Moreover, we must not 
assume that all the problem material which is genuine and of 
a fair degree of importance has been collected. At first 
thought, it would seem probable that it had, since for 
at least a decade progressive teachers and textbook makers 
have been fully aware of the need for it. A closer study 
of the matter, however, reveals that ingenuity and inventive- 
ness and careful investigations do bring returns here as 
elsewhere. Many more such problems appear in the text- 
books and teaching of 1920 than were available in 1900. 
Nunn has made very notable contributions. We may hope 
that the Nunns of the future will add more. Until we have 
canvassed the world’s work thoroughly for problems that 
are genuine and important, we ought not to turn to those 
that are artificial and trivial. 
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It is a modern tendency to extend the list of genuine 
problems by teaching certain facts of physics, engineering, 
astronomy, navigation and the like so as to secure material 
for practice with the applications of algebra. 

We very much need measurements of the time-cost of 
this, and of its effect upon interest in the sciences in question, 
in typical cases. The expectation is that often the game is 
not worth the candle unless it is very skilfully played, and 
that an undesirable attitude toward science may often 
result. It should. be noted that the experts in teaching 
science rather carefully avoid algebraic and other quantita- 
tive work for pupils in high schools. High-school teachers 
of chemistry, geology, physical geography, the biological 
sciences, and economics are cautious about employing 
anything mathematical beyond the simplest; and _ this 
partly because they fear that it will repel students. Even 
in physics, descriptive work is emphasized rather than the 
fundamental equations; words are used instead of symbols, 
and sentences instead of formulas. This in spite of the fact 
that physics is taught in the last or next to last year of high 
school to a select and mature group. There is a danger 
that when we select problem material for algebra from the 
sciences we may be burdening algebra with the least attrac- 
tive features of science and penalizing science by displaying 
its least attractive features to the pupil at the beginning of 
his high-school course. 

There has been, so far as I am aware, no direct obser- 
vational or experimental evidence published concerning the 
reactions of pupils to these problems taken from the sciences. 
Nor have we found facilities for securing such. We have, 
however, secured the judgments of the four psychologists 
mentioned previously. 

They rated seventeen such problems (11 about the 
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principle that weight times length of lever arm equals 
weight times length of lever arm to make a balance, 5 about 
freely falling bodies, and 1 about the pressure-volume 
relation in gases) for reality, importance, interest, value in 
showing and in applying mathematical laws, excellence of 
statement, and value in teaching facts or laws outside of 
mathematics. In the combined weighted average, these 
problems from physics were somewhat above the average 
of problems in present-day textbooks. 


Selection of Techniques for Application 


It is hard to find psychological or pedagogical justifica- 
tion for the custom of concluding each topic in algebra by a 
series of verbal problems whose solution requires the opera- 
tion of the mathematics taught under that head. The 
custom seems to be due partly to habits carried over from 
arithmetic, partly to the general fondness of intellectual 
persons for neat symmetrical systems, partly to a general 
overvaluation of the verbal problem as a means of mental 
training, and partly apparently to an insufficient appreciation 
of pure mathematics itself. 

It is not likely that the arrangement of problems 
applying mathematical technique which is best for all 
children in Grades 3 to 6 will be the best for the third of them 
who go on to study algebra in Grade 9. Nor is it at all certain 
that ‘technique—application—technique—application”’ is 
the best arrangement in Grades 3 to 6. Good practice in 
the teaching of arithmetic now supplements this arrange- 
ment in Grades 3 to 6 by an arrangement by topics like 
“Harning and Saving,” ‘Distances in a City,” “House 
Plans,” ‘‘ A School Garden.’ In Grades 7 and 8, the arrange- 
ment has long been largely by topics like Insurance, In. 
vestments, Interest Given by Savings Banks, and Bank 
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Loans, and the like, and is developing toward an arrangement 
by topics like Food Values, City Expenditures, and Wage 
Scales. 

Whatever arguments may be derived from the advantage 
of system would seem to be in favor of giving the main 
treatment of problem solving in one large unit, the general 
task of which would be to show that any number or numbers 
which can be found from certain given data, can be found 
by expressing the proper data in an equation or equations 
and solving. This chapter could well come after the pupil 
had learned to add, subtract, multiply and divide with 
literal numbers, including such simple fractions as should 
be mastered, and before the systematic treatment of the 
relation y=ax+6, or any treatment of quadratic equations. 
If a problem is suggested that leads to a quadratic (or a 
cubic), no harm will be done. The pupil may frame the 
equation, and leave it for solution until he learns the tech- 
nique. This matter will be discussed further as one special 
problem of the order of topics in algebra. Our present 
purpose is simply to suggest that system does not require, 
or even favor, applying every technique indiscriminately in 
verbal problems. Of the general overvaluation of verbal 
problems and undervaluation of pure mathematics we shall 
treat in detail later. 

All these are matters of minor importance for our present 
question if we accept as true a proposition which seems to the 
psychologist almost indubitable; namely, that the peculiar 
educative values of these verbal problems are attained by 
framing the right equations, solving them being not very 
greatly different from solving a similar equation framed for 
you by the textbook. If the problems are given primarily 
to train the pupil to frame the right equation or equations, 
we care very little about what computational techniques 
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they happen to lead to. To take the extreme case, suppose 
that pupils only framed and never solved the equations, as in 
the Hotz test for problem solving. It would then be of 
almost no importance which techniques were required in 
these solutions—whether, for example, abilities with surds, 
quadratic equations, and certain factorizations were or were 
not applied. In so far as the peculiar value of problems 
is in framing the equations it is better not to give, after each 
technique is learned, many of the problems applying to it, 
because this tempts the pupil to expect that the problems 
will have a certain sort of equational form. He is tempted 
to work toward a certain sort of equation, instead of from 
the data given. It would then be among “miscellaneous” 
that a problem usually gave its best training. 

We do not mean to imply that the framing of an equation 
and its solution are as educative if done a month apart as if 
done together, or that solving equations already framed for 
you is as educative as solving equations which you have 
framed yourself. We do claim that the peculiar virtue of the 
verbal problem is in the framing, not the solving, and that 
problems should be selected and arranged from this point 
of view rather than as exercises to show that certain algebraic 
computational tasks can be used in problems and to give 
practice in their use. 


Problems as Originals and as Semi-Routines 


The guiding principles in relation to this question can be 
briefly stated as follows: 

Other things being equal, it is more educative to solve a 
problem as an original. Individual differences in ability 
need most of all to be allowed for when problems are given 
as originals. It is not probable that a pupil’s efforts to solve 
problems are of great value to him when he fails with more 
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than two out of three of them. On the other hand, pupils 
who are able to solve a certain type of problem as an original 
should certainly be excused from training in a routine 
method of solving it. Special training in the method of 
solving a certain type of problem is not desirable unless the 
problems in question are genuine and of some considerable 
importance. Clock, digit, age, and other similar problems 
should be given as originals, if at all. Whatever view we 
take of the amount of general ability developed by problem 
solving, one of the best ways to develop it is by trying to 
solve problems as originals, and, in case of failure after a 
reasonable effort, being given such assistance as enables 
one to solve them. 


The Overvaluation of Verbal Problems 


One reason for the great value attached to solving these 
verbal problems is a confusion of their value as training 
with their value as tests, and a misunderstanding of what 
they test. The ability to organize a set of facts in an 
equation or set of equations such that solving will produce 
the desired answer is very closely correlated with general 
intelligence of the scholarly type. The pupils who can do 
it well rank high in intellect and scholarship. So it is natural 
to infer that doing it creates and improves the ability. But 
this inference may be false or at least much exaggerated. 
Ability in supplying the missing words in sentences is also 
an excellent test of general intelligence. But the ability 
certainly has not been created or improved by supplying 
missing words, since that form of mental gymnastics has 
not been experienced by pupils save as a feature of psycho- 
logical tests! The close correlation between ability in solving 
verbal problems and general ability is perhaps sufficiently 
accounted for by the fact that the task involves two abilities, 
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each of which is closely related to general ability, namely 
ability in algebraic computation and ability in paragraph 
reading. Given a sufficient ability in algebraic computation 
and in paragraph reading, and pupils might conceivably 
solve a novel problem almost as well after two hours training 
in problem solving as after two hundred. Training of course 
improves their ability to solve the special sorts of problems 
they practice with, but the value of this depends largely on 
the genuineness and usefulness of the particular problems 
used. 

Certain students of the teaching of algebra would agree 
with all this, but insist that the value of the verbal problems 
as training in the exact and adequate reading of paragraphs 
was sufficient to justify the high value attached to them. 

This would conceivably be true. Solving a thousand 
verbal problems certainly has whatever educative value 
belongs to reading with great care a thousand short para- 
graphs and doing the thousand relevant computations. It 
has, indeed, the additional value that belongs to organizing 
the facts thus carefully read into equational forms such as 
will give the desired answers. The reading matter of these 
thousand short paragraphs is, however, so little in amount 
and so specialized in its nature that the training given by it 
seems insufficient to justify the high opinion of verbal 
problems or the time devoted to solving them. 


The Use of Problems to Show the Need for a Certain Pro- 
cedure and to Aid in Mastering It as Well as to Test 
and Improve the Ability to Apply the Procedure 


Other things being equal, it is better for pupils to feel 
some need for a procedure and some purpose in learning it be- 
fore they learn it. They are then more likely to understand it 
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and much more likely to care about learning it.t. Thus 
writing a real letter is now the beginning rather than the 
end of the lessons about “Dear Sir” and “Yours truly”’; 
problems about the total cost of several toys or Christmas 
presents are the beginning rather than the end of the lessons 

“carrying” in addition. “Why do we open the draughts 
of a stove to make the fire burn?” and, ‘What do we mix 
with the gasoline in an automobile?” are questions that 
introduce rather than follow the study of oxygen. 

Thus in algebra problems about the average temperature 
of a series of days varying above and below 0, or about the 
total of certain credits and penalties in a rating may be 
excellent features in the introduction to the addition of 
negative numbers. Problems like the following may be 
useful as parts of an introduction to “‘— divided by — gives 
mee 

Other things are not always equal. There may be no 
vital, engaging problems to use as introductory material. 
For example, there is not, to my knowledge, any problem 

1 We do not here discuss this general educational axiom because probably 
it will be acceptable as stated. The whole matter of pupils’ purposes in 
learning, and the special doctrine of ‘‘first the need, then the technique,” 
has received a classic general treatment at the hands of Dewey. The case 


with algebra is much the same as with arithmetic, on which the reader may 
consult Chapter XIV of The Psychology of Arithmetic (Thorndike, ’22]. 


2 The illustrations here are not problems where organization in the 
equational form is necessary. What is said about problems in this section, 
indeed, concerns all problems of types I and II, not merely the II-B-b problems. 


Four boys are rated for strength in comparison with the average for 


their age. 
Arthur is—20 
John is—12 
Fred is— 4 
Bert is— 8 
Supply the missing numbers: 
Arthurs? . ct: times as far below the average as John. 
PArthuty 1s geen dn times as far below the average as Fred. 
Aga ayron tee eee times as far below the average as Bert. 


DOL 16 feito times as far below the average as Fred. 
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that is vital and engaging to the average high-school pupil 
by which to introduce the general symbolism of frac- 
tional exponents. Such problems, though in existence, 
may use up more time than can be spared. Again, there is 
a problem almost perfectly adapted to arouse the need for 
knowledge of the laws of signs in multiplication, namely, 
the problem of measuring resemblance between a pair of 
measures both of which are divergences from a type or 
average. But it takes so long to teach the meaning of “‘re- 
semblance” in such cases that probably the game is not 
worth the candle. The procedure may be so intrinsically 
valuable and interesting that mere contact with it will 
quickly inspire a desirable purpose and activity. For ex- 
ample, gifted pupils will probably learn that ~/a.\/a=a 
as readily by straightforward consideration of (./4/4), 
(99), (1616), (/24/2), and (./3/3), as by any 
introductory problem to display the need of knowing that 
the square root of any number times the square root of the 
same number equals the number. 


Criteria in Selecting Problems 


In this section, as in the previous one, we are concerned 
not alone with problems where an equation or equations are 
used to discover certain particular quantities relating to 
one particular state of affairs, but with problem material in 
general. 

Solving problems in school is for the sake of problem 
solving in life. Other things being equal, problems where- 
the situation is real are better than problems where it is 
described in words. Other things being equal, problems 
which might really occur in a sane and reasonable life are 
better than bogus problems and mere puzzles. Other things 
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being equal, problems which give desirable training in fram- 
ing equations from the realties or the verbal statements are 
better than problems which give training chiefly in solving 
the equations when framed. The latter training can be got 
easily by itself. 
| As was suggested in an earlier chapter, a better selection 
of problems will probably be secured if, instead of searching 
for problems which conveniently apply fractional equa- 
tions, problems to apply simultaneous linear equations, and 
so on, we search for problems which are intrinsically worth 
learning to solve by algebraic methods. 

If it happens that there are no genuine, important 
problems calling for the framing and solution of a certain 
technique, say simultaneous quadratics, we may simply 
leave that technique without application to verbal problems 
or we may frankly provide problems that make no false 
pretenses at reality as in “I am thinking of two numbers, 

faa) ete.” 

This case of simultaneous quadratics is a good one to 
illustrate the two points of view contrasted here. The 
older view, in order to have applications of simultaneous 
quadratics, fabricated extraordinary tasks depending on 
insane curiosity to know the dimensions of a field which, 
when altered in various ways, gives fields of certain areas, 
and the like. The newer view selects first the case of 
determining the constants in a quadratic equation from 
knowledge of the (x) (y) values of certain points on the 
curve. The ability to do this is not of great ‘‘social utility” 
to many of the individuals who study ninth or tenth grade 
mathematics, and might well be left for those who specialize 
further in mathematics or science. It is, however, a genuine 
problem. The next choice of the newer view would probably 
be the solution of “ .«. . and... . are two curves. 
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Do they intersect? If so, at what points?” This again is 
not a question which life puts to many persons, but it is 
one that a sane person need not be ashamed to ask. If 
genuine applications of the technique of simulaneous equa- 
tions are beyond the abilities and interests of high-school 
pupils, we may leave it without application until the abilities 
and interests are available. 


Problems as Tests 


Genuine application in the real world should be de- 
manded in problems which are used for training, and is 
preferable in problems given simply to test the ability to 
organize a set of statements into equations to answer a 
question. It is preferable in the latter case because, human 
nature being what it is, teachers will be prone to train for 
the test. The nature of the examinations used has always 
influenced the nature of the instruction and probably 
always will. Except for this, we might permit as algebraic 
“originals’’ in tests, the problems about consecutive digits, 
hands of a watch, numerators and denominators defined by 
their sums, differences, products and quotients in fantastic 
ways, and the like, which we exclude from mathematical 
training if better material can be obtained. 


Actual and Described Situations 


We have noted in an earlier section that the ability to 
manage a problem as encountered in reality, and the ability 
to manage the same problem as it is described in words in 
an algebra book, need not be identical. Success with the 
former is consistent with failure with the latter, and vice 
versa. 

The worst discrepancies are when, on the one hand, a 
state of affairs which would be very clear and comprehensible 
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to a person experiencing it, is beclouded and confused by 
words, and when, on the other hand, the pupil learns to ob- 
tain correct solutions by response to verbal cues, the lack of 
which would cause the real situation, when encountered, to 
baffle him. 

As an example of the first, consider this problem: . 


A man is paying for a $300 piano at the rate of $10.00 per month with 
interest at 6 per cent. Each month he pays the total interest which has accrued 
on that month's payment. How much money, including principal and interest 
will he have paid when he has freed himself from the debt? 


In reality the man probably would be told that he had to 
pay $10.05 the first month; $10.10 the second month; $10.15 
the third month, etc., and would easily see the progression. 
The difficulty with the problem in schools lies chiefly in 
understanding what ‘“‘each month he pays the total interest 
which had accrued on that month’s payment’’ means, and 
in the confusing use of “including principal and interest”’ 
and “‘debt.”’ 

It seems wiser to give more attention to providing real 
situations for the application of algebra. For example, it 
seems wise for pupils to draw a straight line and another 
cutting it, and find the size of all four angles by measuring 
one of them, as well as to solve problems in words about 
supplementary angles. There is not only a greater surety 
that the pupils are being prepared to respond effectively to 
situations which life will actually offer, and an insurance 
against the danger of unsuitable linguistic demands, but also 
often an increase of interest in and respect for algebra. 

Like almost everything in teaching, we have to add the 
clause ‘‘other things being equal” to this recommendation. 
Too much time must not be spent in drawing, measuring, 
weighing, and the like. Also, the “real’’situation will often 
be a map already drawn, a table of values already measured, 
a set of observations already made. Also the genuine 
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problems to which algebra applies are, as compared with 
those of arithmetic, more often prophetic, foretelling what 
will happen if certain conditions are fulfilled or what to do in 
order to bring certain results to pass. The genuine task is, 
in many of these prophetic problems, precisely to under- 
stand a verbal description. Such for example, are problems 
about mixtures and alloys, about the amount of d needed 
to have its proportion to c the same as 6’s to a, and about 
the drawing of rectangles of specified proportions and total 
area. 
Isolated and Grouped Problems 


Problems grouped by their relation to some aspect of 
science, industry, business, and home life, as Falling bodies, 
or Alloys, or Sliding scales for wages or Dietaries have certain 
advantages. (1) The situations dealt with are more likely 
to be understood; (2) things are put together in the pupil’s 
mind that belong together in logic or in reality or in both; 
(3) the data needed for all the problems can be given once 
for all, so that in each problem the pupil has to select the 
facts needed to answer it as well as to arrange them in 
suitable equations. 

The isolated problem is indeed disappearing from 
arithmetic except in special exercises for particular purposes 
of tests, reviews, and training in alertness and adaptation. 
It appears that by the exercise of enough care and ingenuity, 
problems in arithmetic can be grouped in this way with no 
loss to the purely arithmetical training that is given. The 
same tendency is operating in algebra, and much good may 
be expected from it. 


Problems Requiring the Selection of Data 


The third advantage noted above as characteristic of 


grouped problems is of special importance, as was noted in 
an earlier chapter. 
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The custom is firmly fixed of giving in a problem only 
the facts needed to solve it, so that “there are as many 
distinct statements as there are unknown numbers”’; and 
the pupil is taugh to “represent one of the unknown 
numbers by a letter; then, using all but one of the state- 
ments, represent the other unknowns in terms of that same 
letter. Using the remaining statement, form an equation.” 
Yet it seems unjustifiable. The time and thought now 
spent by pupils on intricate fabrications whose like they will 
never see again, might much better be spent in such selective 
tasks as are genuine and instructive. 


Problems Requiring the Discovery of Data 


A further step is worth consideration, namely, that of 
giving problems some of the data for which are lacking and 
must be supplied by the pupil’s search. We do this to a 
slight extent by not including in the statement of a problem 
such needed facts as that 1 foot=12 inches, or that a square 
has four equal sides. Is it desirable to require the pupil to 
find in his memory or in tables at the end of his textbook 
on algebra or in other reference books or from observation 
and measurement such facts as the inter-equivalences of 
inches and centimeters, the weight of a cubic foot of water, 
the capacity of a 4 ounce bottle, the length and width of 
his classroom or the area of Ohio? 

There are obvious inconveniences in doing this, but there 
is the advantage of making problem solving in school one 
degree more like problem solving in science or industry or 
business. We might at least go so far as to assign a score of 
problems each with the question, ‘‘What further fact or 
facts must you have in order to solve this problem?’’, and 
distribute the work of discovering these facts among the 
pupils. The lesson that one must often supplement the 


160 PSYCHOLOGY OF ALGEBRA 


facts given by the situation itself by further investigations 
would then be taught to all, at no great cost of time. 

Such searching is, of course, not algebra; neither is the 
understanding of statements about rates, speeds, invest- 
ments, and yields algebra. The algebra begins when state- 
ments understood are to be translated into algebraic symbols. 
Having already far overstepped that line in the customary 
work with verbal problems, we may go farther with no 
inconsistency. 


Problems Requiring General Solutions 


The most objectionable feature of problem solving in 
algebra today to a psychologist is the predominance of 
problems seeking a particular fact about some particular 
state of affairs—the relative neglect of problems which seek 
the general relation between variations in one thing and 
variations in something related to it. 

The main service of algebra, as the psychologist sees it, 
is to teach pupils that we can frame general rules for operat- 
ing so as to secure the answer to any problem of a certain 
sort, and express these rules with admirable brevity and 
clearness by literal symbolism. We take great pains to 
teach the pupil that pq means the product of whatever 
number we let p equal and whatever number we let g equal; 
and that if p and g equal any two numbers, the first number 
times the product of the two equals p’q, and other similar 
facts. Then, in problems, the p’s and q’s or z’s and y’s in nine 
cases out of ten, mean something as unlike ‘‘any number” 
as could possibly be. We build up habits of computing with 
literal numbers and then, in problems, make almost no use 
thereof, reverting to an arithmetic plus negative numerals 
with a written x in place of the mental ‘‘What I am trying 
to find.”’ Small wonder that the pupil often thinks of his 
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algebraic computations as a mere game that one plays with 
a, b, c,d, +, —, X, +, and (). If, after a few exercises in 
the use of letters to mean ‘‘any number of so and so,” and 
a few exercises in reading and framing formulas, we have 
him do nothing with literal symbols but play computing 
games, why should he think otherwise? 

Why should we blow hot and cold in this way, asserting 
that algebra teaches us what is true of any number and 
then in problems, making its linear equations true of only 
a single number, and its quadratics of only two? Should 
we not alter many of our II-B-b problems into the 
II-B-a form, requiring the pupil to frame the general 
equations or formulas to solve any problem of that sort, 
and to obtain any particular answer by evaluating? For 
example, compare the two tasks I and II below: 


I. A man has a lawn 40 ft. long and 30 ft. wide. How wide a strip must 
he mow beginning at the outside edge in order to mow half of it? 


IJ. 1. A man has a rectangular lawn. Make a formula to state how wide 
a strip he must mow beginning at the outside edge in order to mow half of it. 
Let / and w equal the length and width of the lawn in feet. 

Let s equal the width of the strip in feet. 


2. Find sif l= 40 and w=30. 

8. Find s if 1=100 and w=20. 

4. Find sif l= 80 and w=40. 

5. Find sif l= 80 and w=60. 

It seems reasonable to progress from problems of the 
I type to problems of the II type just as we progress from 
numbers to letters, and from such facts as 2X2=2?, or 
3X3=3? to such facts as aXa=a’, or a(b+c) =ab+ac. 

Among problems requiring a general solution in terms 
of a literal formula, special importance attaches to problems © 
of direct and inverse proportion, problems where one 
number varies as the square or square root of another, and 
other problems involving linear, hyperbolic, and parabolic 


relations. 
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Problems of Puzzle and Mystery 


The earliest problems of algebra were problems of puzzle 
and mystery, such as Ahmes’s ‘‘A hau, its seventh, it equals 
18,” or the finding of the age of Diophantus from his epitaph. 
“Diophantus passed one-sixth of his life in childhood, one- 
twelfth in youth and one-seventh more as a bachelor; five 
years after his marriage a son was born, who died four years 
before his father did at half the age at which his father died.”’ 


Such problems make an appeal to certain human interests. 
Some pupils doubtless prefer them to straightforward uses 
of algebra in answering questions of ordinary life. The 
human tendency to enjoy doing what we can do well, and 
especially what we can do better than others can, is often 
stronger than the tendency to enjoy doing what we know 
will profit us. Some of these problems are also arranged as 
strong stimuli to thought for thought’s sake. By introducing 
an element of humor they may relieve the general tension of 
algebraic work, as is at times desirable. They are much 
more appropriate in algebra for the selected group of 
superior pupils who continue to high school than they are 
in arithmetic for all children. On the whole, however, the 
ordinary applications of algebra to science, industry, busi- 
ness, and the home will give better training to the general 
run of high-school freshmen and will inspire greater liking 
and respect for mathematics than will these appeals to the 
interest in puzzles and mystery. 


One of the best forms of appeals to the puzzle interest is 
by abstract problems such as: ‘‘When will a? be less than 
a?”’ ‘‘When will / divided by a be greater than a?” ‘State 
a condition such that : will equal oe “State a condition 


such that abe will equal a.” 
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One of the best forms of appeal to the interest in mystery 
is to have pupils frame formulas! for such mysteries as: 
“Think of any number and I will tell you what it is. Think 
of the number. Add 3 to it. Multiply the result by 7. 
Subtract 20. Tell me the result. The number you thought 
was... (This result diminished by 1 and then divided 
by 7). They may also make up such mysteries for the 
class, score being kept of the time required for pupils to 
find the formula for the mystery and penalties being attached 
to devising a ‘“‘mystery”’ that doesn’t work. (a+b) (a—b) 
=a’?—b? may be taught as a mystery for quickly computing 
products like 2998 x 3002, or 49805020. The formula for 
the sum of an arithmetic progression may be taught as a 
mystery for computing the sums of such series, either com- 
plete, or in the form “‘ All the numbers from . . . to . 
except . ... and .’ There are, however, pettor 
motives to use for mastering 


—— 5 at (n—1)d] 


As has been so often a done the cardinal sin in connec- 
tion with problems of puzzle and mystery is their decora- 
tion with a description of conditions and events in nature 
which makes the pretence that the problem is genuine when 
it is not; and so confuses and debauches the pupil’s ideas of 
the uses of algebra. If they are presented in their true light 
and if the pupils have the option of solving them or solving 
problems of genuine application, they can, at the worst, do 
very little harm. 


The Election of Problems by Students 


Many of the difficulties of teaching in the case of prob- 
lems are greatly lessened by arranging to have each choose a 


1 Representative problems of this sort will be found in Nunn [’13, p. 87 f.]. 
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certain number of problems to solve from a list which con- 
tains, say, five times as many as any one pupil is to solve. 
We have just noted the value of election between ‘‘useful”’ 
and ‘“‘puzzle”’ problems, if the latter are presented at all. 
We have noted previously that problems drawn from physics 
may be of very different value to pupils who are studying 
general science and to pupils who are not. Within the 
latter group, we might also differentiate between those who 
happen to be ignorant of science, and those who are so by 
their own volition. Boys and girls may well differ in their 
choices, though probably not so much as some theorists 
would expect. It may be desirable to permit and even 
encourage some pupils to choose the easier problems.! The 
provision of five times the number of verbal problems now 
given in standard textbooks would add perhaps two cents 
to the cost of production. 


Summary 


It is a worthy aim to teach pupils to organize the facts 
of important situations requiring numerical responses into 
equation form and to solve their equations. It is also worth 
while for pupils to learn that any quantitative question, no 
matter how elaborate and intricate, can be so expressed, 
provided adequate data are given. 

Even if the educative value of this work is improved by 
such modifications as have been suggested in this chapter, 
it will still be, on the whole, less important than the framing 
of general equations or formulas for solving any problem of 
a certain kind. Learning to let x or q equal the unknown 
and to express data in terms of their relations to it is a useful 
lesson, but learning to express a set of relations in generalized 


oes instructions may be ‘Do the ten hardest ones that you think you 
can do,” 
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form is a more useful one, and, so far as psychology can 
prophesy, one more likely to transfer its improvement to 
other abilities. It is when the verbal problems of algebra 
advance beyond arithmetical problems in the same way 
that algebraic computation advances beyond arithmetical 
computation that they perform their chief educational 
service. 


CHAPTER VI 


Ture MEASUREMENT OF ALGEBRAIC ABILITIES 


We may best begin our study of the measurement of 
algebraic abilities by examining some actual instruments for 
measuring them, especially those of Rugg and Clark [1917], 
and of Hotz [1918]. 

The Rugg-Clark tests as now issued are an instrument 
to measure computational abilities up to quadratics, includ- 


ing the solution of easily factored quadratics. 


follows: 
TEST No. 1 
CouLLecTING TERMS 
1. 57°+3—322-2-—72?-5= 
2. 2a+b—6a—5b—3a—2b= 
3. —6yi—8y+4y>+d3y+2y+7y = 
4. —3mn—2p+7mn+5p+4mn+3p = 


and 


They 


are as 


five more series like the above, making twenty-four 
tasks in all. Time, 4 min. 
TEST No. 2 
SUBSTITUTION 


wee Gd gd 


5. 


If e=4 and y=2 what does 2a?—3z2zy equal? 
If a=3 and b=2 what does 3ab-+-ab? equal? 
If c=2 and d=5 what does cd? —2cd equal? 
If p=4 and g=3 what does p?+4pq equal? 
If c<=3 and y=5 what does 2?+22?y equal? 


Answer 
Answer 
Answer 
Answer 
Answer 


and three more similar series, making twenty tasks in all. 
Time, 4 min. 


166 


THE MEASUREMENT OF ALGEBRAIC ABILITIES 


TEST No. 3 
SUBTRACTION 
1. From 2a+3b take 5a+4b—c Answer.... 
. Take 4x+2y from 2x—y+z Answer... 
3. Subtract 3r—5s+10t from r+s+4t Answer.... 


and six more similar series, making twenty-one in 
Time, 4 min. 


TEST No. 4 
SmmpLp EQuaTIONS 
1. 27+3=11 Answer.... 
2. 4c=6c+12 Answer... 
3. 5¢—3=—20 Answer.... 
4. 13=227-8 Answer.... 
6. 12%—7—15¢=10 Answer.... 


and four more similar series, making twenty-five in 
Time, 4 min. 
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all. 


all. 


TEST No. 5 
PARENTHESES 

1. 6(3z+8) Answer.... 

2. 5(4x—2) Answer.... 

3. —3(82+3) Answer.... 

4. —4(82—4) Answer.... 

5. 9(—7x—-1) Answer.... 

6. —8(—42—7) Answer.... 
and six more similar series, making forty-two in all. Time, 
2 min. 

TEST No. 6 
SpEcIAL PRopucTs 

1. (27-3)? Answer........ 

2. (3m-+n?) (3m —n?) Answer.... 

3. (a—4)(a+5) Answer........ 

4. (5¢+1)(4+8) Answer.... 


and five more similar series, making twenty-four in 
Time, 3 min. 
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TEESE Nowe 
EXPONENTS 
iy GP o GPS AMSWeDss «2 te 20 
2A, byt! » Oa Answer........ 
3. = Answer........ 
4 es ANSWeros. -2ee 
aie : 
5. (ba3)4= ANSWEL..1.ce see 
Oo elo Be Answer........ 


and five more similar series, making thirty-six tasks in all. 
Time, 2 min. 


TEST No. 8 
FACTORING 
1. 52?+1523 AnsWelz.. eee 
2. a®*—64 Answer........ 
3. y’?—6y+4+9 ANSWEI fear 
4. 6?+11b+28 Answet) sates 
6. 52?+167+4+3 ANSWer= eee 


and four more similar series, making twenty-five tasks in all. 
Time, 4 min. 


TEST No. 9 
CLEARING OF FRACTIONS 


Write without fractions but do not solve 


Oe siar ener 
2. sas? 

g. Bat _ 2 Bo 

4. sa— “0 = 7 


and three more similar series, making sixteen tasks in all. 
Time, 5 min. 
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TEST No. 10 
FRACTIONAL EQUATIONS 

4x+2 — 

1. “+ 3 =0 ANSWEE cee 
1 

2 aie ay Answers. ote 

x— 3 

4 » 

3. 342 od I+2 =(l) Answer SR sicon elles h/atte 

+8 2-5 
4, EO ro? ANSWeL s.r 


and four more similar series, making twenty tasks in all. 
Time, 9 min. : 


TS iheNow tl 
FORMULAS 
1. P=ahw Solve for h Answer........ 
2. e=% Solve for R Answer........ 
3h =" Solve for P Answer........ 
(i I Vi tis Solve for M@ Answer........ 
bd 
LS he 3 Solve for b ANSWers. sere 
6. = eM Ads Solve for h Answer........ 


t 


and three more similar series, making twenty-four tasks in all. 
Time, 5 min. 


TEST No. 12 
QuADRATIC EQUATIONS 
1. 2?-—81=0 Answer........ 
2. y+y=6 Answer........ 
3. n?—Tn=—12 ANSWerns.4e eee 
4. w+5r=6 Answer........ 


and six more similar series, making twenty-eight tasks in all. 
Time, 7 min. 
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TES Nort 
SIMULTANEOUS EQUATIONS 

1. 2r7+y=10 

30a —2y=1 AnNSWer. 2-0 oe : 
2. 2e=s3y+3 

5a+38y=39 AMIS WEDS. 32. ore 
8. 4n—2r=0 

38n+5r=13 FATIS WGI een 


and four more similar series, making fifteen tasks in all. 
Time, 12 min. 
TEST No. 14 
RADICALS 
Leave answer in simplest radical form. 


Tvs FANISWELR Hee 
2. /asd4 Answerer 
Soe Answer. see 


and six more similar series, making twenty-one tasks in all. 
Time, 3 min. 


A test on graphs and a test on quadratic equations with 
irrational roots, included originally, are not now issued as a 
part of the standard examination. 

It should be noted that each test gives a possibility of 
from four to seven trials for each unit task, so that casual 
errors due to carelessness may be distinguished from real 
inabilities. 

For comparison with certain achievements the tests are 
given with these time limits!: 

Tests 1 to 4: 4’, 4’, 4’, 4’, respectively. 

Tests 5 to 8: 2’, 3’, 2’, 4’, respectively. 

Tests 9 to 12: 5’, 9’, 5’, 7’, respectively. 

Tests 13 and 14: 12’, 3’, respectively. 
They are then clearly tests of speed and accuracy in combi- 
nation. They may, however, be given with a long time limit 


‘It may be noted here that for convenience in administering tests it is 
almost always best to set time limits. 
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and instructions to take sufficient time for perfect work, or 
with the announcement of very heavy penalties for wrong 
answers so as to reduce the relative weight of speed upon 
the score to any desired minimum. 

These tests are noteworthy in what they omit. For 
instance, parentheses within parentheses, division by a 
polynomial, multiplication by a polynomial other than the 
case of (ax+b) (cx+d), factorization other than of monomial 
factors, x?—y’?, and products of (av-+b) (cw+d), complex 
fractions. In general the aim is obviously to measure the 
mastery of a few of the more widely used tools of algebra, in 
their simpler uses, rather than the extent of the pupil’s com- 
putational repertory or his ability to use it to handle 
elaborately complex simplifications, or to see the possibili- 
ties of ingenious short-cuts. 

It may be questioned whether the ability to perform 
these computations one at a time in the form in which they 
are given in the Rugg-Clark test implies the ability to 
perform them when the circumstances are changed or com- 
plicated. For example, will a pupil who does (8m-+n?) 
(8m—n?) correctly in Test 6 do (8m—n?) (n?+38m) correctly? 
Will a pupil who does 6(8%+8) and —3(8x%+8) correctly in 
Test 5 do 6(87+8) —3(8¢+3) correctly? 

We know that in general any change in the situation no 
matter how slight has some disturbing effect upon the con- 


nection from that situation 6 
to its proper response. For 8 
example, the ability to add................ 3 


in column does not ensure 

ability with 3+8-+6; ability with 7X9=63, and with 
7X6= 42, and with 42+6=48, 69 

and knowledge of the process we 

to be used, do not ensure.........,.....+...: 483. The pupil 
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may be unable to get his 42 when he has the added burden of 
holding in mind the 6 to be added. For a test to be a 
perfect inventory of algebraic abilities it is perhaps necessary 
that each ability be tested not only in isolation but also in 
any commonly used context, if the presence of that context 
has a possibility of disturbing the ability. This is not 
intended at all as a criticism of the Rugg-Clark tests, but as 
a warning against improper inferences from them and as a 
general principle to be considered in measuring algebraic 
abilities. 

Another general principle is suggested by the directions, 
and by the titles which serve as directions. The Rugg- 
Clark tests measure a compound made up (a) of certain 
abilities to operate, and (b) of certain trade secrets of 
algebra. Such are in Test 1, the understanding of ‘‘Collect- 
ing terms’’; in Test 4, knowledge that “‘ Answer to 27+3= 
11” means ‘‘Find what x equals’’; knowledge that ‘-” 
means multiply; in Test 11 knowledge that ‘‘Solve for h”’ 
means ‘‘Find what fh equals’; in Test 13 knowledge that 
when Simultaneous Equations is at the top of the page, 
2e+ y=10 | 
ox—2y= 1 
of y which will make both equations true statements. 

In general, it seems desirable to keep measures of 
operating ability as free as possible from measures of 
knowledge of these trade secrets. We should all agree, for 
example, that Test 11, if put as: 

P=ahw. Change the subject of the formula to h, 


==. Change the subject of the formula to R, etc., 


the ‘‘answer”’ to is the value of x and the value 


would baffle many pupils who nevertheless had mastery of 
the operating. Yet ‘‘Solve for” is as truly a trade secret as 
“Change the subject of the formula to,” though it is much 
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more widely known. In practice for mastery, of course, the 
claims of brevity justify terms like “‘simplify”’ or ‘‘solve,”’ 
and the assumption that the pupils will know what to do 
with, say, simultaneous equations. In tests of mastery, 
however, where brevity is far less important than clearness, 
and where pupils are to be compared who may have been 
taught different customs as to terms and procedures, it 
seems better, as said above, to test the power of operating 
separately from the power of understanding what operation 
is desired. 

The Hotz tests are an instrument to measure elementary 
algebraic abilities in general, including abilities with graphs 
and problem solving as well as computation. They are 
shown in part below. 


SPECIMEN HOTZ TESTS 


ADDITION AND SUBTRACTION 
1. 4r4+387r+2r= 
6. 7e—xz+5-—4= 

10. 8c—(—6+3c) = 


1 3u 
aD: a—z @—z 
1 a a—4 
oh a+] .@=asl- a1. 
a a—2 3) 
RG eG a 
MULTIPLICATION AND DIVISION 
Sy = 
5. 3o0f m= 
4 
10 AS 2at= 
15. m+n b 


a m—n? 
(eiwed res Ed Utter ly acl eer 
p+2p+4 p?—81 3pr—1dr 
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3-/6a a 

Zoe = AVAL) 
2av/18 via 

EQUATION AND FORMULA 

2c 4 

5. 7n—12—3n+4=0 
2D o 

10. Re 

; 4 2 

ae 327 sees 

20. 2 : 


+4243 2+30-+2 
25. VW2?—-1l—v=-1 
PROBLEMS 
1. If one coat cost x dollars, how much will 3 coats cost? 


5. The distance from Chicago to New York by rail is 980 miles. If a 
train runs v miles an hour, what is the time required for the run? 


10. A tower casts a shadow of 20 feet. A man, 5 feet 9 inches high, who 
is near at the same time, casts a shadow of 2 feet 6 inches. Find the height 
of the tower. 

14. An open box is made from a square piece of tin by cutting out a 5-inch 


square from each corner and turning up the sides. How large is the original 
square, if the box contains 180 cubic inches? 


GRAPHS 

1. The following diagram represents the length of certain rivers. 
Mississippi 
St.Lawrence 
Yukon 
Arkansas 


Columbia 


—] > —J 
Ss. 8. 8 3 s =. 8 Fs 
MILES 


How many miles long is the Arkansas river as represented in this diagram? 
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_ 5. The following graph is used to convert degrees of temperature from 
the Fahrenheit scale (F) to the Centigrade scale (C), and from the Centigrade 
scale to the Fahrenheit scale. 


160 


140} —- 


Degrees Fahrenheit 


-20 0 20 40 60 80 
Degrees Centigrade 


When it is +20° on the F scale, what is the temperature in degrees on the 


11. A boy begins work with a weekly wage of $9 and receives an increase 
of 25 cents every week. Another boy starts with a weekly wage of only $6 
but receives an increase of 50 cents every week. 


Draw a graph which shows the wage of each at the beginning of every 
week for 15 weeks. 
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ie ole aia 1 |_|} 


O 


They are arranged by topics like the Rugg-Clark tests, 
but within each topic there is instead of a series graded 
to cover the essential procedures, a series graded in difficulty 
and including both simpler and easier and more elaborate 
and harder tasks than the Rugg-Clark tests include. The 
topics are also different. 

This graduation is empirical, difficulty being measured 
by the percentage of a group of pupils who fail task by task. 
The difficulty is thus a function of the nature of the training 
had by the pupils of certain communities at a certain date 
[1917, 1918], as well as of the intrinsic essential difficulty of 
the task. The order of difficulty may be, and probably will 
be, greatly altered by such differences in the teaching of 
algebra as each new decade shows. For example, at the time 
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and in the place where Hotz standardized these tests, No. 17 
below was a much harder task than No. 14 


14. 3m+7n=34 
7m+8n =46 


17. In the formula RM =EI, find the value of M 
but it would almost certainly be the easier of the two for a 
group who had been taught the content of Nunn’s Ezercises, 
Book I, by the methods which Nunn advocates. 

Any empirical gradation as to difficulty must of course 
be thus a function of the nature of the teaching in vogue; 
and be itself subject to change. The graded or “ladder” 
form of test has, none the less, great merits. First, it helps 
us to state how hard a task a class or an individual can per- 
form with substantial mastery. Suppose, for example, that 
in the test for addition and subtraction the percents correct 
for the class were: 


Task PERCENT 
1 95 
3 90 
5 100 
9 95 

10 95 
12 100 
13 95 
15 80 
18 75 
22 65 
23 45 
24 20 


It becomes at once clear that this class has a substantial 
mastery of addition and subtraction through difficulty No. 


13. There is a great difference between knowing : things 


perfectly and half knowing n things. The graded or “‘ladder’”’ 
test informs us concerning how many things a class knows 
and which they are. 

Second, it measures with fairness and economy of time, 
over a wide range of ability. Individual differences in the 
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capacities of pupils to learn algebra are such that if the 
pupils spend approximately the same time, say 400 hours, 
in study and class-work, some should have acquired far 
more ability than others. If ten tasks of about equal diffi- 
culty are set as the means of measuring them, many of them 
should do all ten perfectly and many of them should fail on 
all ten. The ‘‘ladder” test avoids such “undistributed 
perfects” and “undistributed zeros.” 

Third, the ‘‘ladder”’ test helps us to distinguish lack of 
ability from lack of care. Suppose, for example, that John 
and William have taken the Hotz test for addition and sub- 
traction, extended to include five tasks at each level of 
difficulty, with the following results: 


LEVEL OF NuMBER RIGHT 

DIFFICULTY JOHN WILLIAM 

1 5 5 

3 3 5 

5 4 5 

9 as 5 

10 5 5 

12 4 5 

13 5 0 

15 0 0 

18 0 0 

22 0 0 

23 0 0 

24 0 0 

Total Right 30 30 


John is obviously much more careless than Will, who is 
indeed an Admirable Crichton in this subject. Carelessness 
may be defined objectively as a mixture of failing on tasks 
easier than those one succeeds with and failing on tasks 
which one usually succeeds with. Both features are im- 
portant. Graded tests specially reveal the former as the 
Rugg-Clark tests do the latter. 

Some features of the Hotz tests may be criticized on 
the ground that the situations involved are unreal and 
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unlikely ever to be met with by a sane person in a real 
world. For example: 


3 —2x cE atl ma Lae 

(7—1)8 ' (w@—1)? x—-1 

chad? Wed 2 

(c—d)? c+d2~ 

(al Unt 9 Giese ee 
p+2p+4 p?—81 3pr—15r— 
6r—2_ , _ 3 +13 

zr+3 "2-9 
Ve2—1-2r=-1 

A gold watch is worth ten times as much as a silver watch, and 
both together are worth $182. How much is each worth? 

The total number of circus tickets sold was 836. The number of 
tickets sold to adults was 136 less than twice the number of children’s 
tickets. How many were sold of each? 

The area of a square is equal to that of a rectangle. The base 


of the rectangle is 12 feet longer and its altitude 4 feet shorter than 
the side of the square. Find the dimensions of both figures. 


In general we should certainly prefer to test ability in 
computation and in solving problems with kinds of comput- 
ing and problems such as real life may offer. 

A test of algebraic abilities is much increased in useful- 
ness if it exists in a number of alternative forms of approx- 
imately equal difficulty, so that it can be used to measure 
improvement as well as status, and so that special coaching 
upon its particular tasks will be of little or no profit save as 
general practice in algebra. Where the measurement of 
algebraic abilities is used as a measure of merit, as for pro- 
motion, the assignment of marks, and the like, a large 
number of alternative forms is necessary. The Rugg-Clark 
tests 1 to 14 could be easily extended to such alternative 
forms. The Hotz tests could be so extended, but more 
ingenuity and labor would be required. 

As a third type of measuring instrument we may examine 
that printed below, which is one of a set of many alternative 
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forms! any one of which (1) makes an approximate inventory 
of algebraic abilities, (2) is closely equal to any other in 
difficulty, (3) is scored with absolute objectivity, and (4) 
can be given as an examination either without access or 
with full access to textbooks. The time allowed is 180 
minutes, the score is 4 of the sum of the credits earned by 
the following schedule: 


Part I 
Task CREDIT Task CREDIT Task CREDIT Task CREDIT 
1 1 11 iD, 21 2, 3) 4 
2 1 12 2 22 2 32 4 
3 1 135 2 23 2 33 3 
4 1 14 2 24 2 34 4 
5 iL 15 1 25 2 35 5 
6 1 16 2 26 2 36 5 
a 1 17 2 PAE 2 AWE 5 
8 1 18 2 28 33 38 3 
9 2 19 2 29 4 39 5 
10 1 20 2 30 6 40 5 
Part II 
Task CREDIT Task CREDIT Task CREDIT Task CREDIT 
i 2 6 6 att 6 16 8 
2 3 Zi 8 12 6 17 8 
3 3 8 7 13 6 18 8 
4 3 9 “ 14 8 19 8 
5 5 10 6 if 8 are 15 8 20 8 
right 
3 if 2 are 
right 
Oif 1 (or 
none) is 
righ* 


1 These examinations were constructed by the Institute of Educational 
Research of Teachers College for experiment, and possible adoption by the . 
College Entrance Examination Board. No two are exactly alike in the 
abilities tested, but any one gives a rough test of almost all important abilities. 
Being intended for purposes of promotion, credit, exemption, and the like, 
these examinations are designed to be especially effective toward the lower 
end of the scale of ability. They are not intended to give accurate measures 
of great, very great, and extraordinary mathematical gifts, though they 
seem to do this better than one might expect. 


a 
ES 


= 
~ 


13. 


14. 


15. 
16. 
Lie 
18. 
19. 


20. 


21. 


SET eae So oe nt Come Poa 
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I. KE. R. ALGEBRA ‘TEST 


Part I. To Quapratics. Ninety MinvurTEs. 


Form A 


Write your answers on the dotted lines. Use the blank pages and 


empty spaces for your work 


(5a?+4 —3a?) + (a2? -—2—7a? —5) 
(—2a’ — 10a —4a?) + (5a+3a3 —4a) 
From 3a+46 subtract 5a—9b—3c 
From 5a—b—2c subtract 3c—3a 
8a+8b —(3a+6b) 

(5d —e) — (7e+2f) 

7d X 2de? 

de® Xx de 

8—5 (d+2) 

4e?+e (—4e—3) 

5np—3p (4n+3p) 


nnp _mn—mp 
mn m 
(m5n) (m?n’) 
(2a —7)? 
If a=2, and b=3, what does 5a? —2ab equal? 
If a=.7, and b=1.2, what does 2a?—5ab equal? 


If a=1, b=2, c=.4, and d=100, what does 
a?—b-+cd equal? 
If a=12, b=6, c=5, d=3, and e=1, what does 
22 [ab+c (d—e)] equal? af 
= = ae pete, %e 
If d=2, e=3, f =4, what does Fe equal? 
ef 


Write answers 
here 
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Write your answers on the dotted lines. Use the blank pages and 
empty spaces for your work 


22. a=“. What docs jceunl? en: 
é of 
23. WR What does W equal? ps Se RIS AIO 
24. BYE Ee What does V equal? p72 Eee ere 
mi Ti 
25. 4q¢=7q+5. What does g equal? DD sites coe 
26. 15=7w—4. What does w equal? 2G. ..seie cee ape 
V 
27. og What does V equal? Qi gown ke one ere 
ye At peasy 1? 28 
‘ay ae ait OCS (Lie CUa(m ns nn LcO ener 
be HH Le ye : aries : 
Loe L : 
B's Lg a CELE | 
- TT 1 
io 
| [| | + Coe CI im 
' ale rH 5 ee | 


pe 


=10 


29. 


30. 


31. 


32. 


33. 


34. 
35. 
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byb 43 
j ip he bi, be, ci, and c2 are all positive. 


Ci +l. 


Write “larger” or “smaller” or “you cannot know” on 
the dotted lines. 


If b; becomes larger, P will become _.................... 

If b, becomes larger, P will become _.................. 

If c: becomes larger, P willbecome _.................... 

If cz becomes larger, P willbecome _................... 
1.414 


n="_4 (e i: sa eee a, b, c, d, e, f, g, and h are all positive. 


o+5 


Write “larger”’ or “smaller” or “you cannot know” on 
the dotted lines. 


If a becomes larger, N will become _...................... 
If b becomes larger, N will become _................ 
If c becomes larger, N will become _................... 
If d becomes larger, N will become _.................. 
If e becomes larger, N will become _.................... 
If f becomes larger, N will become _.................. 
If g becomes larger, N willbecome _................... 
If h becomes larger, N will become _................. 


If a=1, b=10, and c=100, express 216 in numbers 
and letters. 
Express 2.16 in numbers and letters. 


To two times a certain number 2 is added. From 3 
times the number 7 is subtracted. The two results 
are equal. What is the number? 


Use cross section paper on opposite page for Nos. 33, 
34, 35 

Make a fo cross (x) at the point for which «=2 
and y 

Make . Cis circle (0) at the point for which 
c=-—4and y=1. 

Make a little triangle (A) at the point for which 
x=1} and y= —4. 


Draw a graph of y= c t2—5. Mark it No. 34. 


Draw a graph of y= “+8. Mark it No. 35. Draw 
enough of it to ae clearly that you understand it. 


see eee ees oee 
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Write your answers on the dotted lines. Use the blank pages and 
empty spaces for your work 


36. Find two numbers such that:— 
Twice the first, if added to three times the second, 


equals 2. 
Six times the second, if added to ten times the first, 

equals 7. SOLE ds ch ore 
37. What is the length of the diagonal of a rectangle, if 

the sides of the rectangle are 8 ft. and 6 ft.? RY (gees. aU seit 2 

A b 

38. Multipl at» oe $85.4 ee 

ultiply b Y, aH 


39. Write a plus sign (+) on the dotted line if the state- 
ment is true. 
Write a minus sign (—) on the dotted line if the state- 
ment is false. 


ab_-Vabed 
cd cd 
VEr/b (exVaretot ~ TR ea ee 


at 2 
a 


atXat=a V2 wadteeteasd eee a ee 


fia 
pe oe he bat eS 


Write words or numbers on the dotted line to make a true statement. 
40. Under what conditions will a+b+c¢=ahc? 
Te Riese cass ag cs acct en chiro. eee ae moe a+b-+c will equal abe. 
PARTE 
QUADRATICS AND Bryonp. Ninety Minutes. Form A 


Write your answers on the dotted lines. Use the blank pages and 
empty spaces for your work 


1. Multiply g*hj7 by g®hj-6. NTS Re Factesn ashe 
2. Divide pqi by piqir. CANIS Arte ne ae 
83. Write 7.03108 as an ordinary number. Ana. h. Batt See 
4. Write the square of p?+6q3. PANS S42 Se, eee te ee 
5 


, What are the factors of 62?—a—12? Ans 


10. 


17. 


12. 
13. 


14. 


15. 
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Write your answers on the dotted lines. Use the blank pages and 
empty spaces for your work. 
Solve the equation 2? —34r2+14=0. AUIS tokio tates ches 


(“Solve the equation’? means find its roots, the 
values of « which satisfy the equation.) 


2 
Solve the equation +5+d =(). ANS. ides ee 
Write the middle term of (m-+0.2n)é. ANS Sasser os 
Write the middle term of (5 +nip-*) 8 ATIQU eee tener 


Examine each of these. If it is an arithmetical 
progression, mark it A. If it is a geometrical 
progression, mark it G. If it is neither, mark 


it No. 
8.4 7.6 GS eee a hae: 
r 12 FE es eR er cme oe 


pe alien pAGh Aly GLOW — Sf MG ee 


What is the sum of the first six terms of the series 


beginning 1, 13, 23? ’ ANS 4. ceases 
Multiply 3Va—2Vb by Va+5 vb. ANS. ce ee 
If p—3 Vp+2=0 what does p equal? IANIGS soe eaters 


Do any Four or Numsers 14 To 21 


A body falls 16 feet in the first second, three times as far in the second 
second, five times as far in Y 
the third second, and so on. -+--4--5- 44b-—7--4------1- 
How far will it fall in a are me = 
MOINUGE SANS ye erleeten ees Se efeioe: 


A man gives to his daughter 
each year as many dollars 
as she earns and the square 
of the number of dollars she 
saves. How much mustshe X 
earn in a year to get $400 
in all, if she saves half of 
what she earns? Your an- 
swer need be correct only 
to the nearest dollar. 
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Write your answers on the dotted lines. Use the blank pages and 
empty spaces for your work 


16. The equation of circleaaaaisa?+y?=4. What is 
the equation of circle d d d d whose center is at 
+2, +14? (See previous page for figure). ADS sete stae lens stones 


17. Examine these equations: yt =O} — 7 +2. If 


there are real values of x and y which satisfy both 
equations (that is, if the two lines intersect) write 
Yes, and state approximately what the values are. 
An answer will be called right if it is within 10 
per cent of the exact answer. If there are no 
such values of x and y (that is, if the two lines do 
not intersect) write No and make a rough sketch 
showing the two lines. Ans 


Use logarithmic tables for 18 and 19 
.88078 X 21.277 


18. 065925 SATIS: Sapa eelees Saree 
43.21 x ~)0043725 
19. = Eien ATISReeo cee ON 
20. In the right triangle ABC, sin A=0.17, c=25.6. 
Find a. SATIS: ter rere 
21. A man walks 1,000 yds. up a slope of 20°. How 
high is he then above his starting point? ATS me Cee yea 


The writer may be permitted to illustrate the change in 
our notions of what should be measured in a test in algebra 
and how it should be measured, by a test planned and given 
by himself in a number of schools about 1900. It was as 
follows: 


Do these examples as quickly as you can. Do not copy them but put 
the work right under each example. Take the quickest way you can to get 
the correct answers: 


1. Simplify 
a2 —b? v—y C2 
( t—y ( a—b (say) 


2. What are the values of x and y if 54+3y=8 and Tr—3y =4? 


- A shepherd being asked how many sheep he had in his flock, said: 
“Tf I had as many more, half as many more, and seven sheep and a half, I 
should then have 500.”” How many sheep had he? 
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at+y _ 32. d 72 —3y 5 


4. What are the values of x and y if 1— a 
Z—y xy 23 


5. Simplify 
mtn,m—n 
m—-n m+n 


m—n m+n 
m+n m—n 
6. If to the double of a certain number 14 be added, the sum is 154. 
What is the number? 


This represented the orthodox content and method of exami- 
nations of that day. It illustrates almost every fault that a 
test can have! Only two of the six tasks would be tolerated 
by experts in educational measurements today. 

Other instruments for measuring achievement in algebra 


are as follows: 
Algebra tests A, B, C, D, E, and F by Walter S. Monroe 
[1915 and 1917] are tests of certain computational abilities.' 


Test A, 2 minutes, to multiply -+:a(+:br-c) where a, b, and c in no case 
were greater than 9, and in no case were all positive. 

Test B, 3 minutes, to reduce fractions to a common denominator. 

Test C, 1 minute, to solve equations of the type tax= +b. 

Test D, 2 minutes, to transpose terms in equations such as 4%x—6+5= 
7x —4—2. 

Test EH, 3 minutes, to collect terms in expressions such as—5x2+62—1]2+ 
8-3-9. 

Test F, 12 minutes, 13 equations to be solved, Nos. 1, 4, 7, 10 and 13 being: 


OU ae ate 
ET 
1245-4249 

6 8 
—3 (2e—5) , —2 (8x+4) 
Bo een 
8e+1 —1+4+22% 


arn: fae uae 
22+3 142, —4¢—-5 _ 
iui eras el 
1 Monroe was the first to provide tests for general use, with a statement 
of results obtained in a number of schools. The need of tests graded in 
difficulty had been pointed out by Thorndike [1914]. 


=0 
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Dalman [1920] prepared tests of the inventory type, with 
each topic represented by four levels of difficulty or range of 
ability or both, for use in gradation and promotion in 
algebra. Mastery meant a grade of C, B, A or A+ according 
to the level mastered. There were two sets of tests, one for 
the first and one for the second semester. This recognition 
of the distinction between knowing one half of a subject and 
half knowing the whole subject had, as might be expected, a 
very beneficial effect upon learning... Many of the diffi- 
culties and defects of grading were also avoided or lessened 
by it. 

1 The actual content of the tests would, however, not meet modern stand- 
ards. The A+ test for the second semester, for example, has as its even- 
numbered tasks the following: 

Find the prime factors of: 

2. 273-8 


4. 6b’c?—25bc+14 
Cay aE oyae 
8 


27y5+64m3 
Simplify: 
a+b a—b 2b? 
40) FLabth | at abe akbatbbe 


FRACTIONAL EQUATIONS 


2. A’s age is one-third of B’s age, and 6 years ago it was one-fifth of 
B’s age. Find their present ages. 


SIMULTANEOUS EQUATIONS 


_ 2. The sum of two digits of a number is 14; and if 18 be subtracted 
from the number, the remainder equals the number obtained by reversing 
the digits. Find the number. ; 


QuaprRaTic EHQuaTioNs 


2. Find the dimensions of a rectangle whose area is 720 square feet if 
the sum of the base and altitude is 54 feet. 
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The University of Wyoming Algebra Test, by C. E. 
Stromquist, is a 36-minute test, comprising seven parts as 
stated and illustrated below: 


I. APppLIcATION oF Formuxuas. Four MINuTES 


1. Solve fort: v=gt 
16. Solve for b: T=t4a (b+0’) 


II. Division. Four Minutes 
1. c—3d |2ac—6ad+5be—15bd 
6. 2a2+7b |6a5+1703b+8a%b — 14.ab?+- 280? 


III. Simpte Equations In ONE UnNKNown. Four MINvTES 
1. 5¢%—12=74+23-—32 
12 1.5 — 32 =.3 — 62 


IV. Simpite SimuLTaneous Equations. Four Minutes 


1. 3¢+y=5 
2z+y=2 

6. 7x+2y=8 
82+3y=9 


V. Facrorine. Five Minutes 
Factor to simplest factors. 
1. 36mzrz+48my = 
12. 157?+27-6= 


VI. NumericaL SuspstituTion. Five MInuTES 
1. 5a+36—4c for a=3, b=2, c=—}3 


a/b? —4ac 


10. —b+ 2a 


for a=3, b=—11, c=+6 


VII. Formine Equations: TEN MINUTES 


Form the equations for the following problems but do not solve. them. 
Indicate first what the letter you use stands for. 
1. Twice a number increased by 3 of the number is 28. Find the number. 


10. The combined area of the floors of two rooms is 405 sq. ft. The first 
room is in the form of a square and the second a rectangle. The length of 
the second room is the same as that of the first and its width is 12 ft. Find 
the length of the first room. 


The Douglass tests [1921] are of the same general nature 
as the Hotz test, but contain no work with evaluation, 
formulas, graphs, or verbal problems. 
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‘“They comprise a series of four sets of ten exercises each 
devised to test the four formal operations of elementary 
algebra as it is usually taught in the first year of secondary 
schools, which operations were selected as the essential 
fundamentals of elementary algebra by the combined judg- 
ment of competent judges. The exercises are selected so as 
to provide tests for all the principal teaching units and phases 
of each operation and at the same time to provide problems of 
a wide range of difficulty. The first part of this statement 
may be verified by an examination of a number of algebra 
elementary texts; the latter part may be seen from the 
tabulated results showing the relative difficulty of the 
problems. The tests are to be given with a uniform pro- 
cedure and under natural conditions. From giving the 
tests, no measure of speed may be obtained further than the 
fact that the extremely slow are penalized. The resulting 
scores are a measure of power, not of speed. Each problem 
has an assigned weight, to be regarded in scoring papers, 
which weight is determined by, and is directly in proportion 
to, the relative difficulty of the problem.” [1921, p. 33.] 

The first two and last two elements of each of the four - 
tests are: 


TEST 
1, Add 2 Add _ Collect, Terms 
ae eee 9. a?+8a+7a?+2+7+4+92+4+3a= 
— = Sab 10. 2e—2xy+8y—32+2ry+7y+8= 
2ab 
TEST II 
1. Multiply 2. Multiply 9. Multiply 10. Multiply 
aie 4a? 38a°bc-+5b2cd Tby*z —4a?cx? + 9ab2y 


—_—— 


3a? —4ax+2 Qbyz?-+8are* 
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TEST III 
Divide 12a‘ by 2a? 
Divide 1623 by —4:2? 
Divide 6a? —18a—11a?+20 by 2a—5 - 
10. Divide r?—19r+84—6r? by r—7 


eae) be 


TEST IV 
PT solve for2 4cr=12 


2. Solve fora 4a=3 


2x Sie ue 
9. Solve for x gt8=_9t¢tl4 
he Cee IL 
10. Solve for x Bat ig 7g te 


In all these tests some time limit will be set, and we 
have always the problem of equating quality of work with 
speed. Even if sufficient time is given to allow each pupil 
to do all that he can do, this issue is not avoided; for some 
pupils will then finish ahead of time and the question arises 
whether they shall receive any extra credit therefor. The 
_ general principle should be to give credit for speed in so far 
as it is a symptom of mastery. Intrinsically, it is of little 
value. Algebraic computation is used so seldom in life that 
the mere utility from time saved by speed is of almost no 
consequence in comparison with the abilities themselves. 
Algebra is not like reading or writing or simple arithmetical 
computation, where speed means a substantial daily saving 
of time. 

As a symptom of mastery speed does deserve considera- 
tion. If a pupil has sure command of the treatment of signs 
when a parenthesis is removed, for example, he will not only 
do work like 4a—(2—a) with precision but will also do it 
- rapidly. Moreover if one pupil can do harder things than 
another pupil, he will in general do easier things, which both 
can do, more rapidly than the other pupil. This correlation 
between how hard things a pupil can do and how rapidly he 
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can do easy things is close enough so that even rather high 
credits for speed are not notably unfair—do not notably 
disturb the order in which a group of pupils is put. 

The Rugg-Clark and the Hotz tests and the I. E. R. test 
differ notably from the customary school, state, or college 
entrance examination in being composed of many more tasks 
and including easier tasks. This will be found generally true 
of the examinations devised by psychologists and by scien- 
tific students of education. 

What is gained and what, if anything, is lost by having 
pupils spend their time on sixty or more units of work in- 
cluding ‘‘easier”’ tasks, rather than on eight or ten tasks 
which are more elaborate or more difficult or both? 

There is a gain first of all in the objectivity of the scoring. 
If only a dozen or so tasks are given, it becomes in practice 
necessary to give partial credits for work which, though 
wrong, is not as wrong as it might be. Different scorers 
will judge differently about these, and, unless they work | 
under an elaborate uniform scheme of what credit to give 
to this, that, and the other, the measures will be tainted by 
individual caprice. 

There is a further gain in the reliability of the scores as 
measures of the pupils in question. The effects of having 
had the same problem in his textbook, of misunderstanding 
a word, of being misled by an error in copying, and the like 
will tend to equalize themselves amongst individuals in 
sixty tasks, but may be causes of serious variations when 
there are only a dozen. 

Nobody would advocate measuring a pupil in comparison 
with other pupils by one problem only. Sixty have the » 
same sort of advantage over ten that ten have over one. 
This is more serious than examiners have realized. Wood 
[1921], in a study made for the College Entrance Examina- 
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tion Board, found that the official marks for the June 1921 
Math. A paper (100 candidates taken at random) had a 
reliability coefficient of only .76. The correlation of the 
score for the odd-numbered questions with the score for the 
even-numbered was only .61. <A coefficient of .76 means 
that the error of estimate by the examination is over six- 
tenths as large as if the grades had been assigned by chance. 

Using the same method, the reliability coefficient of the 
examination shown on pages 181-186 is, for a group of about 
four hundred pupils in ten schools who had studied algebra 
at least one year, .953. The two halves (one being 1 to 5, 
11 to 15, 21: to 25, 26, 27, 32, 33, 35, 37, and 39, the other 
being the balance) correlate .915. These correlations should 
not be compared with those obtained by Wood without 
making allowance for the probably smaller variability of 
his group. If in our group only such pupils as would at- 
tempt the College Entrance Board examinations were used, 
the reliability coefficient would be lower.!. On the other 
hand, the examination used by Wood was of three hours’ 
length, whereas the one reported here was of only one and 
a half hours’ length. It is reasonable to estimate that in 
a three-hour examination the reliability coefficient of the 
new type of examination would be .10 higher than that of 
the old type for the same group of pupils. 

We lack measures of the unreliability obtained directly 
by having the same pupils do a number of different forms 
of each sort of examination. The examination composed of 
many elements, graded in difficulty, and all scored objec- 
tively would probably show an increased superiority, since 
its several forms are very nearly equal in difficulty, while 

1 Using as a group the boys who were in four excellent private schools in 
New England, we find a coefficient of .80, the correlation between the two 


halves being .67. This group probably has even less variability than the 
group of candidates studied by Mr. Wood. 
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examinations of the ordinary type, even when prepared with 
great care, as by the College Entrance Examination Board, 
are known to vary greatly in difficulty, and this adds greatly 
to the error of estimate unless the gross measures are trans- 
muted on some assumption about the nature of the group 
tested. 

There is further gain, in that the inclusion of a wider 
variety of tasks gives us to some extent an inventory test, 
and tells us which abilities the pupil has and which he lacks. 
Finally, the inclusion of easy tasks gives us to some extent 
a ‘ladder’ test which measures algebraic abilities over a 
wide range, and tells us to some extent the degree of mastery 
he has within each sort of ability. 

The loss, if any, is likely to be in the lack of measures of 
a pupil’s ability to organize and use in new situations, various 
combinations of these abilities, selecting the appropriate 
ability or combination of abilities according to his needs. 

5 Ciclo oes ox 
a—7 2+3 2?—42—21’ 
ganize and use many elementary abilities in adding, sub- 
tracting, multiplying, and dividing, and seeing possibilities 
of factoring. To factor and simplify 

a—llat+30_a—3a  a-—9 

a*—6a?+9a “a?—25* a®-+2a—15 
he must play a sort of selective game that utilizes many 
relations together. In both cases he must make no mistakes 
in the course of a rather long series of operations. It may 
even be said that the essential ability sought in algebra is 
not to operate algebraic abilities singly or in their common 
combinations, but to master a complex and novel task 
wherein these abilities must codperate, the manner of their 
cooperation being selected by algebraic insight. Such 


the pupil must or- 


Thus to solve 
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tasks as ‘‘Find by a short process 2!9, given 2!°= 1024,” are 
then esteemed features of an examination in algebra. 

The three issues thus brought up are each worthy of 
consideration. In what respects is one task which requires 
the successful operation in sequence of ten abilities, better 
for measurement than ten tasks each testing a single ability, 
or than five tasks each testing two abilities? In what respects 
is a task which requires rather elaborate choice and organ- 
ization of abilities, better than one which uses them more 
simply? In what respects are tasks requiring novel appli- 
cations of algebraic theory and technique, what we may call 
algebraic “‘originals,” better than routine applications? 


Tasks Where a Correct Result Requires the Correct Action of 
Many Abilities 


Consider as a sample this case: 


Find the H. C. F. and L. C. M. of #?—125, 573-1252 
and «#?—10%+25. Foran ordinary pupil this is substantially 
a test of whether he can do all of these: 


(1) Know what H. C. F. means. 

(2) Know what L. C. M. means. 

(3) Know that 125 is the cube of 5. 

(4) Know that v?— (5)?=(a—5) (#+52+25). 

(5) Know that the promising thing to do first with 
5v3— 125x is to change it to 5x(a?—25). 

(6) Know that 2?—25=(a#+5) (#—5). 

(7) Know that 2?—102+25 to be factored means (a—?) 
(a—?). 

(8) Find that (2—5) (a—5) will do the trick, with or 
without experimentation with other combinations. 

(9) Remember or see that he has (v—5) (a?+52+25), 
5a(a+5) (x—5) and (x—5) (a—5). 
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(10) Apply his knowledge of what H.C.F. means to select 
(x—5) from them. 

(11) Apply his knowledge of what L.C.M. means to 
select (c—5) (x?+52+25)52(a+5) (e—5) from them. 


Suppose that it were replaced by: 


Factor 125. 

Factor x°— 5°. 

Factor 5a?— 1252’. 

Factor x? — 25. 

Factor x?—10x%+25. : 

What. is the H.C.F.. of 2°—125, -5x2'—1252?,) and 
x?—10"+25? 

What is the L.C.M. of 23—125, 52%—125z?, and 
x?—10x%+25? 

A pupil then might score from 0 to 7, whereas before he 
could score 0 or 1. 

Suppose that the mastery of each of these seven com- 
ponent abilities is such that it operates correctly nineteen 
times out of twenty. The pupil would get a score of 7 
about two times out of three, of 6 about once out of three, 
and, but very rarely, scores of 5 or lower. In the other 
plan he would score 1 about two times out of three, and 
0 about once out of three. 

Suppose that the mastery of each of these seven com- 
ponent abilities is such that it operates correctly nine times 
out of ten. The pupil would get a score of 7 about once 
out, of three, a score of 5 or 6 about twice out of three, and 
scores of 4 or below very rarely. By the other plan, he 
would score 1 about once out of three and 0 about twice 
out of three. 

Suppose that the mastery of each of the seven is such 
that it operates correctly four times out of five. The pupil 
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would then almost never obtain other than 0 as his score 
by the second plan. 

The “long” task, that is, attaches no weight to the 
component abilities until they have reached a rather high 
degree of strength. This is reasonable in so far as the 
abilities begin to be useful in life only at a high degree of 
strength. It leaves always as undistributed zeros individ- 
uals who vary greatly in ability. This makes it desirable 
to have similar ‘‘short”’ tasks to secure differentiation 
amongst these, and to discover which cf the component 
abilities are specially weak and in need of training. 


Tasks Where a Correct Result Requires Elaborate Organization 
of Abslitres 


The “simplify” tasks are the commonest case. In so 
far as they are worth training these selective and organ- 
izing abilities are worth measuring. It would be inade- 
quate to measure algebraic abilities singly and to neglect 
the ability to organize them. The tasks should, however, 
be genuine and not much more elaborate than life itself 
offers. 


Algebraic ‘‘ Originals” 


Tasks requiring novel applications of algebraic theory 
and technique measure one of the most important abilities 
that the study of algebra can give to those who have the 
capacity. A set of a thousand such originals which possess 
significance for pure or applied mathematics would be useful 
in testing and also in teaching. Some such are given below: 


1. Let a= any integral number. Write an expression that will always 
represent an even number. Write an expression that will always represent 
an odd number. 

2. State a condition such that a+b+c=abc. State a different condition 
that will produce the same result. 
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3. Under what conditions will increasing the value of a increase N if 
N=ab—2? 

4, State a condition such that abe= 

5. Draw the graph of «=5. 

6. What would be the graph of 2?+y?=0? 

It must be borne in mind, of course, that when such 
originals are made the subject of explanation and drill, and 
when certain types of them are prepared for as the theory of 
signs or of exponents is prepared for, their value as originals 


is lost. 
THE MEASUREMENT OF MORE GENERAL ABILITIES 


It is probable that, in spite of the emphasis in recent 
years upon direct specific algebraic abilities, of use in science, 
technology, and business, four out of five teachers of algebra 
think that its service as an improver of more general abilities 
is the greater. These more general abilities have never been 
rigidly defined, but may be thought of under these five heads: 

The ability to deal with symbols. 

The ability to deal with relations, especially the more 
“intellectual” relations like resemblance, cause and effect, 
proportionality, ete. 

The ability to generalize and deal with generalizations. 

The ability to select elements and features as needed. 

The ability to organize ideas and habits, using a number 
of them together to good effect. 

In the following pages an instrument is presented with 
which to measure the status reached and the improvement 
made in a composite of these more general abilities. The 
instrument is arranged in parts, each of which emphasizes 
one of the abilities listed. One part does not, however, 
measure one ability exclusively. A test which did so would 
be likely to be so artificial as to be of value only to psychol- 
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ogists. The critical reader, perhaps, should neglect the 
division into parts and simply consider the entire examina- 
tion as an instrument to measure a composite of abilities. 

The description given here is of only ono-half of the 
instrument, a second examination being available so that 
pupils may be measured before and after their study of 
algebra. 

The reader who is acquainted with instruments for the 
measurement of intelligence will recognize the similarities 
between this examination and the examinations by which 
a psychologist measures intelligence, or, more exactly, in- 
telligence as operating with ideas, abstractions, and symbols. 
The five abilities of our list would indeed be tolerable as a 
rough definition of this abstract intelligence — of the thing 
which the Stanford Binet at upper ages, the Army Alpha, 
the National Intelligence Test, and the Thorndike Intelli- 
gence Examination for High School Graduates, do measure. 
Conversely, it would not be grossly unfair to test the gain in 
general abilities hoped for from algebra by one of these 
standard intelligence tests. It would be somewhat unfair, 
since certain tests which do in fact correlate with intelligence, 
such as knowledge of the vernacular, range of general in- 
formation, and memory and comprehension of directions, 
and which are included in most of the instruments for meas- 
uring it, could not well be assumed to test the abilities which 
algebra is expected to improve. The examination shown 
here is thus preferable for our purpose. 

Certain cautions are needed with respect to its use. By 
merely giving Form A at the start of the course in algebra 
and Form B at its close, certain information accrues. We 
have then measured the gross gain, and can compare the 
gains of individuals, making such interpretations as seem 
best. If we take the trouble to arrange for classes equal in 


200 PSYCHOLOGY OF ALGEBRA 


ability at the start, and treated alike in all respects save 
some point to be investigated, say a difference in the subject 
matter of the algebra course, or a difference in methods of 
teaching, we can measure the effect of this difference. We 
can compare the gains in the case of the more algebraic with 
the gain in the case of the less algebraic data. 


By giving Form A and Form B to various groups under 
various conditions we can obtain estimates of the amount 
of improvement to be expected in a year in individuals of 
various sorts who spend the year in various ways. For 
example, we can compare students who study algebra with 
those who do not. The control of the conditions in such an 
experiment is, however, a matter requiring special facilities 
and great care. 


In all cases it must be remembered that a certain gain in 
tests of this sort is to be expected from the general mental 
growth and training of a year, and that the second trial of 
the test may show a rather large gain over the first trial as 
the result of familiarity with the form of the test. 


We have not been able as yet to carry on the experi- 
mentation necessary to determine the comparative difficulty 
of the A and B series, element by element. We hope tc do 
this later, but may not. As totals they are presumably 
very closely equal in difficulty; and a collection of all the 
elements of A having mathematical content will probably 
be very closely equal to a corresponding collection from B. 
The same holds good for a collection of the elements having 
specially verbal content. Knowledge of the difficulty of 
corresponding elements in the A and B halves is not essen- 
tial, since the comparison is between the gains of the group 
having the training in question and those of the control 
group lacking the training. 
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Tue I. E. R. Tests ror Apiniry with Symports. Form A 


TEST 1 
de lia <ai=a? 
axaXa=a 
aXxXaXaXa=a4 
How will you express, 21X11 X11 Xm X11 XN? Ans Se Sityas,.\ fea 
2. How will you express aXaXa etc., if there are n a’s 
in the row? ATS tae. aera eer aee 


3. Let pp™ mean any flat surface enclosed by straight 
lines, the n denoting the number of sides it has. 
Let e mean equiangular. What is the common 


: name for e pp*? ATS 7. sc eael acre 
4. Express this surface using letters and num- 
bers as described in 3. DSi es teeee ee 


5. Express in briefest form “any number times a con- 
stant divided by that number equals the con- 


stant.’ se ANSievos eee 
6. Let a@ = the number of months a man has lived. 
How 1 many years has he lived? JANISS: SF aye ee 


7. Express in brief form, using J, B and D: “The 
illumination varies directly as the brightness of 
the light and inversely as the square of the dis- 
tance.”’ Use = K times for “‘varies as”’ ADS Sa tee 


8. A man’s annual income is $2,000 plus the profits 
from his business. He plans to put 4 of his i income 
in the savings bank, to spend $1, 500 plus of the 
profits from his business for necessary expenses, to 
spend { of the profits of his business for refine- 
ments and luxuries, and to use the rest of his in- 
come to enlarge his business. Using P, S, Ne, 
Ri and B, ‘show how he plans to use his income. Ans............. 


HST 32, 
Write the answers on the dotted lines. Use the bottom of the page to 
figure on. 
1. Let nm = any number 

Let mr = 1 divided by n 

Let ng = 10 divided by n 

Let n8 = the number raised to the same power as 

itself. 

G_\ 8 

What does (=) equal? ANSTAG, POs POs: 
r 


2. Let m, m2, ms, ete., be any numbers. 
Let n be their number; that is, n tells how many 
m’s there are. 
Let S ( ) mean ‘the sum eke 
S (m’s) ?j 
What name will you give to ar a Ate 


a ee 
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3. Let A. D. = the average of the deviations of a set of 
numbers from their average, disregarding the signs 
of the deviations. 
Find the A. D. of 6, 9, 10, 11, 14. ATIS Seca her ae re ena 


4. Let S. D. = the square root of the average of the 
squares of the deviations of a set of numbers from 
their average. Find the S. D. of 11,13,14,15,17. Ams............. 


TEST 3 


Suppose that | stands for he 
y stands for yes or is or are 
< stands for increasing 
oO. stands for outside or out 
(] stands for house 
g stands for good 
gg stands for better 
ggg stands for best 
6 = stands for bad 
lL stands for long 


1) Write whatishould stand) for iworsevi an meensiaceeeeiae 
De Longest * 1) Ey at ae. 
3. onside AN. VOR eee 
4. MOR 0 8 rhe orenetacte ers 
5. GECTEASING APL. 
6. Shep ay GAT Bah eons ce Ee 
Write what you think each of these means. 
Ue SSO ee Ae de. ERC ce ae er ee 
Ee eee es as MP eh 1 Sorrel Nan nua nm IER & Sapte. 
Caan ead | a | ee RT Oe race NOES SMe Bis, et oie 
NOP emery [© aie: Pye We ate dhars denattee peace eee 
Lose vegg wilel ¢ Ay OWE Seeder eee 
12 cy bbiy—- eS Sa ae) 


TEST 4 


Read the first sentence carefully to see what it means. Then check the two of 
the four sentences which have the same meaning. Check only two. 


1. Better be a big frog in a little puddle than a tadpole in a lake. 
nae Better the head of an ass than the tail of a horse. 
Sta Nats I had rather be a door-keeper in the house of my God than to 
dwell in the tents of wickedness. 
nee oa Better to reign in hell than serve in heaven. 
ae Better to be a beggar in Rome than a prince in a village. 
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2. Don’t cross the bridge before you come to it. 
eter: Look before you leap. 
Bey «ye Don’t borrow trouble. 
aernaces Don’t lock the barn after the horse is gone. 
Acta Take care of today and tomorrow will take care of itself. 


3. Great men may jest with saints; ’tis wit in them, but, in the less, foul 
profanation.—(Shakespeare.) 
ema The rank is but the guinea’s stamp. 
eee Great men tremble when the lion roars. 
Bei ertee What’s sin for the servant is saintly in the master. 
Be Stas That in the captain’s but a choleric word which in the soldier is 
flat blasphemy. 


4. Solon compared the people unto the sea, and orators and counselors to 
the winds: for that the sea would be calm and quiet, if the 
winds did not trouble it.—(Bacon.) 


cs Orators and counselors are puppets of public opinion. 

Ab Ais gahs Orators and counselors are responsible for the unrest of the 
people. 

etree Solon feared spontaneous uprisings among the masses. 

ean He believed the people to be essentially passive and inert when 
left alone. 


[Twenty more similar tasks follow.] 


Test 4 is from the Psychological Examination of the Carnegie Institute 
of Technology. 


THEI. E. R. TESTS FOR SELECTIVE AND RELATIONAL THINKING 


TEST 17, 
Twenty-one Arithmetical Problems 


“Find the answers to these problems. Write the answers on the dotted 
lines. Use the blank sheets to figure on.” Nos. 1, 4, 7, 10, 13, 16, and 
19 are: 


1. What is the cost of four tickets at 50 cents each? ATiS: Sc oie oe tore 
4. How much will 24 lemons cost at 30 cents a dozen? Ans............. 
7. At 6 for 25 cents, what is the cost of 3 dozen? Ans. ONS cee 
10. What number minus 7 equals 23? ANS. Mcoe eset 
13. 4 per cent of $600 equals 6 per cent of what amount? Ans............. 


16. A family spends $600 on rents $3,000 on other ex- 
penses and saves $200. f they increase their 
total expenses to $4,200 ae their savings in the 
the same ratio, how much will they save? NTIS Sopa pees mai ts 


19. Jofas are 4 for 25 cents. Kelas are 2} cents each. 
APJ OLAe COSTBER 3... oe amen as much as a Kea. 
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TEST 2 
Sizteen Absurdities (Thorndike after Woodworth) 


“Write ‘imp’ before each statement that could not possibly be true. 
Write ‘poss’ before each statement that might possibly be true (even if it 
is not probable).” Nos. 1, 4, 7, 10, 13, and 16 are: 


ene aes 1. Each singer shouted at the top of his voice, but the big fat man 
with. the red necktie could be heard above all others. 


Se as 4. The poor wanderer, finding himself without means of lighting 
his camp fire, made a fruitless search through his equipment by the light of 
a single candle. 


ee: 7. Using a field glass, the captain now clearly perceived what he 
had previously surmised — a group of mounted men moving cautiously along 
the river bank on their hands and knees. 


Br tee 10. By the light of a dim lantern, the farmer found the source of 
the nauseating odor. 


Ste ee ee 13. He stood on the dry grass watching the rain, which had been 
falling steadily for two days and nights. 


Sia torciaas 16. Starting half way between two posts, he walked slowly all 
around the field and each post that he met was shorter than any he previously 
had passed. 

TEST 3 


Five-line Arrangements 


1. Draw 6 triangles using only 5 lines. All the triangles in your draw- 
A ing may be counted to make up the six. 
For example, in the upper drawing there are 
three triangles: ABC, ACD, and ABD. 
In the lower drawing there are six rect- 
angles, ABGH, BCFG, CDEF, ACFH, 
p BDEG, and ADEH. 


2. Draw 5 squares using only 6 lines. 


_ 38. Draw a hexagon, 2 squares, and 4 
triangles, using only 9 lines. (Hexagon 
means a 6-sided figure.) 


4. Draw a square surrounded by 4 tri- 
HG F E angles, using only 6 lines. 
5. Draw 10 triangles, 2 squares and a hexagon, using only 11 lines. 


TEST 4 . 
Thirty-five Wylie Opposites 


“Look at each of the words in the list below. Then write a word after 
each one which means just the opposite and which also begins with the letter 
b. If you come to any word which you cannot do, then go on to the next 
one. ‘These three samples are given as they should be:”’ 

girl — boy 
covered — bare 
upset — balance 
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Numbers 1, 6, 11, 16, 21, 26, and 31 are: 


1. Good 6. White 11. Straight 16. Loose 
21. Cultured = 26. Exhume 31. Spiritual 


TEST 5 
Twenty Number-series Completions (Thorndike After Rogers) 


“In the lines below, each number is gotten in a certain way from the 
numbers coming before it. Study out what this way is in each line, and 
then write in the space left for it the number that should come next. The 
first two lines are already filled in as they should be.” 


Samples: 24 S67 Ss, Oe 12 
Det el 4s CLOVE Lok eed Oe 
Lines 1, 5, 7, 10, 18, 16, and 19 are: 
Be Lido.) 20, 
108, 95, 87, 79, 
4, 4," SF," 10; 
214, 213, 21%, 21%, 
OME De 23 Adee TS sola eerie 


ue een Eevee ane ae 
(ee Uh ORS ab Sepa aly ave 


see eeee 
sce ee ene 


re 


TEST 6 
Geometrical Relations 
Two sets of ten each (Thorndike) . 


“In lines 1 to 10 draw a fourth figure in each line such that the fourth 
figure is to the third as the second is to the first, as shown in lines A and B.” 


Eabed 
YA OA 
pata 
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be ei 
“VA 
wise. 


TEST 7 
Thirty-two Verbal Analogies or Relations 


(Thorndike, Selection and Extension from Briggs) 


“Write on the dotted line a word which fits the third word in the same 
way that the second word fits the first word. The samples show what you 
are to do.” 


long longer bad worse 
Samples push pushed run ran 

boy boys Ox oxen 
Nos. 1, 6, 11, 16, 21, 26; and 31 are: 
1. child ' child’s Pollzands Hunts ieee 
6. cook cook’s Burns ot) on bike ate pomeree 
11. wings wing they? > gl haere 
16. driver’s drivers’ My.) yp HERR Sess cece 
21. stones stone strata” ~ Fsb 9 - @ockiccacunaete 
26. prepare preparation flee. a ecaeonneeraee 
31. fit fitness youne: -f “Wy 2. b.vnconcentee 

TEST 8 


Forty Analogies or Mixed Relations 
(Thorndike, After Army Alpha, After Woodworth-Wells) 


“In each of the lines below, the first two words have a certain relation. 
Notice that relation and draw a line under the one word in the parenthesis 
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which has that particular relation to the third word. Begin with No. 1 and 
mark as many sets as you can.” 


sky—blue: grass (grow, green, cut, dead) 
Samples fish—swims: man (boy, woman, walks, girl) 
day—night: white (red, black, clear, pure) 
Nos. 1, 10, 20, 30, and 40 are: 
1. eat — bread: drink (water, drunk, chew, swallow) 
10. tiger — wild: cat (dog, mouse, tame, pig) 
20. poison — death: food (eat, bird, life, bad) 
30. birth — death: planting (harvest, corn, spring, wheat) 


40. advice — command: persuasion (help, aid, urging, compulsion) 


THE I. E. R. TESTS FOR GENERALIZATION AND ORGANIZATION 


TEST 
One-half of the Pressey Moral Judgment Test Modified 
(12 lines). ‘“‘In each line cross out the word that does not belong.” 
Lines 1, 4, 7, and 10 are: 
1. borrowing, gambling, overcharging, stealing, begging 
4. stinginess, carefulness, generosity, charity, economy. 
7. stupidity, dullness, foolishness, dishonesty, ignorance. 


10. meekness, vanity, self-confidence, self-esteem, self-respect. 


TEST 2 


Twenty Selections, Each of a Member of a Class Defined by Three Samples 
(Thorndike, After Otis) 


“Took at the words in line 1. Find the way in which the things named 
by the first three are alike,— the quality or feature which they have in com- 
mon. Then look at the other four words on line 1, and draw a line under 
the name of the thing that is most like all the first three,— which has some 
quality or feature which the first three all have. Do the same for lines 
DE AO Webs. 


Lines 1, 5, 10, 15, and 20 are: 


1. fat grease butter melt lard burn fry 

5. clam scallop limpet shell beach salt oyster 
iC. sapphire amethyst ruby ring sparkle topaz costly 
15. football baseball golf chess tennis whist. bat 


20. north south east compass wind turn up 
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TEST 3 


Ten Selections of a Member of a Class as in Test 2, But with Pictures 
(Thorndike, After Otis) 


Lines 1, 4, and 7 are: 


LC ei MGA 
Xt oa X] ca HBX 


isa OMIA 


TEST 4 
Twelve Selections of a Member of a Class as in Tests 2 and 3, But With Numbers 
(Thorndike, After Otis) 


Lines 1, 4, 7, 10, and 12 are: 


21 49 ~—-700 g0063—tit«éidD 94 

at ee Tye ay oles = 

3 

25 64 10000 1000 9 640 64025 

7 me 63 121 «122-«128.——«1:24 

27 125 —«-1000 270 1250 64 10000 
TEST 5 


Trabue Completions J and L (or K and M) 


“Supply the missing words to make each sentence true and sensible. 
Write only one word in each blank space.” 


Lines 1, 5, 10, and 15 are: 


1. The boy will...... his henge. a). plays with fire. 
5. The poor little...... TENS cater nothing to...... ; he is hungry. 
10.7 Lowe many things...... ever finishing any of them...... belle cacti 
habit. 
LON elise eee that a full-grown man should...... a erhostnee a: he 
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TEST 6 


Cutting a Surface so as to Produce Given Surfaces 
(Thorndike, After Army Beta Test 7) 
“Think how you would cut the triangle so as to make the pieces shown 


in 1. Draw a line or lines to show how you would cut it. Do the same for 
the triangles in 2, 3, 4, 5, etc.’ 


The test Beta 7 is so well known that we do not reproduce samples of 
the surfaces and parts here. 


TRIP 
Rearranging Data to Form a True Equation 
Twenty Equations (Thorndike) } 


“Write the numbers and signs in each line in the proper order, so that 
they make a true equation as shown in the three sample lines. Use the loose 
sheets of paper to figure on if you need to.” 


li 3 6=+ 3+3=6 

Pi 5 4% 8 0 = 4X 7X4=2048 

2 Smesi AAS =EE Shai) 7+2=18—(3xX3) 
Lines 1, 5, 10, 15, and 20 are: 

3 '3 4.10 = 4+ - 

8 38 8 48: = +7 + 

shee ae (al ita ae Mi he Mica ed ids 

fag Sergi! fare ae eo) 

2 Pe Biled bak aid Xaney Ga 


To the tests shown above we may well add a test in 
reading difficult paragraphs and answering questions about 
them such as require discrimination and a selective organ- 
ization of the ideas presented in each paragraph. The 
harder half of the Thorndike McCall test in paragraph 
reading and the paragraphs in Part III of the Thorndike 
Intelligence Examination for High School Graduates will 
serve this purpose adequately. 

Such tests in symbolism, selective and relational nk: 
ing, generalization and organization, and comprehension of 
paragraphs give a definite meaning to these terms. If the 
abilities measured by the tests described apove are accepted 


1Some further information about these tests may be found in Thorndike 
[1922a]. 
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as the abilities which we are trying to improve by algebra, 
we can proceed to measure these subtler and more general 
results just as we measure the obvious and specific abilities 
to add literal numbers or read a graph. In general, teachers 
of mathematics do accept them as reasonable definitions by 
sample. In general, they expect that the general improve- 
ment of thinking due to the learning of algebra will show 
itself in such acts of thinking as these tests require. 

A complete measurement of the improvement produced 
by algebra would obviously be a very elaborate matter. It 
would measure not only the separate abilities as in the Rugg- 
Clark tests but also their organized working in tasks such 
as are given in the Hotz test, the I. E. R. test and typical 
school examinations so far as these are tasks which life may 
be expected to set. It would measure not only ability at 
routine tasks, but also the ability to apply algebraic theory 
and technique to original problems. It would measure not 
only strictly algebraic abilities, but also the more general 
powers of dealing with symbols and relations and abstrac- 
tions and generalizations, selecting essential elements and 
organizing ideas and habits. It would report how hard a 
task the pupil can do with substantial mastery along each 
line of ability. It would probably give three or more exam- 
ples of each sort of task so as to distinguish with surety lack 
of ability from lack of care. It would include a record of 
the time required in some cases as additional evidence of the 
degree of mastery attained. 

Such a measurement could be used as an inventory of a 
pupil’s achievements; as a record of his progress; as a diag- 
nosis of where his difficulties were, and what training he 
needed; and as a means of measuring the effects of methods 
of teaching. It would need fifteen to twenty hours of a 
pupil’s time. A selection of two or three hours’ worth of 


THE MEASUREMENT OF ALGEBRAIC ABILITIES yA is | 


the tasks would be adequate for graduation, promotion, 
college certification, and the like. 

Selections from its easier levels could be used to measure 
progress in the early parts of the algebra course. Selections 
by topics could be used to find weak spots in preparation 
for reviews. The instrument could be used as a bill of 
specifications of the learner’s job. 


NEW TYPES OF EXAMINATION QUESTIONS 


Certain new types of examination questions deserve at- 
tention from the teacher of algebra. 
The first is the true-false type, a sample of which follows: 


39. Write + on the dotted line if the statement is true. 
Write — on the dotted line if the statement is false. 


eee ee SS ee 


GIG AG nIeOn Sud ct ee 
aq ab 


This sort of test is useful in algebra as a stimulus to teach 
pupils to examine and, if necessary, check their results before 
leaving them as valid. 


The second is the selection test, illustrated here in the 
case of knowledge of the meaning of Arithmetical Progres- 
sions and Geometrical Progressions. 


Examine each of these. If it is an arithmetical progression, mark it A. 
If it is a geometrical progression, mark it G. If it is neither, mark it N. 


Tr 13 63 
5.8 6.6 7.4 
3 £ Af 
1 A¢%/ 2.0 P43) 
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NEW TYPES OF EXAMINATION QUESTIONS—Continued 


43 53 i 
5 lg als 
abe be c 
t 
rst st? i 
S e cde 


This sort of test is especially useful in the case of mean- 
ings of terms, and for training and testing the power to 
detect gross errors. 

A third variety is the matching test, illustrated here in 
the case of the understanding of the relations represented 
by certain equations. 


ab ae f 
+15 a Bias 
ol ia 
et | 
— 1 | 
soa Z L 
| 
| 

Saf lam Wane h 

i NZ = ne 
= c - 
a eae WELL Steet Co a 
_| | palate h 
alla 

a HH { a HE 
ot ho : 
i : 
i ‘d Le eat ee —— 
g cl Ee 
yA 


Which is the curve for y= $? Which is the curve for xy =4? 

Which is the curve for y=? Which is the curve for y=2?? 

Which is the curve for y=x+38? Which is the curve for y=z?}? 

Which is the curve for y=2—4? Which is the curve for y=2?+2r+3? 
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This form of test is often capable of gradation from very 
easy to very difficult distinctions, and has, in a very high 
degree, the merit of testing whether a pupil can adapt his 
abilities to a form of task differing from the tasks by which 
he acquired them. The matching form of test also often 
organizes or reorganizes pupils’ abilities in valuable ways. 

A special variety of the matching test is the ranking test, 
as where a series of events are ranked in order for importance, 
or in chronological order, or where a series of definitions are 
ranked for merit, or a series of cities for size. For example: 

Write 1 before the largest of these. 


Write 2 before the next largest of these. 
Write 3 before the third largest, and so on. 


1.1710 

The number whose logarithm is 3 
10000002 

(10+7'5)8 

The number whose logarithm is 4 
220 

Ail 


Sf ae SS 


All these tests arouse interest in the pupil by their 
novelty and employment of familiar facts and as a change 
from computation. They are quickly scorable by the pupils 
themselves. However, they are not relatively so important 
in algebra as in subjects like English history, civics, and 
economics, where the ordinary examination attaches too 
much weight to literary ability and is very hard to grade 
accurately. 

A still more important type is the completion test, in 
which parts of a statement, or picture, or diagram, or map 
are left to be supplied by the pupil. This type is already in 
universal use in algebra; for the solving of an equation is a 
completion test, in which x or some other symbol for the 
unknown quantity is used instead of an empty space. It 
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may be used to good effect also in the form of interpolation 
and extrapolation with curves, and perhaps occasionally in 
sentences about definitions, rules, and proofs. 


MEASUREMENTS OF THE CAPACITY TO LEARN ALGEBRA 


Rogers [1918] has constructed a series of tests to prophesy 
in advance how well a pupil may be expected to succeed in 
comparison with other pupils in the study of algebra. They 
include: 

(1) A test in geometrical conclusions, reasons, and proofs, 
the necessary assumptions and data being all given. 

(2) Two tests in algebraic computation, tasks 1, 5, 10, 
of the 11 of Test I, and tasks 1, 4 and 7 of the 7 of Test II 
being as follows: 


TEST 1 
1. If a=2, b=3, c=5, and d=1, find the value of each of the following: 
(a) 5a ANSWET Ie Rie nether 
(b) 2a—d FA IUS UCTS 5. Nor Mrs Racer Oeces 
(c) athte ATSWCR ee eer ee ees 
(d) sate ATISWET ER eIISOe che 
(e) 2 _* TST 3 IGA SS Adee 
6. If 2x+3=15, what is the value of x? Am SWens« Behe Ree ee 


10. If Jstands for the number of feet in the length of a room, what is the 
number of feet in the length of a room 4 feet longer? Answer: ........... 


TEST 2 
1. Multiply the following as indicated: 
(a) 4 (84—4) (b) —5(—4r—6y) (c) —4 (+42) 
Answers: (@) ......4.- (ID) eseee eo es (C)ige ck eee 
4. Find the value of z: 
=a Deel 
Gig AO eee 


SANSWEnSSTMINE Rie ae ce 
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7. Find the ilues of x and y: 
5a +2y = 34 
7x—3y= 7 
INOSUGE WB" Ss > SOCR Bho Usabigrcesk cu Rineee 
(3) Two tests in supplying numbers in arithmetical 
series. Tasks A, F, K, P and T of Part I and of Part II 


being as follows: 


Part I 
A. 1 3 5 fen oie 11 13 15 pia reste 21 
F, 5 TS. ae 29 37 45 53 Clee war aa 85 
1 Spe ho Biss LEENA Poa aoe 3D. aide ae and 53 
Ps aes Os Wie Be oe ea 29 ee oe ce Ngs 45 
ale Ge es Ate ee F< Pot Siam tone. ne Ae 47 
Part II 
A. eS 15 OP at Be 36 43 5) Sambar 64 71 
F. 5 17 DOTOSAN. 53 65 UTR AA 101 ~-R— 125 
1K 1 eae Use oie my foie: a2 ee 21 
Bs Sr Oss 162igRi¢ Bi Wee 4A vei ae? aes 14 
Te 5 83 Se ulsts' 


(4) A superposition test of the following type with forty- 
eight tasks: 
DIRECTIONS FOR SUPERPOSITION Trsts 1 AND 2 


Suppose that the figure with a circle in it is a small card with one of its 
edges painted black and with a hole in one corner. 

If this card is moved around so that its black edge lies upon the long 
heavy black line, it will fit one of those two figures shown. 

Decide which it fits and then with your pencil draw a circle where the 
hole would be. 


Try the three following examples. 


eye 
ey ae 
oes ae EN 
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(5) A sentence completion test with 14 tasks ranging 
from 
Boys and...... soon become...... and women 


to 


One can... ... do hist+=~., ab ONCE Ss sas winless 2 oe of another. 


(6) A mixed relations test of 43 tasks, Nos. 1, 11, 21, 
31, and 41 being: 


eye — see Cal wee tears 
little — less mUChi— sae eee 
past — present jORISCLM ss Gana 
growls — ‘dog TORES—— a eras 
mice — cat WOrmMS—— = sage as 


Dr. Rogers’ tests are the best so far published to select 
according to promise of ability in algebra and geometry. 
We have evidence, however, that their value consists chiefly 
in their being a good measure of abstract intellect, and that 
any reliable measure of abstract intellect would prophesy 
success in algebra and geometry nearly as well. Also it 
seems probable that algebraic ability and geometrical ability 
differ nearly if not quite as much as do ability in algebra 
and ability in any other abstract subject such as physics or 
Latin. Consequently tests specialized for numerical and 
spatial data may be found to do this prognostic work even 
better than the Rogers tests. 

If these tests could be arranged so as to be given before 
any algebra or geometry had been studied, it would, of 
course, be an added advantage. The Rogers tests presup- 
pose a few months’ study of algebra, and are much influenced 
by familiarity with the idea of and procedure in geometrical 
proofs. 

It seems probable that such a prognostic test for algebra 
could be made by using the Rogers tests 3 and 5 with a 
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test in arithmetical problems and a test in disarranged 
numerical equations. 


MEASUREMENTS OF THE CHANGES IN INTEREST AND ATTITUDE 
DUE TO ALGEBRA 


The important work in this direction is that of Kelley 
[1920]. His determination of values imputed to the study 
of mathematics and of tests to measure these includes all 
the important general values and so measures, amongst 
others, the abilities tested by our tests of Selective and 
Relational Thinking, Generalization and Organization, and 
Symbolism. His tests of what we have called interest and 
attitude are of especial interest, because they are unique of 
their kind. 

The values imputed to high-school mathematics were 
found to be: 

MATHEMATICAL VALUES 
Provides éntertainment for recreational hours. 
Prepares for advanced sciences. 


Prepares for advanced mathematics. 


4. Leads to an understanding of ancient and modern accomplishment of 
mankind. 


5. Establishes algebraic method of solving problems. 
6. Establishes the habit of reasoning in terms of symbols. 
7. Leads to an understanding of formulas. 
8. Leads to use of formulas in solving scientific and social problems. 
9. Leads to an understanding of graphic methods. 
10. Leads to use of graphic methods. 
11. Establishes the habit of proving results. 


12. Establishes the:habit of considering situations from their quantitative 
(instead of merely qualitative) aspects. 


13. Establishes the habit of differentiating between the known and un- 
known elements in a situation. 


14. Develops religious sense and appreciation. 
15. Develops high ideals of life. 


Caer 


218 PSYCHOLOGY OF ALGEBRA 


16. Develops mathematical ideals. 

17. Leads to self-discovery and guidance. 

18. Develops respect for truth (honesty). 

19. Develops self-reliance. 

20. Develops originality. 

21. Develops powers of clearness in statement (definiteness). 
22. Develops powers of concentration (sustained attention). 

23. Develops powers of generalization. 

24. Develops powers of inference (constructive imagination). 
25. Develops powers of analysis. 


26. In addition to the assigning of each problem to one or more of the 
preceding 25 values, the judges were asked to indicate such of the problems 
as test transfer of training. 


27. Measures accuracy in fundamental operations. 
28. Measures knowledge of arithmetic. 
29. Measures accuracy in thinking. 


The instrument by which they are to be measured is the 
following: 
MATHEMATICAL VALUES TEST ALPHA 


1. How would you find the value one year hence of a W. S. S. for which 
you now pay $4.16? 


2. It has been claimed that there is an algebraic type of thinking. What 
does this mean to you? 


3. A certain professor gave a lecture in a town some distance away, for 
which he was to receive $100 and his expenses: The note-book in which he 
kept track of his expenses read as follows: 


Feb. 2. Ticket $19.10 
Dinner 1.00 
Cab 1.50 
Hotel Bill 18.20 


Liberty Bond 50.00 paid first installment 
Feb. 5. Couple dollars of tips and Pullman 2.00 
Return fare 17.10 


One morning the professor tossed this note-book ‘to his wife and asked 
her to make out a bill covering all moneys due him. She did her best. 


(a) Express your opinion with reference to each item in the note-book 
as to whether or not it is complete and satisfactory. 


2 @) Make out the best statement or bill that you can from the note- 
ook. 


THE MEASUREMENT OF ALGEBRAIC ABILITIES 219 


In your mind how is algebra related to 
4. Religion? 

5. Life in the home? 

6. Life out of doors? 


7. Other school subjects (2) home economics? (b) sciences? (c) history? 
(d) any other school subjects? 


8. Write down just what you have been told higher mathematics deals 
with. Who told you this? 

Now think of mathematics that is still more advanced than this that 
jon noes ra described. Make a good guess and describe what you think 
it deals wit 


9. Where did our present numerals originate and about when were they 
first used in Europe? 

What system of numerals did people in Europe generally use before they 
used our present one, and how did they perform such operations as addition, 
subtraction, multiplication, and division? 


10. The area of a circle is 7a?. What does 7 stand for? a?? 


11. Suggest three or four problems other than those discussed in your 
algebra class that could be made clear by means of a graph. 


12. The algebraic method is one of supposing the unknown quantity 
known, making a statement (an equation) which relates this to the known 

uantities, and then determining the unknown in terms of the known (solving 
the equation). Can you think of some problems suggested by your other 
school work, or your life outside of school, in which this method applies? 
Explain. 


13. In the solution of what kind of problems is it desirable to use log- 
arithms? 


14. The expression of a physical law by means of a mathematical formula 
is probably the most powerful tool in modern science for the interpreting of 
scientific facts. For example, S=3gi?; in which S = the space passed over 
by a falling body, g = the force of gravity, and t = the length of time that 
the body is falling. The simple formula S = 4g#? tells more about the law of 
gravity than a whole volume could tell without it. 


Write down any other formulas that you know. 


Write down for each of the following fields two relationships which you 
think have been, or are capable of being, expressed by means of formulas: 


15. Electricity (Sample answer: There is probably a formula which gives 
the relation between the amount of current which can flow through a wire 
and the size of the wire). 

16. Air (Sample answer: There is probably a formula which gives the 
relation between the temperature of the air and the rapidity with which 
sound travels through it). 


17. Mention some recreational activities in a person’s life that algebra can 
make more enjoyable. 


18. Do you know any game in which algebra is used? If so, describe it. 
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19. Two men meet and the one says to the other “My father is your 
father’s son.”” What kin were they? 


20. What do any of the following names suggest to you in connection 
with mathematics? 
Pythagoras; Newton; Euclid; Pascal; Archimedes; Leibnitz; Leonardo 
of Pisa; Descartes. 
Add the names of any others whom you know who have made important 
mathematical contributions, and tell what they did. 


21. Certain great concepts or ideas have been discovered as humanity has 
evolved. Some of these are listed below. Number them 1, 2, 3, etc., in the 
order of their momentousness or importance. Consider that one which has 
revolutionized procedure most to be the most important; for example, (a) below 
is of tremendous importance, for the present number system displaced the 
old cumbersome Roman system composed of X’s, L’s, C’s, V’s, ete., and it 
is extremely difficult to do so simple a thing as to multiply in the Roman 
system. 


a. The present number system. 


b. The idea or concept of the letters z and y as unknowns in an equation 
and of a and b as knowns. 


c. The concept of 0. 
d. The concept that aa =a’. 
e. The concept that 2?—y?=(2+y) (x—-y). 


. The concept that an equation can express the path of a comet or 
planet around the sun. ; 


g. The concept that an equation of this type, 4y—x =7, is a straight line. 


h. The concept that $1.00 at 5 per cent interest compounded annually 
= $1.104 at the end of 2 years. 


t. The concept that if 2x?-10x = 28, then x=7. 


j. The concept that in many problems the unknown quantity can be 
dealt with as though known, in building up equations, the solution of which 
gives the value of the unknown. 


k. The concept that az?+br+c=0 is the same as 
_ —b+V/b?—4ac 
es 1 OO 
2a 
22. Ifa man 5 ft. tall weighs 110 Ibs., a man 6 ft. tall should weigh how 
much? 
If a dwarf 3 ft. tall weighs 30 Ibs., a man 6 ft. tall should weigh how much? 


Tf a new born baby 20 inches tall weighs 8 lbs., a man 6 ft. tall should 
weigh how much? 


23. The area of a triangle equals one-half the product of the base and 
altitude. If the area of a triangle =ab, what does a stand for, and what 
does 6 stand for? 
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24, If F represents force of attraction, G is a constant, M represents the 
mass of one body, m the mass of a second body, and D the distance between 


the two bodies, what does F ae mean? 


D2 
Is there any mathematical symbol or operation that makes you think 
of, or seems in some way similar to: 
25. God’s all pervading power — that is, his presence in nature around us? 


26. Theintimacy of God’s power — that is, his presence in our own natures? 


27. Living creatures can be divided into two fundamental groups, male 
and female. Mention all the mathematical symbols or operations that show 
an equally fundamental division into two aspects. There are many illus- 
trations, so give more than one. 


nr R= .90 
Og P(e Le r= .45 


What is the unknown in this equation? Solve for it. 


29. The accompanying graph gives the amount of U. S. tonnage for a 
number of years. How do you account for the low spot in the curve? 


Millions of Tons 


1850 "60 "70 80 90 1900 710 *20 *30 "40 1950 


30. In January, 1918, the U. S. expected to build about 3 million tons 
during 1918 and 6 million in 1919. It was feared that submarines, storms, 
etc., would sink + as much as was built. Assuming these estimates to be 
correct, draw the curve from 1918 on to 1920. Make a guess and draw it 


from 1920 on to 1950. What effects have the important wars of the U. S. 
had upon tonnage? 
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31. The accompanying graph gives the percentages of married graduates of 
a certain girls’ college who married at different ages. At what age did the 
most marriages occur? At what ages were there just 10 per cent of mar- 
rlages? 


16 


rary 
iss) 


Per Cent, 
co 


rs 


20 22 24 26 28 30 32 34 36 38 


32. Mrs. A has a skirt pattern cut for a 40 inch hip measure. Her own 
hip measure is 44. The pattern is in two parts, one measuring 25 inches at 
the bottom and the other 30 inches at the bottom. What should be the 
bottom measures for the two parts in order to conform to Mrs. A’s hip measure? 

The use of the responses to these questions as evidence 
concerning the values in question is naturally somewhat 
subtle and elaborate. The student should consult the full 
account by Kelley. It is sufficient for our purpose to note 
that differences between two classes in respect to the attain- 
ment of the values in question can be well measured by the 
instrument (provided, of course, that neither teachers nor 
pupils prepare especially for the examination). 


CHAPTER VII 


THE CONSTITUTION OF ALGEBRAIC ABILITIES 


The abilities most worth acquiring in a year’s course in 
algebra seem to us to be the following: 


(1) Ability to understand formulas, to the extent of being 
able to answer questions as hard as, or a little harder than 
those below. 

P= by be 


Citc2 
Write “‘larger”’ or “smaller” or ‘you cannot know” on the dotted lines. 


bi, be, c1, and Ce are all positive. 


If b; becomes larger, P will become............ 
If b, becomes larger, P will become............ 
If c; becomes larger, P will become............ 
If c becomes larger, P will become............ 
v="_a ep. 
Write ‘“‘larger”’ or “smaller” or “you cannot know”’ on the dotted lines. 


a, b,c, d, e, f, and g are all positive. 


If a becomes larger, N will become............ 
If b becomes larger, N will become............ 
If c becomes larger, N will become............ 
If d becomes larger, N will become............ 
If e becomes larger, N will become............ 
If f becomes larger, N will become............ 
If g becomes larger, N will become............ 


(2) Ability to translate into a formula any clear state- 
ment of a thoroughly understood quantitative relation which 


a reasonable person might need to put in a formula. 
223 


224 PSYCHOLOGY OF ALGEBRA 


(3) Ability to “evaluate” for any letter or other signifi- 
cant unit in formulas, such as the following, or even more 
intricate. ' 


pee Aln t —mbh+me te 
roe . mo 
v= gars pa 2wnn 
; PK 
L 
ae A 
v gAit4Ay, + 2) gy te 
2 
Aanvd peer 
mtr l=nVe+R 
Poe §=1.35 D?-+111D—-111 
R-+«nr pat 
(OSE ae aa pa2ms 
Rar ean Dy 
Pious a Nie 
Pp T, D=60?+8H. OL 
2 os 
aes Aa=trV/h?+r 
aie _Ah 3 
JS aR v= 7 15286 hi 


| l We 
t=7 330 Fs=Rs+ 29 


(4) Ability to ‘‘solve for” or ‘‘change the subject to” 
any letter or other significant unit in such formulas as those 
just quoted. 


(5) Ability to frame an equation or set of equations 
expressing any quantitative problems which high-school 
graduates meet on the average at least once in five years, 
provided the problem situation or description is itself clearly 
understood, and the data are adequate. 


(6) Ability to solve such equations or sets of equations 
if they are linear or quadratic.! 
1 There may be a few exceptions in the form of genuine problems of the 


importance specified which will lead to simultaneous quadratics not solvable 
by the method of quadratics. 
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(7) Ability to understand any graph representing by 
Cartesian codrdinates the relation of one variable to another. 
Ability to make a graph for a table of values relating one 
variable to another, or for any clearly understood description 
of the relation of one variable to another. 


(8) Understanding of the elementary facts concerning the 
relations expressed by 
Y= OL 


y=ax+b 


ua Be 


a 
y= 
y=? 
y=axr2+b 
y =ax2+br+e 
and perhaps of those expressed by 
YaV2 
e’+y =a 


y=at 


(9) Ability to solve for the constants in such equations, 
given the x, y values of two points on the curve. 


(10) The abilities in algebraic computation required to 
deal with formulas and equations as stated above. 


(11) Ability to understand and use negative and frac- 
tional exponents. 


(12) Ability to use logarithms with multiplications, divi- 
sions, powers and roots. 


(13) Such insight into the use of algebra for formulas 


226 PSYCHOLOGY OF ALGEBRA 


expressing numerical relations themselves as comes from the 
study of 
(a) aX0=0 
0+a=0 


amar =aqn+n 


ax+bxz =(a+b)x 
—b++/b?—4ac 
2a 


for the roots of a quadratic and the other essential formula- 
tions of rules for the computations mentioned above. 


(b) Certain formulas useful in computation or in under- 
standing approximations, especially such as 
(a+b) (a—b) =a@—2 
a@—b?=(a+b) (a—b) 
(a+b)? =a? +2ab+b? 
(a—b)? =a? —2ab+b? 
(a+b)? =a3+3ab+ 3ab?+b 
(a—b)? =a? —3a2b+ 3ab2 —b3 
(c) The formulas for arithmetical progressions, geo- 
metrical progressions, and the binomial theorem. 


(14) Certain informational abilities, especially knowledge 
of the meaning of ratio, varies directly as, varies inversely as, 
reciprocal, hypot.2= S?+ S., constant, variable, tangent, sine, 
and cosine, the laws for corresponding dimensions in similar 
figures (in so far as these have not been learned in arith- 
metic), and the use of tables of roots, powers, reciprocals, 
logarithms, tangents, sines, and cosines. 

These abilities may be constituted in very many different 
ways. A mathematician might think of the pupil as ac- 
quiring these abilities by learning a few principles of nota- 
tion, the laws of signs, the theory of exponents, the axioms, 
and the general rule that you can operate with literal num- 
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bers as with ordinary numbers. A mathematician who knew 
nothing of the conventional treatment of algebra in schools 
might begin to teach algebra as follows: 


Let a, b, and ¢ represent any three numbers. Let +, —, X, +, the 


fraction line, / , ¥ , 2 and ° be used as in arithmetic. Let ab or a-b mean 
aXb. Let ( ) mean that the expression within is to be treated as one number. 


+a=0+a +b=0+56 +c=0+c 
—a=0-a —b=0-—5b —c=0-c 
Adding —a is the same as subtracting +a 
Subtracting —a is the same as adding +a 
(+a) (+b) =+ab 
(+a) (—b)=—ab 
(—a) (+6) = —ab 
(—a) (—b) =+<ab 


If equals are added to equals the results are equal. 
If a+b=c a+b+d=c+d 
If equals are subtracted from equals the results are equal. 


If a+b=c a+b—d=c—d 
and so on. 


Such a straightforward general treatment has a good deal 
in its favor, in the way of brevity and dignity. The experi- 
ence of teaching, however, shows that algebraic abilities are 
not constituted, in the minds of the pupils, out of a few 
general sweeping laws. No textbook or teacher of today, 
for example, would dare to assume that pupils who had been 
taught as above would be sure to understand that (c—d) — 


d 
(e+f) means ‘Subtract e+f from c—d,” or that —- 


Va+b+c means ‘Subtract Va+b+c from cd+a,” or even 
that 7cd?—4cd? means “Subtract 4cd? from 7cd?.” 
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The customary approved teaching of today builds up 
these abilities out of many detailed abilities. The pupil 
learns the meanings of about two hundred and fifty terms, 
such as: 


Abscissa Antilogarithm 

Absolute term Applying a formula 
Absolute value Ascending powers 
Ageregation Axes 

Algebraic addition Axiom 

Algebraic expression Base (distinct from power) 
Algebraic number Binomial 

Algebraic product Binomial theorem 
Algebraic solution Brace 


Algebraic subtraction 


He learns about one hundred and fifty rules, such as: 


Like roots of equals are equal. 

To add a positive number to a negative number take the 
difference of their absolute values and prefix the sign of the 
numerically greater number. 

a—O=a 
0-—a=—-a 

To add similar monomials find the algebraic sum of the 
coefficients of the common factor and prefix this sum to the 
common factor. 


He forms many habits either as applications of these 
rules or as accessories acquired in the course of computation 
and problem solving. For example, the principle We can 
represent numbers by letters, develops into at least ten distinct 
habits of thought, namely, 

1. A letter may mean a particular number of things, like 
men, boys, or eggs. 


2. A letter may mean a particular number of units, like cents, 
quarts, feet. 


3. <A letter may mean any one of a number of numbers, like 
the number of dollars in the cost of any number of suits of clothes 
of a certain sort, or the number of square feet in any rectangle. 
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4. <A letter may mean any number, as in (p+q) (p—q)= 
p'—¢q. : 

5. If you call a certain number p, you may call 3 times that 
- number q or r or s or any letter except p that you please, but it 
is commonly useful to call 3 times that number 3p. 


6. If you call a certain number p you may call 3 more than 
that number any letter except p that you please, but it is com- 
monly useful to call it p+3. 


7, 8, and 9. The same principle of consistency and _ utility 

with p —3, » and 

10. If we call a certain number (say, the profit Mr. A. made 
in January, 1922) » we don’t call it anything else and don’t call p 
something different so long as we are thinking about the problem 
to answer which we called that number p. 

In spite of all our experience in teaching algebra we do 
not seem to have found the optimum constitution of these 
algebraic abilities. Reformers like Rugg and Clark and 
Nunn not only eliminate certain abilities, change the em- 
phasis on those which they retain, and add new ones; they 
also constitute the retained abilities in different ways. They 
would be the first to expect that other desirable changes will 
be found by further experimentation and improved insights. 

To the psychologist who tries to follow through the 
mental operations of pupils from their first solutions of sim- 
ple formulas to their comprehension of the parabolic relation, 
of the binomial theorem, and the like, there seem to be 
many promising invitations to experiment, and even many 
cases where improvements can be made at once by a straight- 
forward application of the laws of learning. In the remain- 
der of this chapter we shall note some of the general features 
of the constitution of these abilities, namely the provision 
for habits now neglected, the elimination of unnecessary 
habits, and the use of adaptable, even of loose habits, in 
place of inflexible rules which in actual learning have to be 
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broken. In the next chapter we shall treat the psychology 
of learning the meanings, operations, and principles of al- 
gebra, and shall present detailed suggestions concerning par- 
ticular items of learning to be added or omitted. 


PROVISION FOR HABITS NOW NEGLECTED 


The hundred and fifty rules do not cover all that the 
pupil must know and do. For example, throughout algebra 
the pupil has to decide when to indicate an operation only 
and when to carry it through according to some known 
routine. 

Suppose that he is faced with the need of dividing a by 6, 
a? by a, a by a’, and 1/625 by \/10. In the first case he 


must only indicate = in the second he must subtract with 


with the exponents and write a; in the third case he must 
(according to usual methods of teaching), not subtract with 


the exponents, but indicate the division as = and then di- 


vide each term by a; in the last case he is again customarily 


taught to indicate the division as and then proceed to 


Je B20 re »/62.5, or ee or still worse pos or 
~/6250 

10° 
for each useful habit, where there is some one procedure that 
is best, and to provide also a clear understanding that in 
certain cases you can do one of a number of things, any one 
of which is right so far as it goes, but some one of which 
will be best according to circumstances. 

To take another illustration, in the teaching of division 
of a monomial by a monomial it is customary to use almost 


It would seem worth while to provide definitely 
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or quite exclusively tasks like S ee and ae br here the 

quotient is integral — where no factor is left below the frac- 
ie. b? 9 

tion line. a Son a7 sek commonly do not occur at 


all in the systematic treatment of division, and occur very 
rarely in the reduction of fractions to simplest form. In a 
census of all the work, oral and written, computation and 
problem solving, provided for the first year’s study of algebra 
in three standard instruments of instruction, we find the 
following enormous disparity between samples of the two 
types of task: 


Let a, b, c, etc., represent numerals. 


Let x, y, 2, etc., represent literal numbers. Then the 
ae a the three textbooks are: 


ax ; a a P 
* and “Y occur 848 times; —— and —— occur 2 times; 
b bx bay 

OE a Oo F Tle Zz : 

—, —, and — occur 245 times; —,» —) and -, occur 8 times. 
et x OL eg, x 


This is an inadequate preparation for the actual use of 
algebra in later mathematical study, science, or the general 
work of life. The larger numeral, the persisting literal 
factors, and the higher power probably do go in the numer- 
ator oftener than in the denominator, but not in the ratio 
of 110 to1! If fifteen year old boys and girls have a certain 
result happen 110 times as often as its opposite, they tend 
to think of that opposite as impossible or wrong. They will 
feel no surety when any division comes out with a balance 
in the denominator. 

The customary procedure is due to the tradition that 


considered fractions as a difficult matter, not to be touched 
in any way until all operations with integers have been 
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mastered, and to the effort to fit the pupils’ operations to 
the two rules of dividing by subtracting exponents and of 
reducing fractions by dividing both numerator and denom- 
inator by the same factor. The tradition is simply non- 
sense, a fallacious notion due to analogy with arithmetic and 
the idea that because fractions as a whole are hard, every- 
thing about them is hard. The fraction form is universally 
used in the division of a monomial by amonomial. The plan 
of fitting the pupils’ operations to the two rules has much in 
its favor, and can reasonably be retained, the defect in the 
pupils’ habits being remedied by extending the notion of 
division when reduction of fractions is learned, and by ss 
suitable practice then and thereafter. 


It would, however, perhaps be still more effective to make 
the procedure general from the beginning by introducing 
—1, —2, and 0 as exponents, teaching their meanings, and 


ai ° —1 a 
permitting either a or q os an answer tO==: OF and 


a? 
a’ oe 
similarly for all factors remaining below the fraction line. 
Teachers in general will be shocked at the proposal to teach 
anything about negative exponents at this stage; but the 
most acute teachers may not be. For some of them have 
perceived by intuition and experience, what psychologists 
infer from general principles, that it is often very advan- 
tageous to get used to a few elements of a topic or doctrine 
long before the doctrine as a whole is systematically taught. 
Thus in arithmetic we now teach certain facts about the 
addition of fractions two or three years before the general 
treatment of the addition of fractions, and teach addition, 
subtraction, multiplication, and division with United States 
money long before the general treatment of decimals, and 
do so with great profit, both to the early work and to the 
general treatment when it comes. 
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We teachers and learned people are obsessed by two 
tendencies: to learn everything about anything and to teach 
everything about anything that attracts our intellects. The 
former tendency is, in spite of certain pedantries, perhaps 
the greatest blessing the world has. The latter is also a 
blessing on the whole, but it can be made a greater blessing 
if we control it. It has needed control in algebra. The 
educational reformers have had to work hard to convince 
teachers of mathematics that it is not wise or humane or 
scientific to burden the learning of algebra by children with 
all the factorizations ingenuity can devise, or to hide 2?—y? 
under all the disguises through which mathematical acuity 
can penetrate. This tendency to indiscriminate teaching 
still needs control. 

Consider the case of the teaching of radicals as a sample. 
Suppose that we eliminated all the customary work with 
radicals and the customary general systematic treatment of 
powers during the first year, and instead taught the facts 
now taught much later concerning fractional exponents and 
negative exponents, plus the following: 


is 7 (5) - If a=b, a" =b". The rule for principal 


roots. 


ry firs fixe pe 
2. +/a means a’, Va means a’, 4a means a’, ete. 
./a* means a’, \/a* means a’, \/a® means a’, ete. 
4a? means a‘, ‘a* means a’, ‘a* means a’, etc. 


3. Ifin any task you meet an expression with or @_ 
or ~ , change it to an equivalent expression with the 
proper exponents (and with parentheses if necessary). 
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4. If after multiplying, dividing, raising to powers and 
finding roots by proper use of the exponents, any arith- 
metical number still has an exponent other than 1, evaluate 
by using tables of powers and roots, or by logarithms, or by 
trial and correction, if you cannot get the necessary tables. 


5. If, however, you see some way of shortening the work, 
as by (5'+7') (5'—7') =5—7, take it. 


This suggestion will, like the one on page 232, shock many 
teachers. They will think, or rather, feel, that the general 
procedure with exponents is too hard to teach thus early, 
that ./ should precede, not follow *, and that it will seriously 
mutilate algebra to omit such stimuli to ingenuity as 


es = es eo na Se Oa 
V9 (27)V/3, or (WV/84+V77) (7842/7), or RE or aay 
or to replace them by equivalents with fractional indices 
whose simplifications are aided by tables. 


These objections are instructive. The difficulty pupils 
have in learning the general procedure with fractional and 
negative exponents is largely of our own manufacture. In 
the ordinary course of events what they learn about roots, 
radical signs, surds, and rationalizing hinders them in learn- 
ing the general treatment. ‘‘If it is 2 in \/ how canit be 4? 
If it requires two distinct operations in @{8? how can you 
express it as a single fraction 8’? And why does it turn 
bottom side up? When I had to be sure to turn “a into 
two a’s (aVa) as soon as I saw one, is it reasonable for me 
to call it a’ now? In any case why not leave me to do it 
in peace in the old way that I learned at such cost?”’ Such 
is the unconscious argument of the pupil’s nervous system. 
In the ordinary type of “explanation” of the procedure 
with exponents, we are prone to add to its difficulties for all 
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save the gifted pupils. We explain how it can be true, 
justify it, and present it in the highly abstract rules: 


a” Xa"=a"*" whatever m and n may be 

a" +a'=a"" whatever m and n may be 

(a")"=a"" whatever m and n may be 
and quiz the pupils lest they be not convinced. 

Now the difficulty is not that the pupils feel logical ob- 
jections, or any intellectual shock at the innovation. Un- 
fortunately many of them would not rebel intellectually if 
they were told that hereafter a? would always mean 10a, a3 
would mean 100a, and so on. Nor are they helped greatly 
to understand the reasonableness of the new system by 
a Xa'=a"", etc. Their chief difficulty is that they are 
not used to it and do not realize what they are doing. They 
_ feel lost and dizzy with these strange exponents. They need 
first just to become at home with (a?+b?) (a?—b?) and the 
like. They need, second, to see how the results do turn 
out by this new procedure, that a? means a”? and is about half- 


; 1 
way between a? and a}, that 10~‘ is T0000° 

Such series as the following are useful for this: 
10° =10000 4° =64 9° =729 
105, = 1000 4? =32 9§ =350+ 
10°? =316+ ? 16 9% = 168+ 
10°, = 100 i= 8 9? =81 
10:'=56.2 4= 4 93 =38.9 
107=31.6 42 = 2 93 =18.7 
10'*=17.8 93 =9 
10. =10 93 =4.3267 
10! =5.6234 9? = 2.0800 
10’ =4.6416 
10? =3.1623 
10? =2.1544 
10° = 1.7782 


They need in the third place to have enough practice in 
the operations so that they can do them correctly and have 
their minds free to consider what they are doing, and what 
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comes of it, and why it is a useful thing to do, and how 
the formulas, a” Xa"=a"*” and the rest, sum up in a beau- 
tiful set of rules a great many operations which they have 
learned to perform and to trust as sure means of obtaining 
correct results. The very pupils to whom these formulas 
are baffling verbal edicts at the beginning of the learning 
may, after enough instructive practice and checking, find 
them admirable summaries of what they have learned. 

The second objection to the effect that ./ and @ and 
4 should precede ? and ? and ? can hardly have any other 
origin than mistaking what is familiar to us as what is easy 
and natural.! » * ¢ are better symbols than ./ , 7, 4 in 
every way whatsoever save two, for all pupils whatsoever. 
Their two demerits are, of course, the likelihood of confusing 
them with common fractions, and the more common use 
Ole oe Nea Ne: 

Pupils in high school are protected against the con- 
fusion with fractions by long habituation to a’, a’, a4, ete. 
They should learn to understand both types of symbol, but 
>, 2, ete., should precede. These should indeed be used in 
the first treatment of roots in algebra, whenever that may 
be, the pupil being taught that the square root of a in 
algebra is written a’, or, sometimes, +/a. 

The third objection was that the rule permitting students 
to get rid of certain surds by direct use of tables, logarithms, 
or computation instead of searching for clever ways to 
rationalize would rob algebra of a certain portion of its 
intellectuality. It would, but the general addition of in- 
tellectuality, by making the treatment of radicals as a whole 


1 It seems probable that the antipathy to fractional exponents, founded 
on their unfamiliarity, is made much worse by the strain that commonly 
attends reading them because the type used is so small. The traditions of 
the printer in this respect are very bad, and the authors of textbooks have 
weakly given way to him. Fractional exponents should, of course, be 
printed in type that is easily legible. 
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a logical and straightforward application of the theory of 
exponents, far outweighs the loss. Radicals as a whole as 
now taught are a confused set of maxims plus a bag of clever 
tricks. 

On the whole it seems conservative to estimate that at 
least three-fourths of the time now given to radicals could 
be saved with no loss, but a net gain to the pupil’s develop- 
ment.! 


ADAPTABLE HABITS versus INFLEXIBLE RULES 


The rigor of its definitions and the universality of its 
rules are among algebra’s chief merits, and we should cherish 
them. We do not, however, dignify algebra by claiming a 
universality when it is really lacking, nor by asserting some- 
thing rigorously and evading it soon thereafter. When the 
definition works only part of the time and the rule is helpful. 
for only some of the cases, it may be better to organize the 
learning as a set of rather loose and opportunistic habits 
than to insist on the rule and then qualify and amend and 
even break it. 

Consider these two definitions and these two rules: 

(1) If an expression is separated into two factors, either 
factor is called the coefficient of the other. 


(2) Terms which differ in no respect or only in their 
coefficients are called like terms. 


1Tt may be noted that an appreciation of the desirability of using the 
general procedure with exponents in the computations with radicals is shown 
by certain teachers and authors of textbooks who insert more or less of the 
general treatment along with the older teaching as an alternative mode of 
handling the computations. This, however, seems to be of little or no avail in 
lightening the pupil’s load. We do not wish to have him learn the inferior 
way and that there is a better way, but to be blissfully ignorant of the inferior 


way. We wish him only to turn _ into exponential form and to know the 
common equivalents so that he can read books using VW . Apart from that, 


the less he does with ‘a?, etc., and the more exclusively he works with at, 
a3, at, etc., the better pleased we should be. 
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(3) To add like terms add the coefficients of the common 
factor and prefix this sum to the common factor. 


(4) To add polynomials we write like terms in the same 
column and add these terms, writing their sums as a poly- 
nomial. 


Consider 4ab?c. By the definition (1) b? is called the co- 
efficient of 4ac, and it would be reasonable to call it so, but 
in actual fact it isn’t so called. 4ab? by the definition is 
the coefficient of c. 

Consider 5a?b%c, regarding one factor as 5a*b? and the 
other asc. By the definition (2) 4ab’c and 5a2bc are called 
like terms, and it would be reasonable to call them so, but 
teachers would not call them so in one case out of fifty, and 
might rebuke pupils if they so called them. Consider: 

2 
Add 8abc+4ab?c+5a2b2c to Gade-+16 + 7eef +8abe Ap- 
plying Rules (3) and (4), which shall we put in the same 
_column — all of them or only the first and last, or the first, 
last and second from the last? 

In fact, it is not the definitions and rules, but the habits 
developed by experience with particular numbers and 
expressions that teach a pupil what to regard as the co- 
efficients, and what terms to collect together in addition. 
A practical joker could arrange a set of exercises in early 
addition that would force a conscientious pupil who tried 
to follow the definitions and rules into utter bewilderment. 
Would it not be better to build up useful habits of addition 
and subtraction without the pretense that they are logical 
deductions from the definitions and rules? 

‘‘An algebraic expression in which the parts are not 
separated by + or — is called a monomial”’ is given as a 
rigorous definition; but later the pupil has to consider 
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12a’b?c 
3abe 
as two monomials though there is no separation by + or —. 

A special case of importance is the erection into fixed 
rules on a level with the most general axioms and principles, 
of technically convenient procedures like arranging in 
ascending or descending powers before multiplying or di- 
viding, writing like terms under one another, or beginning 
a monomial with its numerical factor. Every such rule 
which a pupil finds that he can break (as he can all such) 
without getting wrong answers means a risk that he will lose 
respect for and confidence in the really imperative rules. 
If we leave to habit everything that can be done as well 
by habit, we gain an added dignity for the matters that really 
are matters of principle. For example, it seems sound 
psychology to teach ‘‘If equals are added to equals the 
results are equal,” as a rule, but to teach “transposing,” 
universally valid though it is, as a convenient habit. It is 
not because he does not value rules and principles in algebra 
that the psychologist often prefers to use habits instead; 
it is rather because he does value principles and does not 
wish them to be misused and cheapened. 


3(ab—cd) as a monomial; and later he must treat 


CHAPTER VIII 
Tue ConstTITUTION OF ALGEBRAIC ABILITIES (Continued): 
LEARNING ALGEBRAIC MEANINGS AND PROCEDURES 


LEARNING MEANINGS 


It used to be customary to teach literal number, co- 
efficient, exponent, term, factor, radical, surd, root of an 
equation, and the like, by giving a definition and a few illus- 
trations, and then proceeding to use the new fact or symbol 
in computation. 

For example, a typical first lesson in algebra would teach 
the meaning of literal numbers as follows: 


In arithmetic, numbers are represented by the digits, 1, 2, 3, 4, 5, 6, 7, 8, 
9, and 0. In algebra numbers are also represented by letters. Numbers 
represented by letters are called literal numbers. 


Example 1: A girl earns 10 cents per day. How much does she earn— 
(a) in 2 days? 
(b) in 8 days? 
(c) in any number of days? 
The result in (c) may be expressed thus: ‘‘as many cents as you obtain by 
finding the product of the number of days and 10.” 
In algebra it may be expressed thus: 
Let n=the number of days* 
Then 10Xn=the number of cents earned 
So, if n is 3, 10Xn=10X3 or 30 
if nis 7, 10Xn=10X7 or 70. 
Example 2: How many quarts are there— 
(a) in 4 bushels? 
(b) in any number of bushels? 
Let «=the number of bushels 
Then 32x%=the number of quarts in x bushels. 


The assumption seems to have been that the learner got 
the meaning substantially from the definition, and made 


sure of it from the illustrations. 
240 
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Whatever the merits of the method of teaching, this 
assumption was almost certainly not true save perhaps for 
a very few of the most gifted pupils. 

Most of the pupils do not master the meanings once for 
all from the definitions and illustrations, and then fix them 
in memory by using them. They obtain vague, partial, and 
even inaccurate notions from the definitions and illustra- 
tions. These they use as best they can, and, in the course 
of using them, improve them. The lesson quoted above, 
for example, will give most pupils only a weak predisposition 
to think of n days, f dollars, m apples, p cakes, and d weeks, 
as numbers of dollars, apples, etc., rather than as misprints 
or nonsense. It will not guarantee that they are sure that 
this is the case, still less that you can multiply a figure- 
number by a letter-number, still less that since literal num- 
bers are numbers, you can add, subtract, multiply, and 
divide with them. 

If pupils who have studied diligently the lesson quoted 
above are then given the test below, there will be very few 


perfect scores. 

1. How many cents are there in f dollars? 

2. How many dollars are there in f cents? 

38. How many quarts are n quarts less 4 quarts? 

4. How many cents are x cents plus 7 cents? 

5. How many cents are there in g dollars and A dollars together? 

6. John has m apples. Fred has n apples more than John. How many 
apples has Fred? 
es ih Mary bought p cakes and ate q of them. How many cakes had she 
eft? 
8. How many weeks will it take Alice to earn 6b dollars, if she earns c 
dollars per week? 

9. How much will Nell earn in d weeks if she earns e dollars a week? 


By taking such tests, and by being told when he is right 
and when he is wrong, and what the right answers are, the 
pupil will come in time to an understanding of what literal 
numbers are. The process is not usually to get the meaning 
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all at once from the definitions and illustrations, but rather 
to get it gradually from operating with the things in ques- 
tion — literal numbers, coefficients, exponents, equations, or 
whatever they are. 

It is true that algebra is a most favored case for learniny 
meanings from definitions. The concepts to be acquired 
are beautifully clear, can be rigidly defined, are free from 
variations and exceptions, do not depend upon time or place 
or environment, and have been prepared for by the pupil’s 
study of arithmetic, of whose concepts they are in the main 
only extensions. . Definitions are relatively more efficacious 
in algebra probably than in any other high-school study 
except geometry. Yet observation of the learning of alge- 
bra shows that the pupils learn by their concrete experiences 
with letters, coefficients, exponents, etc., more than by ana- 
lytic scrutiny of their definitions. They learn by what they 
do with algebraic facts, and what the results are, more than 
by what they are told about them. 

So Rugg and Clark, after their extensive and careful 
study of algebraic learning under class-room conditions, 
largely replaced the study of definitions by graded exercises 
whereby the pupil’s own activities lead gradually to a com- 
prehension of terms. Compare, for example, their treat- 
ment of radicals [1918, pp. 337-346] with the older type 
of treatment. 

The need of actually working with symbols and abstract 
ideas in order to understand them, beginning with partial 
and crude notions which are extended and refined as one uses 
them, is demonstrable even in learning by highly trained 
adults of notably superior ability. Let the reader, for ex- 
ample, if he has not studied the theory of variable measure- 
ments, work through such a book as Yule’s Theory of 
Statistics, and observe his learning. He will find that he 
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learns what variability, mean square deviations, correlation 
coefficients, regression equations, partial correlations, and 
the like are by working the problems as truly and as much 
as he learns how to work the problems by the definitions 
and illustrations and discussions of these terms. Yet it is 
probably much easier for a person of the ability of the 
average reader of this book to understand these statistical 
concepts by direct analysis and the inspection of a few illus- 
trations than for the average first-year high-school pupil to 
understand literal numbers, polynomials, signs of aggrega- 
tion, the relations of signs to the four quadrants of the 
Cartesian codrdinate system, fractional exponents, and the 
like. 

Pupils learn meanings by direct experience of the facts 
in question just as truly in the case of coefficient, exponent, 
and surd, as in the case of ampere, volt, and ohm, or in the 
case of oxygen, hydrogen and sulphur, or even in the case 
of amceba, paramcecium and amphioxus, diphtheria and 
smallpox. The difference is one of degree; the verbal 
description helps much more with the mathematical ideas, 
which deal with a narrow content of number and quantity, 
in a few relations, than it does with the biological or medical 
ideas which involve size, color, shape, and chemical com- 
position, in many intricate relations and with elaborate 
serial changes. 

Pupils also learn meanings gradually in algebra as they 
do in the less formal sciences. Consider what would happen 
if, after the first few lessons which assume to teach pupils 
that you can represent any number by a letter, and that a 
formula states a fact about literal numbers, and another set 
of lessons which state and illustrate the axioms that you 
can add equals to equals, subtract equals from equals, etc., 
the pupil was confronted by the following task: 
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ax+b=0 
State a formula for finding what x equals in any such equation. 


Find what x equals in se +p=0 by substituting in your formula. 
Find what x equals in 2s =0 by substituting in your formula. 
b 


Find what x equals in f+ (646) =0 in the same way. 


The pupils (save a very few, very gifted individuals) do 
not from these early lessons really understand what a literal 
number is, or what a formula is. They grow into that 
understanding by adding, subtracting, multiplying, dividing, 
by transposing, evaluating, and solving. Computation with 
literal numbers is not simply a technique learned so as to 
enable pupils to find certain answers; it is one chief means 
by which they get the notions of algebra itself, of a ‘‘gen- 
eralized arithmetic,” of the possibility of stating a quan- 
titative relation in a formula or equation, of directed num- 
bers, or of the system of exponents. 


LEARNING ALGEBRAIC COMPUTATION 


The usual method of teaching the operations in algebra 
is to state the rule or procedure with a certain amount of 
explanation that it is a right rule and why it is a right rule, 
then have the pupil apply the rule, and finally give him 
practice so that he can do the operation in question almost 
without thinking of how he does it or why he does it in 
that way. The principle or rule with its justification comes 
first, then the operating in accordance with it. There is a 
rather wide variation in the amount of explanation that the 
procedure is right and why it is right, but there is rather 
general agreement in assuming that the pupil first learns 
how he is to operate by a general rule, and eventually comes 
to operate with little or no thought. 
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Modern psychology, however, is suspicious of all cases 
where habits are supposed to be easily derived from prin- 
_ ciples. It so often happens that the really effective prin- 
ciple is the product of the habits, not their producer. A 
man’s conduct seems to determine his conscience more than 
his conscience his conduct. Principles are not, as a rule, 
general but rather are limited to the fields where they have 
had habitual operation. Young notes that pupils asked to 


find the value of, say, e in a= 1.45+5 will proceed to ‘‘ Let 


x=e; then a= 146+", etc.”’ In the learning of arithmetic 


in the common schools the understanding of how and why 
to carry in adding, to manipulate the partial products in 
multiplication, to place the decimal point, and the like, seems 
to come to many pupils only after they have done these 
things many times. Many of them learn to operate by 
imitation, in the first instance, the general statements of 
how and why being little more than nonsense words to them, 
and acquire their understanding of the general statements 
by first acquiring habits which the general statement 
describes or justifies. 


There is, of course, a better chance for learning by 
grasping a principle or rule and applying it so as to form 
certain habits, in the case of high-school pupils than in the 
case of pupils in general; and in the case of algebra than in 
the case of, say, a foreign language. The high-school pupils 
are, with few exceptions, from the top two-thirds of the 
population for abstract intellect. The operations in algebra 
are clearly and fully describable, and the reasons why one 
should operate in such and such ways are rather easily seen 
and appreciated. a” Xa'=a" and (a")"=a", forexample, _ 
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are perhaps as teachable as any rules found in all secondary 
teaching. 

Nevertheless we maintain that the pupil learns the rules 
of algebra by operating as truly as he learns how to operate 
by being taught the rules. We maintain, for example, that 
the formation (even by mere imitation and unthinking 
acceptance) of special habits like a?Xa=a', a?Xa?=a‘, 
wva=as, b&Xb=b', etc., is a natural and useful step toward 
learning the general modes of multiplying. The pupil builds 
up or integrates his habits into rules, as well as derives new 
habits from rules. Learning to compute algebraically is not 
only, or chiefly, learning rules and how to apply them; it is 
also building up a hierarchy of habits or connections or 
bonds which clarify, reinforce and, in part, create the under- 
standing of what the rules mean and when to apply them. 

Algebra appears to a competent abstract thinker after 
he has learned it as a series of deductions from certain 
definitions, axioms, and very general laws (such as that 
at+tb+c=b+a-+e or ct+tb-+a, or that abec=bac, or bca or 
acb). Algebra to most learners, however, is in large measure 
forming more or less particular bonds or connections, such 
as aXab=a’b, a(a+b) =a?+ab, a means la, —aX —b=-+ab, 
learning to operate several of these together as needed, 
organizing them further into more inclusive habits and in- 
sights, summing up what one has learned to do in rules, 
and thus gradually attaining a sense of what it is right to do 
with literal numbers and why. 

We may become convinced of the importance and pri- 
macy of this process of association, connection, or bond 
forming by considering (1) the changes in the teaching of 
algebra made decade by decade, and (2) the stock errors 
made by learners. 
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In the course of selecting methods of teaching that give 
good results, less and less emphasis is put by teachers, text- 
books, and courses of study on the learning of rules. 

Our fathers were supposed to learn how to multiply 
algebraically by learning to answer such questions as those 
shown below [Davies, 1866, p. 56 f].! 


MULTIPLICATION 


41. 1. Ifa manearns a dollars in 1 day, how much will he earn in 6 days? 


Analysis.—In 6 days he will earn six times as much as in 1 day. If he 
earns a dollars in 1 day, in 6 days he will earn 6a dollars. 


2. If one hat costs d dollars, what will 9 hats cost? Ans. 9d dollars. 
3. If1 yard of cloth costs c dollars, what will 10 yards cost? Ans. 10c dollars. 
4. If 1 cravat costs 6 cents, what will 40 cost? Ans. 406 cents. 


5. If 1 pair of gloves costs b cents, what will a pairs cost? 


Analysis.—If 1 pair of gloves cost _b cents, a pairs will cost as many times 
b cents as there are units in a: that is, b taken a times, or ab; which denotes 
the product of 6 by a, or of a by 8. 

Multiplication is the operation of finding the product of two quantities. 

The quantity to be multiplied is called the multtplicand; that by which 
it is multiplied is called the multtpli2r; and the result is called the product. 
The multiplier and multiplicand are called Factors of the product. 

6. If a man’s income is 3a dollars a week, how much will he receive in 
4b weeks? 

3a X 4b = 12ab. 


If we suppose a =4 dollars, and b =3 weeks, the product will be 144 dollars. 


Norr.—It is proved in Arithmetic (Davies’ School, Art. 48. University, 
Art. 50), that the product is not altered by changing the arrangement of 
the factors; that is, 

12ab =aXbX12=bXaX12=aX12xXb. 


MULTIPLICATION OF POSITIVE MONOMIALS 


42. Multiply 3a%b? by 2a?b. We write, 
3a°b? X 2a7b =3 X 2 a? a? b? b 
=3™x<2qaaaabbb; 
in which a is a factor 4 times and b a factor 3 times; hence (Art. 14), 
302b? X 2a2b = 3 X 244d? = 6a4b3 
1 The entire treatment is quoted so as to show the questions in their proper 


relations and also for its general interest. The last exercise in application 
of the rule is “Multiply 70 a®b’ctd?fx by 12 a’b®c3d xy?!” 
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in which we multiply the coefficients together, and add the exponents of the like 


letters. 
The product of any two positive monomials may be found in like manner; 


hence the 
RULE 


I. Multiply the coefficients together for a new coefficient: 


Il. Write after this coefficient all the letters in both monomials, giving to 
each letter an exponent equal to the sum of its exponents in the two factors. 


41. What is multiplication? What is the quantity to be multiplied 
called? What is that called by which it is multiplied? What is the result 


called? 


42. What is the rule for multiplying one monomial by another? 


In good schools today one seldom hears the order ‘‘State 
the rule for” in the beginning stages of the learning of an 
operation. The illustrations are given more attention; in- 
structive exercises which aid in the formation of the mental 
connections are given still more. Thus it is now customary 
to give analogous exercises from arithmetic which recall the 
mental connections that the pupil already has as a result 
of his past learning and to modify these connections or bonds 
to fit the uses of algebra. The exercises applying the rule 
are more and more such as a pupil might do without first 
understanding the rule. 

For example, ‘“‘To add a positive number to a negative 
number, take the difference of their absolute values and 
prefix the sign of the numerically greater number” is fol- 
lowed by problems about an elevator going up and down, 
an engine going back and forth, a man’s property and debts, 
and a game with credits and penalties. Common sense does 
not need psychology to tell us that these problems help a 
pupil to learn the rule much more than the rule helps him 
to solve the problems. 

The rules more and more take the form of convenient 
statements of what you do rather than laws as to how you 
should think. Such a rule as, 
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‘“A minus sign before a number means that the number 

is to be subtracted, e. g., 

—4 means that 4 is to be subtracted 

—a means that a is to be subtracted 

—mp? means that mp? is to be subtracted,” 
is obviously designed to prevent the pupil from efforts to 
think out the distinction between — as a sign of the direction 
of the number and — as a sign for the operation of sub- 
traction. It hides that issue deliberately so as to give the 
pupil help in the actual operating connections to be formed 
with —.! 

The exercises applying the rule more and more take the 
form of graded series which clear up what the rule means. 
The custom, once fairly common, of making the exercises 
chiefly a series of probes to find weak spots in a pupil’s 
knowledge of the rule, is vanishing. Such exercises are 
fewer in number and are given late in the development of 
the topic. 

Mr. Symonds found [1922] that certain pupils’ errors 
were in large measure explainable by inadequate mental 
connections, and inability to operate several connections 
(each adequate in certain simple situations) together. in 
proper codperation. It is important to remember that these 
pupils were chiefly pupils of good achievement in other 
school subjects. They were then not, in the main, pupils 


1 We do not imply that this clever attempt at unification of the habits of 
response to—(the minus sign) is justifiable. The point here is simply that 
it 1s a recognition (possibly unconscious) of the importance of connection- 
forming,— a sacrifice of the “logic” of the rule to its serviceability in estab- 
lishing useful mental bonds. The very same point is illustrated by those 
who would accentuate the difference between the two uses of — by writing 
the sign above the letter to mean the direction of that number fiom zero, 
and by writing the sign before the letter to ps only the nature of the opera- 


tion. That is, they would use +a, —a, +a and even — a. A chief 
value of this would be that good mental connections or habits would not 
interfere with each other, as they now do. 
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who were unable to learn the general rules of algebra, who 
had to work by mere habituation, and consequently had to 
make both their successes and their failures on the habit 
level. On the contrary, if these pupils, intelligent in general, - 
fail often in algebraic work by lack of proper direction, 
strength, and organization of algebraic connections or bonds, 
it is probable that the other pupils fail still more. 

Learning algebraic computation is, and should be, in 
large measure the formation and organization of a hierarchy 
of mental connections or bonds. The science of teaching 
algebra must consider what these bonds are, the amount of 
practice each should have, how this practice should be dis- 
tributed, how the order and methods of formation of these 
bonds may provide the maximum of facilitation and the 
minimum of interference among them.! 


LEARNING GENERAL PRINCIPLES 


The general psychology and pedagogy of associative 
thinking in relation to analysis, abstraction, and reasoning 
is the same for algebra as for arithmetic. The matter has 
been fully treated by one of us elsewhere (Thorndike, 1922, 


1 This section may have given the impression that psychology regards the 
announcement of a rule at the beginning of a topic as essentially bad pedagogy. 
We have, however, been careful to say nothing of the sort. Indeed we believe 
that in certain cases the early announcement of a rule is desirable. The rule 
may, for example, be a stimulating way of putting a question. For example, 
the contemplation of “Like powers of equals are equal”’ and ‘‘Like roots of 
equals are equal, if you treat the signs properly,” may be a good way of 
arousing the question, “What can we do in the way of squaring and cubing 
and getting square roots and cube roots and still be sure that our results are 
true?”’ A pupil who gets from these two rules at the outset only a confused 
sense that people square and cube and extract roots with the members of 
equations and that he is expected soon to learn something appertaining thereto, 
may still have profited from them. A rule may be useful by suggesting a job, 
even if it does not specify it, or by specifying a job even if it does not help 
do the job, or by helping do the job, though only as one minor factor. Rules 
have many uses. In general, however, it seems desirable to use rules less 
as edicts at the beginning, and more as convenient verbal summaries of what 
a pupil has learned to do. 
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Psychology of Arithmetic, chapters 3, 4, 9, and 10); and we 
shall make here only a bare statement of the relevant con- 
clusions. Readers who find difficulty in understanding or 
in accepting these conclusions should consult the discussion 
in the case of arithmetic. 

In recognizing the importance of association or connec- 
tion-forming or mental habit in the learning of algebra there 
need be no sacrifice of the so-called “higher powers” of 
abstraction, generalization, and reasoning. These higher 
powers are in reality the codperation of many connections 
or bonds selected and given proper weight for some purpose. 
An equal or greater mastery of the general principles of 
algebra is secured by reaching them gradually and in the 
progress of the learning of algebra as a result of learning it, 
rather than by demanding that they be mastered all at once 
at the beginning as a means to learning it. For very gifted 
pupils there is perhaps a loss of time and of training in rea- 
soning, but for most pupils there is a gain. Instead of 
demanding that a pupil master certain meanings, rules, and 
principles from verbal descriptions, and making it difficult 
for him to learn algebra unless he does, we form bonds which 
provide him with useful algebraic abilities in any case, and 
stimulate him to understand principles so far as he has the 
ability. 


CHAPTER IX 
Tur CoNnsTITUTION OF ALGEBRAIC ABILITIES (Continued): 


Tur SELECTION OF THE PARTICULAR MENTAL CONNECTIONS OR 
Bonps To Br FoRMED 


DESIRABLE MENTAL CONNECTIONS NOW OFTEN NEGLECTED 


Bonds should be formed with tasks extending algebraic 
symbolism to include Roman letters, capital letters, primes, 
and subscripts, and using other letters than a, b, c¢, 2, y, 
and z. This is of real, though not of great importance. 
There are three reasons for it. First, the generality of alge- 
braic symbolism is more surely taught. Second, the fact 
that any literal number does in actual use stand for some 
number of something is more surely kept in mind if we let 
nm, and nz rather than x and y equal the smaller number and 
the larger number, if we let I’, 1”, andl” or pi, po, and ps 
equal the length of the three pendulums in inches, ete. 
Third, the pupil is better fitted for reading algebraic dis- 
cussions. Customary usages should also be followed in the 
symbols for angles, masses, distances, times, etc., other 
things being equal. 

Bonds should be formed between the situation ‘‘A for- 
mula or equation to be read”’ and a realization of the rela- 


tions which the formula states. Really reading P= a —K 


means understanding that as A increases P increases, as V 
increases P increases, as M increases P decreases, in each 
252 
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case proportionately; and that a discount of K is always 


made from a to obtain P. Professor Hedrick has empha- 


sized the importance of these bonds of insight into relations. 
They have not been formed by the standard teaching of the 
past, and will not be formed, save in the very gifted pupils, 
unless teaching takes pains to form them. Of pupils who 
had been taught algebra for one to over two years in excellent 
schools, but with the older restriction of work with equations 

to solving them, half failed with such exercises as: 
— bibs . 
atc. 


Write ‘‘larger”’ or “smaller” or “you cannot know”’ on the dotted lines. 


bi, bs, ¢1, and c2 are all positive. 


If b; becomes larger, P will become ............ 
If b. becomes larger, P will become ............ 
If c; becomes larger, P will become ............ 
If co becomes larger, P will become .............. 


From 182 pupils the numbers of correct completions of 
these four sentences were 110, 91, 98, and 87. Some of 
these, of course, were due to chance. 

These same pupils did very well with tasks to which they 
were accustomed, three out of four obtaining right answers 
to such tasks as: 


To two times a certain number 2 is added. From three times the number 
7 is subtracted. The two results are equal. What is the number? 

Find two numbers such that: Twice the first, if added to three times the 
second, equals 2. Six times the second, if added to ten times the first, equals 7. 

What is the length of the diagonal of a rectangle, if the sides of the rect- 


angle are 8 ft. and 6 ft.? 

The bond between ‘“‘a table of values of a variable to be 
read” and ‘“‘the consideration of each in relation to the 
others, and of the whole as the story of a relation” should 
be formed, or at least started on the way toward formation. 
Exercises in interpolating, in drawing the graph of the table, 
in finding an equation which expresses the table (where such 
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is a reasonable task for high-school pupils), and in such 


completions as ‘“‘The number in column 2 is about ... times 
the corresponding number in column 1”; ‘‘Add ... to each 
entry in column 2 and each will be about . .. times the corre- 


sponding number in column 1,” are much to be desired in 
algebra. Much of the work in ratio and proportion may 
well be correlated with table-reading. 

Bonds should be formed between the sight of any literal 
equation and the expectation that it tells the story of the 
way certain things occur in the world. Two great aids 
towards this are: first, the extension of work with formulas 
and their evaluation, always evaluating each formula studied 
for several cases of the relation; second, obtaining the gen- 
eral answer to a verbal problem as well as the special answer 
that fits one case of the relation in question. 

After the formal general treatment of y=ax+5 has been 
given and its graphic representation is understood, bonds 
should be formed between these general facts and the solu- 
tion for x of equations in the form of y=ax-+b, given values 
of y, and their solution for y, given various values of x. The 
latter is the more important. The solution of az+b=0 
should be connected as a subordinate special case of solving 
for « when y is given. To emphasize it without its proper 
setting is to interfere with the pupil’s learning of what a 
linear equation is. 

Bonds should be formed between the graph of the rela- - 
tion of one variable to another, and the graph formed by 
the ends of a series of rectangular columns. These columns 
should become thinner and thinner. There need be and 
should be no talk about limits, but the pupil should see the 
ends of the columns each expressing a table-entry grow into 
an approximately smooth line as the table entries become of 
narrower and narrower range. 


THE CONSTITUTION OF ALGEBRAIC ABILITIES P5155 


Bonds should also be formed later between the graph of 
the relation of one variable to another, and the graph formed 
by a moving point. Let one boy move the x crayon along 
the x axis, while another boy moves the y crayon so as to 
make y=z, or 2, or $x, or 4+2, ete. 

The first of these two supplements to the standard pro- 
cedure of locating points and joining them is needed to 
connect the algebra of graphs with the relevant facts of 
common life, which are mostly to the effect that when z is 
from 0 up to 1.0, y averages so and so; when z is from 1.0 
up to 2.0, y averages so and so, etc. The second is needed 
to enforce the lesson of dependence and relation, that the 
y varies with the x. The standard method has an important 
defect. The x variable does not seem to do anything or 
suffer any change, or in fact be in the game at all. A red 
chalk moving for x and a yellow chalk moving synchronously 
for y, help to supply the deficiency. 

Bonds should be made between the facts about ratio and 
the verbal forms in response to which we use our knowledge 
of ratio. The most important is: p is....as many (much, 
heavy, long, large, etc.) asq. When p is known to be larger 
than q, we usually think the word “times”’ before ‘‘as many.” 
The next in importance is “‘p and q are in the ratio of.... 
to....,” the ‘‘fillers’’ to be made simple for memory’s sake, 
and for convenience in calculation. 

The third is, ‘‘The coefficient of so and so (or the specific 
gravity, or the nutritive ratio, or the visibility, or what not) 
is the ratio of the such and such to the such and such.” 
One must know that the first such and such is the numerator, 
and the second such and such the denominator. Science 
* should learn to change this usage to “‘is the such and such 
divided by the such and such,” which would save probably 
one hundred thousand hours a year to students of algebra 
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and first year general science alone. In the meantime, we 
can save part of it by engraving on every mind ‘‘The ratio 
of this to that means Mey 

that 

Unless these bonds are made, it is hard to learn what 
ratio means, and still harder to use your knowledge of ratio 
when it is needed. 

Bonds between computing and checking the computation 
are of great importance. A truly algebraic computation in 
life is, except for evaluations, often a momentous matter, 
since some general relation or law is often involved, not 
merely the money of some individual, or the size of some 
one farm. The pupils are also, in many cases, soon to leave 
school and be without a teacher to inspect their work. They 
are old enough to assume responsibility for accurate work. 
They do not, as things now are, do accurate work.! 

The simplest check of all for ordinary computations and 
evaluations is not often urged by teachers. That is, to do 
the work all over again independently after, say, a half hour 
spent on something else. Yet for many pupils it would be 
an admirable practice to do, say, three-fourths of the exer- 
cises, repeating after a half hour, instead of a full assignment 
once. The customary checks for the solution of equations 
should be not only advised or ordered, but made profitable 
to pupils by the attachment of heavy penalties for wrong 
answers. A good way to provide practice with numerical 
computation, and drill on the laws of signs and the removal 
of parentheses, is through checks on the literal computation. 


UNDESIRABLE MENTAL CONNECTIONS NOW OFTEN FORMED 


It is important to find and eliminate any unnecessary or - 
wasteful bonds now being formed in the learning of algebra. 


1 The evidence for this will be presented in Chapter XII. 
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For we need to make room for the work with formulas, 
graphs, and the study of the relations between two variables, 
which every line of evidence shows are of notable educative 
value, and for the brief treatment of logarithms, certain 
other aids to computation, and the tangent, sine, and cosine, 
which are also strongly recommended. Moreover, the first- 
year course in high-school mathematics should be made a 
model first-year course in all respects, so that pupils who 
ought to study mathematics further will be led to do so, and 
so that communities which ought to provide further mathe- 
matical instruction will be led todo so. Mathematics ought 
not to be content to live on the reputation made when it was 
almost the only respectable science available for young 
learners. 


Elaborate Computations 


In a previous chapter we noted the general demand from 
experts in general education and in the teaching of mathe- 
matics that computations so elaborate as to be seldom or 
never used should be omitted. No competent person dis- 
putes the wisdom of this; but, though converted, we are-far 
from being reformed. For example, in an algebraic contest 
between schools, arranged by progressive teachers, in one of 
our most enlightened cities, in 1916, the competing teams 
were tested with tasks a majority of which required mastery 
of the speciai products and factorizations which are the least 
used features of algebra. The tasks were required to be of 
the following type forms: 

TYPE FORMS OF PROBLEMS 
I. Facrorine 


mea? +2mnzy +n2y? axvttbeta 
z’tar-b ara? — by? 
m+42mn +n? — ak? eta 
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TYPE FORMS OF PROBLEMS—Continued 


II. Sprciat Propucts 


(ax -eby)? (m+n-a) (m+n+-a) 
(m+n) (m—n) (wa) (a+b) 
(atb+c+d)? (ax-by) (cx-dy) 
(ate) 


IIJ. Fractions 

(a) Problems in addition and subtraction. 

(b) Problems in multiplication and division. 

These problems shall not involve any type of factoring or special product 
not shown in I and II, and no problem shall contain more than two fractions. 
The object is to illustrate the simple types of fractions. 

IV. Equations 


(a) Solution by factoring: 
xv’—a’=0 
v2+2ar+a?=0 
ax? +br+c=0 


(b) Simultaneous equations: 


ax+by =c 
aa? -Lb?y? =c2 


[Boughn, E. T., 1917, p. 330] 


Unreal and Useless Problems 


In a previous chapter it was shown that about half of 
the verbal problems given in standard courses were not 
genuine, since in real life the answer would not be needed. 
Obviously we should not, except for reasons of weight, thus 
connect algebraic work with futility. Similarly we should 
not teach the pupil to solve by algebra problems which in 
reality are better solved otherwise, for example, by actual 
counting or measuring. Similarly we should not set him to 
solve problems which are silly or trivial, connecting algebra 
in his mind with pettiness and folly, unless there is some 
clear, counterbalancing gain. 

This may seem beside the point to some teachers, ‘‘A 
problem is just a problem to the children,” they will say, 
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“The children don’t know or care whether it is about men 
or fairies, ball games or consecutive numbers.” This may 
be largely true in some classes, but it strengthens our criti- 
cism. For, if pupilssdo not know what the problem is about, 
they are forming the extremely bad habit of solving problems 
by considering only the numbers, conjunctions, etc., regard- 
less of the situation described. If they do not care what 
it is about, it is probably because the problems encountered 
have not on the average been worth caring about save as 
corpora vilva for practice in thinking. 

Another objection to our criticism may be that great 
mathematicians have been interested in problems which are 
admittedly silly or trivial. So Bhaskara addresses a young 
woman as follows: ‘‘The square root of half the number of 
a swarm of bees is gone to a shrub of jasmine; and so are 
eight-ninths of the swarm: a female is buzzing to one re- 
maining male that is humming within a lotus, in which he 
is confined, having been allured to it by its fragrance at 
night. Say, lovely woman, the number of bees.’’ Euclid 
is the reputed author of: ‘“‘A mule and a donkey were going 
to market laden with wheat. The mule said, ‘If you gave 
me one measure I should carry twice as much as you, but 
if I gave you one we should bear equal burdens.’ Tell me, 
learned geometrician, what were their burdens.”’ Diophan- 
tus is said to have included in his preparations for death 
the composition of this for his epitaph: ‘‘ Diophantus passed 
one-sixth of his life in childhood one-twelfth in youth, and 
one-seventh more as a bachelor. Five years after his mar- 
riage was born a son, who died four years before his father 
at half his father’s age.” 

My answer to this is that pupils of great mathematical 
interest and ability to whom the mathematical aspects of 
these problems outweigh all else about them will also be 


260 PSYCHOLOGY OF ALGEBRA 


interested in such problems, but the rank and file of pupils 
will react primarily to the silliness and triviality. If all they 
experience of algebra is that it solves such problems they will 
think it a folly; if all they know of Euclid or Diophantus 
is that he put such problems, they will think him a fool. 
Such enjoyment of these problems as they do have is indeed 
compounded in part of a feeling of superiority. 


Unnecessary Vocabulary 


Other things being equal, the learning of algebra should 
not be made dependent on knowledge of rare and unim- 
portant words. Pupils should not be asked to solve prob- 
lems which they can read only with recourse to the diction- 
ary, or to study explanations whose language is in part 
unknown. 

New technical terms whose learning is desirable, must, 
of course, be learned. These should be defined by the 
teacher or textbook as they occur. Certain semi-technical 
and non-technical words (like approximate, asset, asterisk, 
assumption, axes) which a considerable percentage of pupils 
will not know, must be learned because their learning will 
be worth while for the sake of algebra and general education. 
As a rule, however, the difficulties of algebra itself should 
not be complicated by an elaborate or recondite vocabulary. 

These precepts should be obvious, but teachers probably 
violate them again and again. They are violated occasion- 
ally by authors of textbooks who have greater ability and 
much more time to plan what they write than the teacher 
has to plan what he says. 


Teachers do not sufficiently realize that certain pupils are only too ready 
to think of school studies as pedantic, freakish pursuits, beneath the serious 
Fein: of a person who can earn money, play football, or be taken to 

ances! 
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For example, within the first fifty pages of three standard 
textbooks for first-year algebra, we find these fifty words: 


aggregation Ahmes algebraist buoyancy complementary 
consecutive debit deflection Demosthenes denominate 
Descartes Diophantes displacement dissimilar distinctive 
elementary equilateral et evaluation facilitate 
frustum Harriot haw Herigone Hindu 

identical initiation Leibnitz neutralize nitrogen 
notation Oughtred papyrus Pell polygon 
potentia prism projectile Pythagoras reintroduce 
resultant scalepan specific Stifel substitution 
subtrahend supplementary trinomial Vieta Widmann 


The use of some, perhaps a majority, of these in their 
particular contexts may be advisable, but they will need 
explanation by the teacher or special study by the pupils. 
Some of the fifty are almost certainly better replaced by 
commoner and better known words. 

Two first-year books, both written with great care and 
intelligence, make use of 580 words that are not among the 
first ten thousand of the language in importance. Many 
of these are desirable technical terms. Others are proper 
_ names used in problems and involve no appreciable burden 
on the learner. Some, like acceptable, accumulation, adapta- 
tion, alternative, and applicable, are probably worth learning 
even at the cost of some interference with algebraic learning 
itself. Some, however, are hard to justify. Calculus, com- 
mutative, concept, conjugate, criteria, cryptologist and curricu- 
lum, for example, almost certainly do more harm than good 
in an algebra for Grade 9. 


Undesirable Terms and Definitions 


In connection with learning to compute algebraically it 
is customary to learn the meanings of many technical terms 
such as coefficient, exponent, monomial, trinomial, solve, 
evaluate, and the like. There are also non-technical or semi- 
technical words and phrases which a considerable per cent 
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of ninth-grade pupils probably will not know. Such are, 
for example, assign, axiom, brace, bracket, constant, convergent, 
elumination, rdentity, inverse. 

Four general principles may be noted. First, other 
things being equal, the fewer technical terms used, the better. 
But, second, it is desirable to have a name for any fact or 
principle or operation, if it needs to be treated as a unit in 
thought. When well chosen, such hooks on which to hold 
units of knowledge are not burdens but aids. For example, 
with or soon after experience of negative numbers they 
should receive a name, such as negative or directed. Third, 
these names should be, so far as possible, descriptive and 
unambiguous. Negative numbers is thus descriptive and un- 
ambiguous. Exponent is not descriptive but is unambiguous. 
Term is neither descriptive nor unambiguous. Fourth, the 
abilities required are not to define these terms, but to respond 
correctly to appropriate uses of them. 

A useful though not infallible procedure for distinguishing 
which terms should be taught and which terms should be 
dropped or replaced by more useful ones is to test pupils at 
the end of the course and thereafter, noting those cases 
where the fact or principle or operation is retained but the 
name for it is forgotten, and also those cases where the name 
has been retained but the fact or principle or operation has 
been forgotten. In both cases the name has been of dubious 
value. Thus, few persons remember what minuend and 
subtrahend mean, though they subtract competently. Thus 
many persons remember the words parabola, hyperbola, sine, 
and cosine, but not what the facts are. 

The commonest error of teachers is to use too many 
technical terms. Bonds should not be formed between tech- 
nical mathematical terms and their meanings unless the 
knowledge in question saves more time than is required to 
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attain it. Samples of such wasteful learning are: abacus, 
accumulating errors, aeq., aequalis, affected quadratic equation, 
alternation, antecedent, associative law, commutative law, com- 
parison, composition. 

It may be objected that this verbal erudition may be 
worthy as a part of general education, even if it does not 
pay its way in the learning of algebra. This may be so, and 
in a few cases it probably is so, but in general if a technical 
mathematical term is not worth while for the learning of 
mathematics, it will not be worth while otherwise. 


The evil is real and important. Courses of study and 
textbooks by gifted authors use technical terms whose values 
for the learning of algebra are slight or even negative. In- 
dividual teachers probably indulge in them even more. For 
it is natural for anybody to think that something which is 
useful to him will be useful to his pupils; it is also natural 
to think that a word or phrase which one has devised is 
useful; and, except for a very keen critical sense, it is natural 
to think that whatever we know is good for others to learn. 

An inspection of five standard elementary textbooks 
reveals about five hundred technical terms (including, of 
course, ordinary words or phrases used with a technical 
meaning).!. Some of these are obviously needed for the 
teaching of algebra (or are needed until better terms are 
devised and made customary). Some will be of little or no 
help, will detract from interest, and will encourage the pupil 
to think of algebra as a burden and a folly. 

For the convenience of any student who wishes to ex- 
periment with algebraic terminology we present here a list 
of the technical and semi-technical terms or words used with 

1 Many are, however, due to the geometry which is taught along with the 


algebra in some of the books. Some of the terms, of course, are put in these 
books with no requirement that they be learned, 
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a special meaning in algebra, together with the ratings given 
to most of them in accordance with the following scale: 

Consider the learning of algebra alone, and rate the term 
by this scale. 

10. Essential for economical and efficient learning. 

Very useful. 
Probably worth learning. 
Probably not worth learning. 
The time is much better spent otherwise. 
Of no value at all for the learning of algebra. 

Cee 1 when in doubt whether to use 0 or 2; 

Use 3 when in doubt whether to use 2 or a ete. 

Then consider the learning of elementary algebra, plane 
geometry and trigonometry, and rate each term in column 2 
using the same scale.! 


See Se 


Each rating is an average of the averages of three groups, 
composed as follows: 

(a) Six mathematicians and authors of textbooks on 
algebra of excellent repute 

(b) Six psychologists with mathematical training and in 
all cases but one experience in teaching algebra, and 

(c) Twelve graduate students of the teaching of mathe- 
matics in secondary schools. 

When no rating is given, but only a — or +, the term 
was evaluated as almost certainly not worth learning or 
worth learning, respectively, by a preliminary rating by five 
competent judges. 

These ratings, of course, represent thought influenced by 
custom. The psychologists are the most ready to criticize 
existing customary terms, but they on the whole tend to 
vote that whatever is, is right. For example, all but one of 


1 These second ratings are not reported here. Terms which have notable 
value apart from algebra will be as a rule easily distinguished. 
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them rated trinomial as essential or very useful. Yet it 
would seem that if trinomial were essential, quadrinomial 
ought to be fairly useful. Like three-place-number in arith- 
metic, trinomial in algebra is at times a convenient designa- 
tion, but the writer cannot see wherein it facilitates the 
learning of algebra notably. With monomial and polynomial 
the matter seems very different, since these terms help to fix 
a distinction which is fundamental with respect to many 
operations. Yet these are rated actually a little lower than 
trinomial. 

The ratings by the consensus represent a mixture of much 
sagacity and sound criticism and new ideas acting on a body 
of customary opinion — producing a reputable conservative 
total judgment, with the advantages and disadvantages 
which appertain to reputable conservatism. The teacher 
may feel safe from present criticism in omitting terms below 
4.0 in credit! and in including terms above 6.0 in credit. 
Valid experimental investigations, however, may well prove 
that some of the 6.0’s should have been 4.’0s and even that 
some of the 8.0’s should have been 2.0’s. 


TABLE 27 

Ratings oF TERMS: FOR THE LEARNING OF ALGEBRA ALONE 
PDA CUS 3 18 Sis re,5.cey neko _ Affected quadratic 
PNDOSCISSA eet ah ysucunennn ts + equation .ol.c0.05 »: - 
Absolute term........ 4.2 Aggregation.......... — 
Absolute value....... ae AMOS 2 cite Hoe eane — 
Accumulating errors.. — Algebraic addition... . + 
Acute angle.......... 4.5 Algebraic expression. . + 
Addend. . bods cise c= Algebraic number..... 7h 
INGTACENU Gti as cee kes - Algebraic product... .. + 
Adjacent angles....... _ Algebraic solution... .. + 
NEG) ren Eerie aon — Algebraic subtraction . . 
NC CULAIMG tiara ioe eas wi PURI cities. sre solr _ 
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180 far as the teaching of algebra alone is concerned. Certain terms 
below 4.0 in credit are of notable value for geometry, physics, statistics, etc. 
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A certain interest attaches to the question of which 
terms the group of psychologists rates much lower than does 
The 
former rates those of list A two points or more lower, and 
those of list B two points higher, than the latter. 
in our opinion, worth considering for suggestions for elim- 
inating terms, beyond what reputable conservatism already 


the group of mathematicians and writers of textbooks. 


List A is, 
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advocates. 


List B bears witness to the influence of Rugg 


and Clark and Nunn upon the psychologists and to their 
interest in statistical work and algebra as a preparation 


for it. 
A. Psychologists lower by 2.0 


Absolute term 
Absolute value 
Algebraic number 
Algebraic solution 
Altitude 
Altitude of a triangle 
Arithmetical numbers 
Arrangement 
Ascending powers 
Base (distinct from power) 
Brace 

Bracket 
Complementary angles 
Complex fractions 
Complex numbers 
Degree of equations 
Degree of a polynomial 
Degree of a term 
Descartes 

Descending powers 
Digit 

Dissimilar terms 
Elimination 

Ellipse 

Equate 

Equation of condition 
Equations, identical 
Equivalent equations 
Extraneous roots 
Factorial 
Fundamental operations 
Imaginary numbers 
Imaginary unit 
Inconsistent equations 
Integer 

Locus 


Members of equations 
Minuend 

Newton 

Notation 

Operation 

Polynomial 

Pure quadratic equations 
Pythagoras 

Quadratic surd 
Quadratic trinomial 
Real number 
Segment, unit 

Signed quantity 
Similar terms 

Simple equation 
Specific gravity 
Subtrahend 
Supplement 
Supplementary angles 
Supplementary adjacent angles 
Surd 

Synthetic division 
Systems of equations 
Trinomial 

Unlike terms 

Verify 


B. Mathematicians lower by 2.0 


Angle of depression 
Angle of elevation 
Applying a formula 
Arithmetic average 
Bar diagram 
Central tendency 
Class interval 
Compensating errors 
Construct 
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Cosine 

Cross products 

Curve of normal distribution 
Degree of a number 
Dependent variable 
Diameter 

Direct variation 
Functions, trigonometric 
Inertia of large numbers 
Infinity 

Interpolation 

Inverse variation 


Linear function 
Logarithm 

Mode 

Normal distribution 
Opposite quantities 
Seconds of angles 
Series, discrete 

Sine 

Solving triangles 
Tangent of an angle 
Trigonometric 
Trigonometry 
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Joint variation 
Superfluous Bonds 


One of the nearest approximations to an axiom in educa- 
tion that we have is ‘‘ Do not form two or more habits where 
one will do as well.” Yet the teaching of algebra goes 
against this axiom in several of its main tasks. Consider 
the solving of quadratic equations. It is almost universal 
to teach first the solution by factoring, and to teach pupils 
confronted by a quadratic to be solved to try first to 
factor it. Later the pupil is taught to use some form of 


—b , |b?—4ac an b +/b?—4ac 4ac 
Doi aaa , usually its simplest form Oa 


“Completing the square”’ by a ‘“‘cut and try”’ process more 
or less systematized is often taught as a third intermediate 
method. 

For the purposes of real life the use of the formula serves 
not only as well as all three together but better. So large 
a percentage of the quadratics that life will offer are not 
factorable that it is a waste of time to try. 

The reasons why pupils have been and are taught two 
or three ways of doing one thing are probably: first, the 
belief that the difficult procedure of solving a quadratic 
may be made easier to learn by teaching it first in the 
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limited case of a factorable expression where computation 
and checking are easy; and second, the delight in neat and 
ingenious manipulations, requiring intelligence and alert- 
ness. Neither reason seems adequate. The former is, I 
think, based on a misunderstanding of the learner’s state 
of mind. He is not dismayed or even much disturbed by 
—b +/b?—4ac 
2a 
right answers or the difficulty of understanding why it will. 
What really bothers him is the difficulty of choosing the 
right numbers to substitute for a, b, and c in the formula. 


the difficulty of believing that will give the 


In m45—7=4 for example, he is disturbed by having ap- 


parently nothing to put for a, and may put 2 for 6, and not 
know what the 4 is for, or put 7 or 11 instead of —11 for c. 
These difficulties are nowise reduced by experience in factor- 
ing, with the resulting confidence that an answer can be ob- 
tained. On the contrary, the habit of expecting integral 
answers, and of expecting two answers to be got ma two 
—b 4»/b?—4ac 
: 2a 

than he would have been if taught it at the outset. Intelli- 
gent confidence in a general formula and understanding of 
its derivation are hard, doubtless, but no harder without than 
with the previous exercises in factoring expressions set equal 
to 0. Checking reduces the former difficulty; and graded 
training with abstract formulas, the ‘latter. 


expressions may make him less at home with 


The teacher’s delight in ingenious manipulations requir- 
ing intellect and alertness is pardonable. The brighter 
pupils share it, and may perhaps well be shown how to 
search for short cuts by factoring after thay have learned 
the general treatment. As it actually functions in the class- 
room, the solution of quadratics by factoring is not much 
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more intelligent or ingenious than substituting in the form- 
ula. The pupils are taught to find the factors by routine 
as far as is possible. 

Industry and patience mix with ingenuity and alertness 
in about the same proportions whether the pupils are trying 
to find what factors of the first term to try with what factors 
of the third, or are trying to decide how to put the equation 
into the form ax?+bx+c=0 and what in it will then corre- 
spond to a, b, and c¢ respectively. 

Consider next the treatment of numerical surds. We 
teach a pupil in some cases to rationalize the surd, in other 
cases to replace it by its numerical root, and in still others 
to leave it alone in hope that in the course of time it will be 
multiplied or divided by itself and cease to trouble us. 

Consider replacing our present teaching by the rule, ‘‘In. 
computing, replace \/2, ./3, V5, etc., by 1.414, 1.732, 2.236, 
etc., whenever you come to them, unless you see some easier 
way to get rid of them.'”” This seems barbarous, but after 
all, if a pupil lacks the wit to see the easier ways of operating 
with surds, is it wise to try to teach him when to use them? 
Will not the actual cases of numerical surds that the student 
of algebra will meet outside of algebra be on the whole 
managed most successfully by those selfsame students by 
the one simple rule, even if many pupils always substitute 
the root? Is it not a gain rather than a loss to leave some 
leeway for initiative and adaptability here? 

It is not so bad for pupils to lose time occasionally by 
using 1.414 where .,/2 would be better, as for them to be 
confused and half paralyzed mentally when they see, say, 
1.6+/2.94 

6++/2 
_1It is assumed here that the pupil has learned that Vax Vb=Vab, that 
Ja a 


—= = and that like powers of equals are equal. 


» tending to multiply by ./2, or to multiply by 
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6—4/2, or to multiply by 6++/2, or to give it up, because 
they forget what one is supposed to do in such cases. 


Short Cuts 


When two methods are taught one of which is of general 
applicability, but somewhat laborious, whereas the other is 
of limited applicability, but quick and easy within that 
field, we have the question of standard versus short-cut 
methods. Ability with the standard method plus ability 
with the short cuts is presumably better than the standard 
method alone. The question is whether ability with the 
short cut is of enough added value to justify the time spent 
upon it. 

Much of the work that used to be done and some of the 
work that is still done by pupils in algebra consists of learning 
to make short cuts. Special products, factorizations, and a 
large part of the work with surds are essentially short cuts. 
(a+b)?=a?+2ab+b?, (a—b)?=a?—2ab+b? and the binomial 
theorem have notable values over and above their service 
as short cut multiplications. The best of these other short 
cuts is that used in (a+b)(a—b)=a?—b?; a?—b?=(a+b) 
(a—b) and the rationalization of denominators of the form 
( )?—( )? or ( )?+()% This is easy to learn, and has a 
substantial chance of sometime being useful in mathematical, 
scientific, and statistical work. The next best is probably 
the factorization of a trinomial of the form cixv?+c.x+cs, 
when it is the product of two binomials cyv+c; and cer+cy. 
This saves much time in adding or subtracting with frac- 
tions having such a trinomial as denominator to fractions 
having its binomial factors as denominators, and in solving 

1 A more fundamental improvement is possible by teaching fractional and 


negative exponents in place of much of the present treatment of radicals, as 
was suggested in Chapter VII. 
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quadratic equations where 0 equals such a trinomial. It is 
also an engaging task for youthful ingenuity to find the 
Ca, Cs, Co, and ¢; which will fill the requirements. 

We may then take this as a sample of the learning of short 
cuts that is rather a favored case. Even this case hardly 
justifies itself to the psychologist. In the actual work of 
science we meet fractions with trinomial denominators very 
rarely. A million high-school pupils living to an average 
age of 50 will probably not meet a hundred thousand of 
them. Of these hundred thousand probably not a thousand 
will be susceptible to the factorization in question. Of these 
thousand, probably not twenty will occur in a computational 
task having as another denominator, the cyv+c; or cet+c; 
that fits. The time that the short cut saves in twenty cases 
would probably be less than one millionth of the time spent 
by the pupils in learning it. In the same way it appears 
that the time saved in life by the ability to solve certain 
quadratics by this factorization rather than by applying the 
general formula will be a very, very small fraction of the 
time spent in learning it. 

Against the teaching of the short cut and its use in frac- 
tions, fractional equations and the solution of quadratics 
stands the fact that it forms or strengthens the pernicious 
habit of expecting algebraic results to ‘‘come out even,” and 
of using the attainment of integral numbers and simple 
literal expressions as a partial check. In order to preserve 
insight and analysis and practice in using principles from 
being swamped and thwarted by computational difficulties, 
it is desirable and even necessary to have much of the pupil’s 
algebraic work be with whole numbers, even multiples, perfect 
squares, and the like. We must not waste these by using 
them elsewhere. We should be very cautious in teaching 
short cuts which work only with certain special combinations 
of whole numbers, even multiples, and the like. 
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There is the further psychological objection that learning 
these short cuts weakens the pupil’s sense that one chief 
purpose of literal numbers is to tell the story of certain real 
quantities which stand in certain real relations. For con- 
venience and economy of time in learning to compute with 
literal numbers, much work with a’s and b’s taken abstractly 
without reference to any real situation or relation, must be 
done. Is it wise to add hundreds of exercises made up to 
secure facility in a short cut? 

Finally, as is so often the case, those who introduced the 
learning of this particular short cut into first-year algebra 
and those who retain it, probably confuse value as a symptom 
with value as training. The pupil who excels others in 
general intelligence and mathematical capacity probably 
excels others more in finding the factors of a factorable 
c.t?+cor+c; than he does in straightforward computation 
—b+ /b?—4ac 

2a ‘ 
But this does not imply that learning to find such factors is 
a better training for him than learning the straightforward 
computation. Still less does it imply that it is better train- 
ing for the group as a whole. 

The only unequivocal merit of this short cut seems to 
be that it gives a certain extension and added stability to the 
insight that a or b or c can represent any number. One of 
the main trunk lines of alegbraic ability starts with such 
simple formulas about ‘‘any number” as aXa=a?, 
aXaXa=a', 3a+2a=(3+2)a, continuing on through a long 


or uniform application of a formula like 


; [ 1 
series to such asa "= qm oF b?—4ac being > 0 the roots are 


real and unequal, or the binomial theorem. The short-cut 
formulas in general enrich this series. That c,a?+c.a+c3;= 
(cga+cs) (cea+cz) if CaCe=Ci, If Cxcz=c3 and if crc4+cC6C5= 
C2, doubtless helps a little. 
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If the arguments presented hold in the case of finding 
the factors of a product of av+b and cx+d, they will hold a 
fortiort for such cases as a?+b3, at—b3, a§+3a2b+3ab?+53, 
a’ —3ab?—b?, and for a?+2ab+6? and a?—2ab+6”. 

A further reason why it is wise to keep the minimum 
standard course free from these short-cut factorizations is 
that teachers are tempted, if they teach them, to spend much 
further time in having attractive puzzles solved by their 
aid, such as: 

1. Simplify 


on? -4-352 40s +904 =a —49 4-1 20°? 4-142" 


(2a? +3b2+3) — (a? —4) 
2. Factor 6a?—9ay —15by —20br —12ax+10ab 
3. Factor 64a%— 12563 —c3 —48a?+12a —75b2c — 15bc? —1 


If they are taught only to the abler pupils and if no exercises 
involving their use are given save genuine computations 
actually made in the sciences or in the derivations and proofs 
of later mathematics where their use is demonstrably prof- 
itable, they may be allowed in the elementary course. 


AEC SANIBY Ciietd se ©. 1k 


The computation of a least common denominator as a 
step in adding or subtracting fractions or clearing an equa- 
tion of fractions is a short cut that has been elevated into the 
position of the standard procedure. Its value is problemat- 
ical. Suppose that one thousand pupils were taught to find 
the least common denominator, whereas another thousand 
were taught, in adding and subtracting, to reduce to any 
common denominator that suggested itself to them, and in 
clearing of fractions to multiply both sides by any denom- 
inator, and if the equation was not then in shape for solution, 
to multiply by any of the denominators remaining, and so 
on, equal times being spent by the two thousands in learning. 
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It is a fair question which thousand would succeed best 
with the fractions they would encounter outside of school. 
So far as disciplinary value goes the second thousand would 
seem to have a slight advantage; for the methods taught 
them emphasize more fundamental principles and leave more 
room for intelligent choice. Operating by finding the least 
common denominator, as with the first thousand pupils, is a 
little more likely to become a mystic rite. 

The computation of highest common factor may be con- 
sidered here though it is not a short, but a very long, cut for 
the computations that pupils will encounter. Pupils should 
be taught not to find it, but to reduce fractions by canceling 
out any common factors as fast as they can locate them. 


Algebra and Arithmetic 


Other things being equal, bonds already formed in 
arithmetic should be dealt with in the light of that fact. 
Doubtless many pupils have forgotten, and some have never 
learned, arithmetic, but it is bad policy to discount com- 
pletely the work of the elementary school. It is better 
psychology to take the attitude that the pupils do know 
arithmetic, and to refer them to the proper parts of their 
textbooks in arithmetic to review the matter when they do 
not, and only as a last resort to teach the arithmetic from 
the beginning. Yet the facts of similar triangles, the hypo- 
tenuse rules, and sometimes other matters, are often taught 
in algebra as if the pupils had never had any previous expe- 
rience with them. The pupil who naturally expects to learn 
something new in algebra, may be actually confused and 
perturbed by the very ease of the learning. What is a 
review of arithmetic should be clearly stated to be such. 

Other things being equal, bonds should not be formed 
between certain situations and algebraic treatment thereof, 
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when the arithmetical treatment which the pupil already 
knows is superior. It degrades algebra to invoke it to do 
what the pupil can do better without it. Yet just this is the 
stock method of introducing the equation used by almost 
all textbooks and teachers. For example, 


Six times a certain number equals 18. Find the number. 
Let «= the number. 
Then 6x =six times the number 
Since 18 =six times the number 
6x =18 
Dividing by 6, x=3 
Therefore the number is 3. 

The excuse offered for thus making algebra seem a long, 
dull way to do things will be, of course, that we need to 
have very simple cases as introductions, so that the algebraic 
fact or principle may stand out clearly, undisturbed by any 
other difficulties. We do need such simplicity, but we 
should try to secure it with a task which also illustrates the 
need for and profit from algebraic treatment. Indeed we 
may say that the difficulty of not seeing why anybody should 
“Let 2,” etc., etc., instead of just dividing 18 by 3 is one 
of the chief difficulties to be avoided. A better problem for 
the purpose would be: 

Six times a certain number equals a+2b. What is the number when 
a=10 and b=4? 

In the first steps with equations, in the use of mensuration 
and interest formulas, in ratio and proportion, and in varia- 
tion, the teaching of today often teaches pupils that algebra 
is arithmetic done in a harder way, or at least comes danger- 


ously near to such teaching. 
Integral Answers as Checks 


The connection between the attainment of a simple 
answer, such as an integral number or a familiar fraction or 
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) 2% or 123), or a or : or m+n, and 
confidence that the answer is right, and the connection be- 
tween decimal and other non-simple answers and re-com- 
puting, should not be formed. So far as numerical results 
go, this use of ‘‘coming out even”’ as a check would be folly 
in real life. With literal answers it may not be quite so 
bad, but is still mischievous. 

It is desirable in algebraic work done without pencil and 
in work made easy in all respects save the principle or process 
that is being taught, to have very easy computations. Con- 
sequently a certain percentage of answers will ‘“‘come out 
even.” This desirable percentage is however far exceeded 
by most textbooks, and probably still more by the tasks 
added by teachers. The facts for a number of texts are 
given below. 

When for emphasis on some principle or process, the 
computation is deliberately made easy, it is probably wise 
to announce frankly that ‘‘The answers to problems .... 
to .... are all integers” or the like, so that the pupil will 
use the check then and not at other times. 


mixed number (like : 


TABLE 28 


Relative Frequencies in Percents of Numerical Answers! which are In- 
tegers, ‘Common Fractions, Decimal Fractions, Surds and Imaginaries in 
Nine Standard Textbooks. 


All 

books 

Book Nes is’ C 1D) 1s F G H I com- 
bined 

Integers... @log@ Wad $68.02.56 Glee 59 58a 4 Onderson Omron 
Fractions... 23.4 10°6 19.7 16.7 15.6 14.2 Toe) 14°6 1374 15 e4 
Decimals). 4.51) 26nd) ule 20N i, AVAGHEL (en Ol US Gnet Oks ae ome 
Sue cone OLS 9 ae” SU Woe Pengelons. ato) oon eee 
Imaginaries. 700) 1.8) 30,0 020) 020m One a OROMmEINT 


1 The answers are counted from the keys and so exclude many or all of 
those obtained in work to be done without pencil. 


CHAPTER X 


New Types or Exercises IN ALGEBRA 


We very much need experiments on the feasibility of 
teaching algebraic symbolism and computational technique 
-in subordination to the study of formulas or equations that 
state general relations. It is desirable that pupils should 
gain very early a clear and emphatic sense that a, b, c, x, y, 2, 
etc., mean real numbers and quantities. At the present 
time many of them do not. 

It is also desirable that, in the words of the National 
Committee: 

The primary and underlying principle of the course, 
particularly in connection with algebra and trigonometry, 
should be the notion of relationship between variables, in- 
cluding the methods of determining and expressing such 
relationship. The notion of relationship is fundamental 
both in algebra and in geometry. The teacher should have 
it constantly in mind, and the pupil’s advancement should 
be consciously directed along the lines which will present 
first one and then another of the details upon which finally 
the pan of the general concept of functionality de- 
pends. 


Special practice is required for this. As Hedrick says 
(1921, p. 193]: 


The acquisition of such ideas is a very slow process. It 
must be begun early in a very simple manner; it must be 
presented first only by individual instances of a simple and 
numerical character; it must be fixed in the mind by repe- 
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tition after repetition, and by instance after instance, until 
thinking in such terms becomes habitual with the individual. 
Only in this way can an individual acquire what has been 
called the ‘‘habit of functional thinking.” 


We also need exercises planned more to stimulate pupils 
to learn algebra by what they themselves do and to guide 
their action, and less to test their understanding of matters 
which they have been told. 

Miss Woodyard and Mr. Orleans have worked out in 
part a series of exercises which are designed to further these 
two purposes. Some of these are presented here. 


B. FORMULA 
I 


N=nr is the formula for the number (N) of trees in an orchard having 
r rows with n trees in each row. 

In the formula thus written nr means that n is to be multiplied by r. 

Thus if n=7 and r=6, then N=6X7=42; while if n=10 and r=8, then 
N =80. 

Fill in the missing values N for the given values of n and r in Table I. 


TABLE I 


Il 


A church is divided by a middle aisle into 2 sections, each having p pews, 
seating persons in each pew. The total number of persons (N) that the 
church will seat is found from the formula N =2pn. 
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a. Explain what 2pn means. 
b. When p=25 and N =8, then N=2X25x8=400. Fill in the missing 
values of N for the given values of p and n in Table II. 


TaBLeE II 


(Exercises III, IV, and V continue the treatment.) 


VI 


The velocity in feet per second (V) with which a wave is moving is equal 
to the length of the wave in feet (L) divided by the time (7’) of one oscillation 
(rise and fall) of the wave in seconds. This is expressed by the formula: 


D 
v= 


In the formula thus written z means “L divided by T.” Thus if L=16 and 


T =8 then Vay a2. 


Fill in the missing values of V for the given values of L and T in Table III. 


TasBLeE III 


(Exercise VII is similar to VI.) 
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Vill 


a. The density of a substance is equal to the mass of the substance in 
grams divided by its volume in cubic centimeters. Write this as a formula 
using D for density, M for mass, and V for volume. 


b. Make a table using the following values for M and V and evaluate D 
(find what D equals) for these values. 


1. M=258 V=100 6. M= 489.5 V=55 
2. M=170 V= 20 To M15 taL V=67 
38. M= 97.9 V= 11 8. M=1145.9 V=53.5 
4 M= 1.2 V= 5 9. M= 64.2 V= 4:2 
5. M= 31.2 V= 12 10. M= 41.89 V= 5.6 


Does D increase as M increases? 
Does D increase as V increases? 
Does D decrease as V decreases? 
Does D decrease as M decreases? 
Does D decrease as V increases? 
Does D increase as M decreases? 


Cn 


(Exercise [X extends this work using # =F) 
(1G 


x 


a. The velocity of the recoil of a gun is found by multiplying the weight . 
of the projectile (in pounds) by the velocity (in feet a second) of the ball at 
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the muzzle of the gun, and dividing the product by the weight of the gun in 
pounds. Write this law as a formula using 


V for the velocity of the recoil of the gun 
w for the weight of the projectile 

v for the velocity of the ball at the muzzle 
W for the weight of the gun 


b. Make a table using the following values for w, v, and W and calculate 
the corresponding values of V. 
1. v= 80 w=1000 W=10,000 
2. v=400 w=1600 W=44,000 
3. v=350 w=1400 W=30,300 
4. v=360 w=1500 W=45,000 


v=125 w=1000 W=11,000 
v=135 w=1200 W=25,000 
v=245 w=1250 W=30,000 
v=180 w=1150 W =22,500 


PAPH 


c. 1. Ifw increases, does V increase? 
2. Ifv decreases, does V decrease? 
3. If W decreases, does V increase? 
4. If W increases, does V increase? 
5. If W increases, does V decrease? 


XI 


a. In making a weak solution from a strong one a hospital nurse uses the 
formula 
S 


in which N means the number of gallons of water to be added for each gallon 
of the strong solution, 

S means the strength of the strong solution 

W means the strength of the weak solution 
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If S=.08 and W = .005 then N =-45, -1=16-1=15 


b. Evaluate N for the following table of values for S and W: 


TaBLe VI 


If S increases does N increase? 
If S decreases does N decrease? 
If W increases does N increase? 
If W decreases does N increase? 
If W increases does N decrease? 


(Exercises XII, XIII, and XIV are omitted here.) 
XV 


a. A brick wall is to be whitewashed. It is L feet long, H feet high and 
contains 3 windows / feet long and h feet high. Write the formula for the 
number of square feet (A) in the area to be whitewashed. 


b. Evaluate this formula when 


Gal ne bo) Qo) 


NEW TYPES OF EXERCISES IN ALGEBRA 289 
ce. If it is desired to express A in square yards when L, H, | and h are 
given in feet, what change must be made in the formula? 


d. Evaluate A in square yards in each of the above examples. Express 
results correct to 2 decimal places. 


e. If L, H, 1, and h were given in yards in what units would A be ex- 
pressed? 


f. What is the name given to 8, in this formula? 


g. If the wall contained only one window, the formula would be 
A=LH—lh 

When the coefficient is 1 it need not be expressed, because any number 
multiplied by 1 equals the number itself; e. g.,b and 1b are the same. What 
is the coefficient of LH? of lh? : 

C. VARIATION 
II 
(Exercise I is still simpler than Exercise II.) 


N =nr is the formula for the number (1) of trees in an orchard having r 
rows with n trees in each row. Thus when n=10 and r= 7,N=10X 7= 70 
when n=10 and r=14, N=10X14=140 


a. In Table E evaluate N for the given values of n and r. 


16 | 20 | 30 | 32 


15 | 30 | 30 


12} 7] 14 


TABLE E 


b. In Tables F, G, and H, fill in the missing values of N for the given 
values of n and r. 


15 | 30 | 16 | 32 | 10 


TABLE F 


c. Study Tables F, G, and H and then write the correct word or words 
on the dotted lines. 
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TABLE G TaBLE H 


1. If x becomes twice as large and r remains the same, N becomes........ 
hee es as large. 


2. If mn remains the same, and r becomes twice as large, N becomes........ 
soe as large. 


3. If m remains the same, and r becomes half as large, N becomes........ 
oe eae as large. 


4. If m becomes half as large, and r remains the same, N becomes........ 
SA eae eee as large. 


If n remains the same, and r becomes three times as large, N.......... 


If n becomes a third as large, and r remains the same, N.............. 


If n remains the same, and r becomes a third as large, N 


5 
6 
7. If n becomes three times as large, and r remains the same, N.......... 
8 
9 


If n becomes twice as large, and r becomes twice as large, N 


10. If becomes twice as large, and r becomes three times as large, N 


11. If n becomes twice as large, and r becomes half as large, N............ 


12. If m becomes half as large, and r becomes twice as large, N 


(Exercises III and IV lead up to Exercises V, VI, and VII.) 


Vv 


D=% is the formula for the density of a substance in which 


D means the density of the substance 
M means the number of grams in a given mass of the substance 
V means the number of cubic centimeters in that mass. 


a. Make a table using the following values of M and V. Evaluate D 
for these values. 


1. M=258 V=100 4. M=258 V= 25 7 

2. M=129 V= 50 5. M= 64.5 V=100 8. 

3. M=129 V=100 6. M= 43 V= 50 9 
10. M= 43 V= 25 


M= 86 V=100 
M= 8 V=150 
M=172 V=150 
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b. Write the correct word or words on the dotted lunes. 


If M becomes twice as large, and V remains the same, D.............. 
If M becomes twice as large, and V becomes twice as large, D......... 
If M becomes three times as large, and V becomes three times as large, 


If M becomes half as large, and V becomes half as large, D........... 
If M remains the same, and V becomes twice as large, D.............. 
If M remains the same, and V becoms three times as large, D.......... 
If M remains the same, and V becomes half as large, D.............. 
If M becomes half as large, and V remains the same, D............... 
If M becomes three times as large, and V remains the same, D......... 
If M becomes half as large, and V becomes twice as large, D.......... 
If M becomes twice as large, and V becomes half as large, D.......... 


D becomes twice as large if ... becomes twice as large and ... remains 

- the same. 

D becomes half as large if .... becomes half as large and .... remains 
the same. 

D becomes three times as large if .... becomes .... as large and...... 

D becomes twice as large if .... becomes .... as large and........... 

D becomes four times as large if...... becomes twice as large and .... 


becomes half as large. 
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VI 


w= is a formula for the weight (W) of a square inch of metal, if g is 


the weight of a rectangular piece of the metal a inches long and b inches wide. 
a. Make a table using the following values of g, a, and b, and evaluate 


5 42 
W for these values. Thus if g=42, a=3, b=7, W=3—= 


3x7 > 
1. g=42 a= 3 b=7 iS (as C= ih l= ~ 
2 g=84 a=12, b=7 6g =27 a— 9b 
8. g=84 a=16 b=9 (a Ges CS is, Sil! 
4. g=28 a= 4 b=4 8. g=56 a=10 b= 4 


b. Write the correct word or words on the dotted lines. 


If g becomes twice as large, and a and b remain the same, W.......... 
If g and a each become twice as large, and 6 remains the same, W 
If g and b each become twice as large, and a remains the same, W 
If g, a, and 6 each become twice as large, W............. 000s eeeeece 
If g remains the same, and a and b each become twice as large, W 
If g and a remain the same, and b becomes twice as large, W 
If g and b remain the same, and a becomes twice as large, W 
If g becomes half as large, and a and b remain the same, W........... 
If g remains the same, and a and b each become half as large, W....... 
10. If g and a each become half as large, and b remains the same, W....... 
11. If g and 6 each become half as large, and a remains the same, W....... 
12. If £ and a each become half as large, and b becomes twice as large, 


Sod Soe) ceo teal LS SES) re 


13. If g remains the same, a becomes twice as large, and b becomes half as 
large; Witten nee 
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If g and a each become three times as large, and b remains the same, 
Ww 


If g becomes three times as large, and a and b each become twice as 
large. Wiewsncenten 


If g increases while a and b remain the same, W..................... 
If g and a remain the same, while b increases, W. ..................-. 
If g decreases while a and b remain the same, W..................... 
If g and b remain the same while a decreases, W...............+.-.-. 
If g increases while a and 6 both decrease, W............0 000 cee eees 


Vil 


If W =the weight of a bag of marbles 


b=the weight of the bag alone 
n =the number of marbles in the bag 
m =the weight of one marble 


then the formula for the weight of the bag of marbles is: W=b-+nm. 


Make a table using the given values of b, n and m and evaluate W. 


Thus if b=10, n=44, m=11, then W =10+44X3=76 


1. b=10 n=44 m=1}3 6. b=30 n=66 m=1} 
2. b=20 n=44 m=13 We O20 SOO 
8. b=20 n=22 m=I1F 8. b=10 n=22 m= 4 
‘4. b=10 n=44 m= 3 9. b=20 n=33 m=1} 
5. 6=20 n=44 m= LO 6 = 10a — Some 
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b. Write the correct word or words on the dotted lines. 


If b increases while n and m remain the same, W..:.................+ 
If b and m remain the same, while n increases, W.................... 
If b decreases while n and m remain the same, W.................... 
If b and n remain the same while m increases, W................--.-- 
If b and m remain the same while n decreases, W.................--- 
If band n each become twice as large while m remains the same, 


If 6b and n remain the same while m decreases, W.................... 
If b and m each become twice as large while remains the same, W...... 


W will become twice as large if .... become twice as large and .... 
remains the same. 


If b and n each become half as large while m remains the same, W...... 


If 6 and m each become half as large while n remains the same, W...... 

If b and n each become 3 times as large while m remains the same, 
Ra ve ne trees cate ee 

W will become half as large if .... become .... as large, and .... 
remain the same. 

W will become a third as large if .... become .... as large, and .... 
remains the same. 

W will become twice as large if .... become twice as large, and .... 


remain the same. 


(Exercise VIII is similar to VII, but with L =4j+8g.) 


IX 


A =CD-—cd is the formula for the area of a stone wall to be whitewashed, 


the length of the wall being C feet and its height D feet, and there being in 
the wall a window whose length is c feet and whose height is d feet. 


Thus if C=60, D=48, c=4, d=3, then A =60 X48 —4X3 =2868 


if C=60, D=24, c=4, d=3, then A =60X24—4X3 = 1428 


a. Evaluate A for the given values of C, D, c, and d in Table P. 


2868 


TABLE P 
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b. Evaluate A for the given values of C, D, c, and d in Tables Q, R, S, 


ew, and).V.- 


30 | 60 | 30 | 60 


24 | 24 | 24 | 24 


TABLE S 


TABLE U 


c. Study Tables Q, R, 8, T, U, and V, and then write the correct word 


or words on the dotted lines. 


1. If C increases and D, c and d remain the same, A 


2. If Dincreases and C, c and d remain the same, A 


TABLE R 


TABLE T 


TABLE V 


Ruleke. wisee 9 el sho) 4) WEr vos vu" 90 9 
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If c increases and C, D and d remain the same,A.................-.. 
If d increases and C, D and c remain the same, A........... come eae 
If C decreases and D, c and d remain the same, A................-.-. 
If D decreases and C,c and d remain the same, A................+.. 
If c decreases and C, D and dremain the same, A................... 


If d decreases and C, D and c remain the same, A................... 


COO A PAP w 


If C and c both become twice as large and D and d remain the same, 
A 


10. If D and d both become twice as large and C and c remain the same, 
A 


11. If C and d both become twice as large and D and c remain the same, 
A 


12. If ef and c both become twice as large and C' and d remain the same, 


1S lives crandud rallsbecamestwice as lalyexlcmmes een camera tee ene 


4 it i and d both become half as large, and D and c remain the same, 


d. 1. If C becomes twice as large, and D, c, and d remain the same, 
does A become twice as large? If not, how does A change? 


2. If d becomes twice as large and C, D, and c remain the same, does A 
become twice as large? If not, how does A change? 


3. If D becomes half as large and C, c, and d remain the same, does A 
become half as large? If not, how does A change? 


4. If c becomes half as large, and C, D, and d remain the same, does A_ 
become half as large? If not, how does A change? 


BE. FORMULAS 
I 


a. Ifa rectangular sheet of metal c inches long and d inches wide weighs 
g ounces, what is its weight (w) to the square inch? 


b. 1. What will be the weight (W) of a piece m inches long and k inches 
wide? 

2. What will be the weight in grams to the square inch of this same kind 
of metal? 

3. What will be,the weight in grams (Wg) to the square centimeter? 

4. What will be the weight in grams (W) of a piece e centimeters long 
and f centimeters wide? 

(See Tables for equivalent English and metric units.) 
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c. Evaluate W from the following table of values: 


Ww 


10 oz. per sq. in. 


8.3 0%. per sq. in. 


132 gm. per sq. cm. 


160 gm. per sq. cm. 
12.6 oz. per sq. in. 


12 oz. per sq. in. 


150 gm. per sq. cm. 


II 


If there are s subscribers in a telephone system, the number of connections 
(N) a central office can make is s(s—1) 


a. Write the formula as a statement. 


b. Evaluate when s=100; 250; 500; 1000; 480; 291; 100,000. 


ce. Make a table to show changes in N when s=0, 10, 20, 30, 40, 50, 60, 
70, 80, 90, 100; thus: 
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Increase 
in N 45 | 145 | 245 


d. Make another table to show the changes in N when s=100, 200, 300, 
400, 500; thus: 


8 


N 


Increase 
in N 


Il 


When piles are driven into the ground by the ram of a piledriver, the 
weight each pile will bear without sinking or breaking, is given by the formula 


Wh 


where L=the greatest load or weight in tons that the pile will bear 
W =the weight of the ram in ewt. 
h=the height in feet through which the ram falls in driving the pile 
d=the distance in inches the pile was driven in by the last blow of 
the ram 
P =the weight of the pile in ewt. 


Evaluate L when 
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IV 


When a building is heated it loses heat through the walls to the colder 
outside air. The formula used to compute the loss of heat from this cause is 


fe Ww 
n=i(Z 49+") 


in which H =the loss of heat per hour in British Thermal Units (B.T.U.) 
t=the difference between temperature inside and outside in 
degrees Fahrenheit 
n =the number of times the air is changed in an hour 
c=contents of the building in cubic feet 
g=the area in square feet of the glass in the outside walls 
W =the area in square feet of exposed wall surface. 


a. Ina 10-story building 60 ft. x 100 ft. in size and 150 ft. high with 40 
windows on each floor, each 4 ft. < 8 ft. in size, the air is changed once every 
hour. On a winter day the inside temperature is kept at 65°, while the 
outside temperature is 20°. What is the loss of heat per hour in B.T.U.? 


b. In a 22-story ana 80 ft. X 120 ft. x 325 ft. high with 50 windows 
on each floor, each 4 ft. X 7} ft. in size, the air is changed once every hour 
and a half. What is the loss of heat per hour in B.T.U. on a day when the 
inside temperature is kept at 65°, while the outside temperature is 15°? 


Vv 


The horsepower used by a steamer depends on the speed of the steamer, 
the area of the cross section of the ship, and its wetted surface. The formula 
used to compute it is 

H.P. = .0088s?(.05A + .005S) 
in which 
H.P.=the horsepower used 
s =the speed in knots per hour 
S =the wetted surface in square feet 
A =the cross section of the ship in square feet. 


a. Find H.P. when 
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b. Show that the formula 
H.P. = .00044s3 (4 +35) 


is the same as the formula just given. 


c. 1. What effect on H.P. does doubling s have while A and S remain 
the same? ; 


2. Would doubling S have the same effect on H.P. as doubling s? 
3. Would doubling A have the same effect on H.P. as doubling s? 
4. What must be done to S and A to have the same effect on H.P. as 


results from doubling s? 
VI 


The horsepower of an automobile engine is given by the formula 


H.P.=KND(D-1) (5+2) 
in which 
H.P.=the horsepower of the engine 
K =a constant depending on the kind of car (for touring cars K =.197) 
N =the number of cylinders 


D =the diameter of the cylinders in inches 
S =the length of the stroke in inches. 


a. What is the horsepower of an engine in a touring car if 


b. Show that the formula 
H.P.=KN(D-1) (S+2D) 
is the same as the above formula. 
c. 1. What is the effect on H.P. of doubling N? 


2. What other letter or letters if doubled will have the same effect on 
H.P. as doubling N has? 
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VII 


The pressure carrying the draft up a chimney is computed by the formula 


7.6 7.9 
P=H (arr ~a07) 


in which P=the pressure (measured by the height in inches of a column of 
water which it will support in a tube) 
H =the height of the chimney (in feet) 
T =the temperature of the outside air (Fahrenheit) 
t=the temperature of the inside air (Fahrenheit). 


a. Find P when 


b. Show that the given formula is the same as 


1 1.039 
Baad Or (acer - Zest) 
or 
962 1 
ged (ine ae) 


c. 1. If His doubled, what happens to P (T and ¢ remaining unchanged)? 


2. If H becomes half as large, what happens to P (7 and ¢ remaining 
unchanged)? 


3. Does a change in the value of 7’ make a correspondingly large 
change in the value of P? 


4. Does a change in the value of ¢ make a correspondingly large 
change in the value of P? 


If T becomes larger, what is the effect on P? 
If t becomes larger, what is the effect on P? 
If ¢ becomes smaller, what is the effect on P? 


SIPs 


If it is important to increase P what are the ways of doing so? 
Which would be easiest to do? 


If it is important to decrease P what are the ways of doing so? 
Which would be easiest to do? 


= 
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VIII 


a. Door plates are to be cut from a sheet of metal weighing c ounces to 
the square inch. The plates are to be rectangular, 3 inches by 5 inches in 
size. They are to have a hole in each corner 7; of an inch square. 


1. What is the weight (w) of a single plate? 

2. What is the weight by the dozen? 

3. What is the weight by the hundred in pounds? 
‘(Give answers correct to 2 decimal places.) 


b. _ If the plates are to be r inches by s inches and the holes are to be ¢ of 
an inch square, what is the weight in pounds by the hundred? 


c. 1. If the plates are to be square, p inches on a side, and the holes 


are to be circles, ¢ tenths of an inch in diameter, what is the weight (w) in 
ounces by the single plate? 


2. In pounds by the hundred? 


IX 
In a business, the “turnover” of the business is found from the formula 
C 
G spare 


T= ; 


in which 7’ =the turnover 
C =the capital invested 


vee fraction of a dollar that can be borrowed on each dollar of 
i capital 


t=the time in months required for turnover. 
a. Find T when 


@ 


50,000 


250,000 


100,000 


10,000 


b. 1. If ¢ increases while C and n remain the same, does 7 increase or 
decrease? 
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2. If C increases while n and ¢ are constant, does 7’ increase or decrease? 
3. If n increases while C and t are constant, does JT increase or decrease? 


4. By what changes in C, n, and t can 7’ be made half as large? 


(Exercise X is of the same sort as XI, but with C= niece a 
us ot R 


XI 
The pressure of water on a pipe that will not burst the pipe is called the 


safe working pressure. In cast iron pipes, such as carry water in a city water 
system, the safe working pressure is given by the formula 


in which P =the pressure per square inch 
D =the inside diameter of the pipe in inches 
T =the thickness of the iron shell in inches. 


a. Find P when 


b. Show that the given formula is the same as 


7200 D 
i yer >| T- 3+300| - ~100 
or 
2400 
2. p=2| ar-1|-76 


c. 1. In what ways can the pressure be decreased? 


2. In what ways can the pressure be increased? 


CHAPTER XI 


THe ARRANGEMENT OF ToPics IN ALGEBRA 


The bonds to be formed having been chosen, we inquire 
concerning the best order in which to form them — the order 
providing the maximum of facilitation and the minimum of 
interference, and the best opportunity for the development 
of an effective algebraic ability. 

Certain principles of order are axiomatic, as when one 
set of bonds demands another as a prerequisite. For exam- 
ple, the solution of a set of linear equations must follow the 
solution of a single linear equation. Certain principles are 
almost certain, as when the teaching of literal exponents is 
delayed until after a wide experience with literal symbolism 
and algebraic generalizations has been given. With these 
axioms and high probabilities, already understood and used 
by competent teachers, we need not deal, but may proceed 
at once to certain principles suggested by psychology and 
classroom experiments which seem likely to improve 
teaching. 

Teachers tend to favor systematic arrangements whereby 
a subject of study is divided up into topics, and these into 
subtopics, to be taught one at a time and in a certain order. 
They are intellectual, and intellectual persons favor such 
systems; also it is an advantage to them to think of alge- 
bra in that way. An outline like those following enables them 
to know quickly what their task is and how far they have 
gone with it. 

304 
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vl 


The Formula: General Number. 

The Equation. 

Positive and Negative Numbers. 

Addition and Subtraction of Literal Expressions. 
Multiplication and Division of Literal Expressions. 
Linear Equations: Problems. 

Special Products and Quotients. 

Factors. Multiples. Equations Solved by Factoring. 
Fractions. 

Fractional Equations. Problems. Formulas. 
Proportion. Variables. 

Systems of Linear Equations. 

Square Root. Quadratic Surds. 

Quadratic Equations. 

Systems Involving Quadratic Equations. 
Exponents. 


II 


Negative Numbers. 

Algebraic Expressions. 

Addition. 

Subtraction. 

Multiplication. 

Division. 

Simple Equations with One Unknown Quantity. 
Special Products and Quotients. 
Factors. 

Fractions. 

Simple Fractional Equations. 
Ratio, Proportion, and Variation. 
Simultaneous Simple Equations. 
Graphs. 

Powers and Roots. 

Quadrative Equations. 
Simultaneous Quadratic Equations. 
Powers and Roots Completed. 
Progressions. 

The Binomial Theorem. 
Logarithms. 


An order which is excellent as a means of arranging alge- 
braic abilities for contemplation, or for keeping track of 
whether they are learned, may not be a good order in which 
to acquire them. The outline which we can survey in a few 
minutes is spread out over a year for the learner. We 
who know what is to come can use a system which is value- 
less to him who has yet to learn what is to come. What he 


306 PSYCHOLOGY OF ALGEBRA 


most needs is a system and order that is good to learn by, 
not to look at. 

To us who know algebra, it is natural to think of mono- 
mial as a name for expressions like 3ab? that should be learned 
along with the expressions, but to the pupil monomial is 
probably largely an extra burden until he comes to compute 
and work with polynomials. 

The same can be said for practically all definitions. The 
usual practice is to begin a chapter containing a new topic 
with complete logical statements of the meaning of all the 
new concepts to be dealt with therein. For instance, when 
parentheses first occur, usually after subtraction, definitions 
are given for parenthesis, brace, bracket, vinculum, and 
symbols of aggregation, with perhaps an historical note con- 
cerning their origin. The first time that equations appear 
in the older texts they are introduced by definitions of some 
or all of the following: (a) equation, (b) identity, (c) equa- 
tion of condition, (d) unknown quantity, (e) roots of an 
equation, (f) right and left members, (g) solution of an 
equation, (h) axiom, (1) formal statement of the first four 
axiomatic operations upon equations (however, the axioms of 
raising to powers and taking roots often are never stated in 
the book). The chapter on radicals is likely to define (a) real 
number, (b) imaginary number, (ce) rational number, (d) 
irrational number, (e) radical, (f) surd, (g) mixed surd, (h) 
entire surd, (i) index of radical, (j) order of radical, (k) 
radicand, (1) principal root, (m) fractional exponent, (n) 
simplification of radicals, (0) like radicals, (p) unlike radi- 
cals, (q) radicals of same order, and (r) rationalization, 
before any manipulation is given. The pupil’s mind is thus 
overloaded with new concepts which he does not really 
understand until he has succeeded in performing most of 
the examples under the topic. 
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To acquire meanings through use, then to have the 
definitions as models of accurate, economical statement of 
these meanings would help the learning of algebra and inci- 
dentally be of advantage in the mastery of English ex- 
pression. 

After a person knows algebra it is natural to think of 
a before 4a or 6a, and of a+a=2a before 3a+5a=8a, and 
to think of a as simpler than 4a or 6a. This is, however, 
because the person knows so well that a means la. To the 
learner 4a or 6a is easier to understand than a, and 3a+5a= 
8a is a better first problem in addition than a+a. 

It is an easier thing for the beginner to see meaning and 
value in 2 times 3a than in 2 plus 3a. Certainly a times a 
is harder than a’ times a‘ and 38a plus 4b is harder than 3a 
times 4b. It is an even chance that 35 times 46 is easier 
than 3b plus 4b. The child sees that something happens to 
the b’s as well as to the 3 and 4 in the former, while in the 
latter he must think them separately in some such fashion 
as ‘‘something to do with 3 and 4 but nothing to do with - 
the b’s except annex one of them to the answer — where the 
other one goes I don’t know.” It is amazingly difficult for 
the person skilled in algebra to understand the interference 
these opposing ideas set up in the ordinary child’s mind; 
even few teachers remember to clear up his wonder as to 
what happens to the other b. 

Certain of the items which are recognized as difficult 
places for the average pupil, where his wrong learning must 
‘be undone (if it ever is) only at the price of much toil for the 
teacher and discomfort for himself, become much easier with 
a changed order of learning. To select a case, the unhappy 
tendency of the learner to cancel terms rather than factors 
in the reduction of fractions to lowest terms (as when he 
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Dt od) 
v?+8r715 4 OLA, 
w+4e+38 0 | Are 
7 for answer) is not the outcropping of original sin, but a 
highly natural application of the carefully learned habit of 
reducing fractions with monomial terms. (In such an ex- 


reduces and arrives at 2+5 or 


4pn2 p13 
ample as ae he is taught to get his answer thus 
5a’ 
p 2 
ee aa There is no necessity in the nature of the 
oeaey 


material why reduction of fractions with polynomial terms 
should not be taught first and reduction of fractions with 
monomial terms be made subordinate to it. So far as our 
experimentation goes, the results confirm the implications 
of this statement. 

An equally prolific source of error for many pupils lies 
in the minus sign preceding a fraction in an equation. So 
‘ long as the minus parenthesis is made a subhead under 
subtraction great care will be required to prevent and correct 
such errors. Numerous experimenters besides ourselves 
have found that making the general topic of removing 
parentheses subordinate to multiplication rather than to 
addition and subtraction decreases the difficulty. 

A certain courage in considering and experimenting with 
arrangements which seem likely to aid learning is thus 
desirable even if they seem ‘‘scrappy”’ and ‘‘confused”’ to 
the person who already knows algebra. 

There are doubtless many orders or arrangements, all of 
which are tolerable, and perhaps nearly equally effective. 
The order which seems to us the most promising on psycho- 
logical grounds is shown on the pages following. 
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DIVISION A: THE FORMULA 


(With such concepts and computation and manipulation 
as are needed.) 


1. Easy formulas. 
a. To understand. 
b. To evaluate. ° 
ec. To make. 


2. Formulas with parentheses and complex fractions. 
(As above.) 


3. Formulas containing radicals. 
(As above.) 


4. Formulas with abstract quantities. 
(As above.) 


5. Formulas with negative numbers. 
(As above.) 


6. Formulas: to “change the subject.” 


DIVISION B: THE PROBLEM 


Any quantitative issue can be solved by framing a suit- 
able special formula or set of formulas and solving. 


7. Genuine problems naturally treated as having one 
unknown. 


8. Genuine problems naturally treated as having two or 
more unknowns. 
a. Solved by substitution. 
b. Solved by addition or subtraction (treated as a 
short cut.) 


310 PSYCHOLOGY OF ALGEBRA 
DIVISION C: RELATED VARIABLES 


9. Statistical graphs. 

a. To understand and interpret graphs on concrete 
real issues, e. g., cost of living, growth of population, 
practice curves, in ++ quadrant only. 

b. To make such graphs. 


10. Mathematical graphs. 
a. The codrdinate system, with extension to —+, 
—— and +-— quadrants. 
b. Important curves, e.g., y= Ka, y=K per cent of 2, 
y=2), y=Va, y=O, Y= Xe. 
11. Direct and inverse proportion. 
a. Equation y=kx and graph. 
b. Equation y=k/x and graph. 
12. The general linear graph. 
a. Equation y=kar+b. 
13. Simultaneous linear equations. 
a. To find constants for the general linear equation 
y=kax-+b, given two sets of values of x and y. 
14. Square root. 
a. Of numbers. 
b. Of trinomials. 
15. Trigonometric ratios. 
a. ‘Tangent, sine, cosine of angles in Ist quadrant. 
16. Logarithms. 
a. For ease of computation. 
b. Slight theory of logs. based upon graph of y=10". 
17. Quadratic equations in 1 unknown. 
a. By graph. 
b. By completing the square. 
c. By formula. 
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18. The general notion of variation: summary and sys- 
tematization. 


DIVISION D: ABSTRACT FORMULAS 


19. The series. 
a. Arithmetic. 
b. Geometric. 


20. Fractional and negative exponents. 
21. The binomial theorem. 
22. Abstract formulas. 


This order of presentation differs from the customary 
arrangements chiefly as follows: 

Symbolism and computation are made instrumental to the 
understanding, evaluation, framing, and transforming of form- 
ulas. Fractions and radicals are introduced early, evaluation 
of formulas takes the place of solving many numerical equa- 
tions and changing the subject of the formula replaces the 
usual work in abstract literal equations. The straight-line 
graph follows a number of curvilinear graphs. The chief 
use made of simultaneous first degree equations is for de- 
termining the constants in the linear equation of two 
variables, y=ax+b, two sets of values for x and y being 
known. Similarly the chief use of the quadratic expression 
az’?+ba-+c is not to solve the equation ax?+bx+c=0, but to 
determine the constants when y=az?+ba+c, three paired 
values of x and y being given. The solution of simultaneous 
first degree equations in three unknowns thus becomes 
important. 

The early use of simplification of radicals in the two 
useful cases (e.g., 1/18, \/2) is in line with the attempt to 
attain early mastery of the most widely useful parts of , 
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algebra. These operations with easy radicals profitably can 
replace the customary manipulation of complicated poly- 
nomials in the early study of algebra. Such an ordering 
permits genuine applications of algebraic technique in work 
dealing with diagonals of squares and rectangles, and the 
altitudes of triangles, and facilitates computation of trigo- 
nometric ratios for given angles. 

It seems probable that much of the practice given in the 
past in the solution of quadratic equations was misplaced. 
The field of usefulness (outside the algebra text) of the 
quadratic equation is much more to be found in graphic 
representation and in evaluation of y=ax?+bzx+c than in 
the solution of the special case ax?-+ba-+c=0. 

We shall not present here the psychological facts which 
have led us to approve this order. In many cases, they in- 
volve a rather elaborate balancing of goods and ills. One 
of us is engaged in discovering its merits and defects by 
actual experimentation. We shall, however, consider these 
facts in the case of two of its features, one where it departs 
widely from universal custom, and one where it adheres to 
the older custom against the example of both Rugg and 
Clark and Nunn. 


Problem Solving as a Unit versus Problem Solving as a Series 
of Applications of all the Techniques Learned 


The customary order makes use of problems to apply and 
give drill in the technique learned in each new topic. In- 
stead, we have grouped them as a whole between the group 
on the formula and that on the relationship of variables. 
Certain considerations have led to this decision. 

First, we wish to make sure that the primary educational 
value of the verbal problem seeking a single answer rather 
than a general rule is realized. This value we take to be the 
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assured knowledge that any quantitative issue solvable from 
the data given can be solved by putting the data in a suitable 
equation or set of equations, and performing the computa- 
tions needed to solve them; and further the habit of trying to 
frame such an equation or equations when a simpler means 
of guiding computation aright does not suggest itself. This 
value seems much more likely to be attained by concen- 
trating most of the practice under the topic of problem 
solving than by scattering it under linear equations, frac- 
tional linear equations, simultaneous lnear equations, 
quadratic equations, equations involving radicals, and so on. 

Second, the use of problems after each technique as an 
application of it is likely to give so much direction in respect 
to the sort of equation to be framed as seriously to impair 
the value of the problems. The pupil working a certain 
group of problems almost knows that the equation must be 
a quadratic, or that an arithmetical series is to be used, or 
that he is expected to make two equations. 

Third, organization by the situations involved is gen- 
erally recognized as superior to organization by the character 
of the equations framed. Treating problem solving in a 
division by itself permits one to follow this principle without 
the customary restraints. 

Fourth, we have a higher regard for the making of general 
equations or formulas or relation lines and a somewhat lower 
regard for the making of special equations to solve the typical 
verbal problems, than is usual. We would secure signifi- 
cance for computations and practice with computations by 
such general equations and graphs more often and by the 
typical special verbal problems less often. “Thinking out- 
comes” from the study of algebra are highly desirable, conse- 
quently such material as is real and applicable outside school 
should be sought and utilized. Such matter is to be found 
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not only in problems leading to particular equations, but in 
data from which to make and handle general formulas and 
graphs. That these two abilities will yield as great disci- 
plinary returns on the investment of effort seems likely. 
Ability to interpret a graph correctly and ability to use 
a formula with precision are as valuable and as indicative 
of the scientific attitude of thought as ability in the cus- 
tomary problem solving. 

Fifth, there are not enough genuine, comprehensible, and 
serviceable problems to parallel the techniques of intricate 
fractional equations, quadratic equations, equations with 
radicals, and the progressions, by series of problems applying 
them. Of the five hundred or so verbal problems given in a 
standard manual, not over a hundred are such as will ever 
occur and require an algebraic solution in real life. Genuine 
problems demanding algebraic treatment do occur in statis- 
tics, economics, physics, chemistry, mechanics, surveying, 
engineering, and the like; but these are seldom compre- 
hensible to first-year pupils. All the genuine problems 
concerning states of affairs which the pupils can comprehend 
can be included in the course outlined here. 

The concentration of most of the problem solving of the 
customary sort in one division will not, of course, prevent 
the use of problems as introductions, explanations, evidences 
of utility, and the like, later, wherever they seem profitable 
for learning. We are not eliminating problems from other 
divisions but are eliminating their systematic insertion in 
the customary routine: technique A, technique A applied to 
problems; technique B, technique B applied to problems; 
and so on. 


The Placement of Negative Numbers 


The proper place for the introduction of the negative 
number has been the subject of some experimentation. 


af 
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Nunn [1914, p. 53] makes a case for delaying this extension 
of the number series until after the following topics have 
been presented: making, interpretation and evaluation of 
formulas; factorizations (common monomial and difference 
of 2 squares) and the converse expansions; easy fractions; 
changing the subject of a formula; functionality as found 
in direct and inverse proportions; using the trigonometric 
ratios especially as applied to navigation questions; graphic 
representation and interpretation; square root; radicals 
(such as \/8, V2 ; approximation formulas for the squares 
and cubes of the sum and difference of two numbers and 
the converse square and cube roots; calculation of mean, 
median, and quartile in statistical data.! 

Rugg and Clark [1918, p. ix], after experimentation in 
classes, delay the introduction of the negative number until 
the second semester’s work, presenting previously these 
topics: literal notation as an aid to problem solving; easy 
equations in one unknown and problems leading to such 
equations; use and evaluation of algebraic expressions and 
formulas; making and reading scale drawings using ruler 
and protractor; solving for unknown lengths proportions 
derived from similar triangles; the tangent and cosine ratios 
used with the Pythagorean theorem for solving triangles; 
reading and making statistical tables and graphs with com- 
putation of mode, median, and mean; and the functional 
linear graph with its equation or formula, y=axz-+b. 

The evidence as presented for this delay in introducing 
negative numbers seems inadequate. So many other factors 


1TIn connection with Nunn’s location of the negative number it should be 
remembered that a child in England using his text would begin the study of 
algebra at eleven or twelve years of age and carry it on in two or three lessons 
a week parallel with the study of geometry up to the age of sixteen, whereas our 
children begin algebra at about fourteen and study it for a year five lessons 
per week. 
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enter into any experiment of this type that, until the partial 
correlations are published, the completeness and _ trust- 
worthiness of the proof will be a matter of doubt. 

The following reasons lead us to prefer a location of this 
topic more in line with the traditional position. First, there 
are many generalizations and statements made into formulas 
which are only half truths until the comprehension of the 
negative number permits them to run the entire gamut of 
values. The painstaking care that must be exercised to 
make evaluation possible when arranging numbers for sub- 
stitution in a formula in which a minus sign occurs tends to 
rob such expressions of reality. To illustrate: ‘i. Write a 
formula for the distance apart after a given time of 2 cars 
which start from the same point and travel opposite ways 
at a given speed (d, t, si, S2); 11. The same, the cars being 
already a certain distance apart to begin with; ui. The 
same, the cars starting from the same point but in the same 
direction; iv. The same, the cars going in the same direc- 
tion and the faster being a given distance ahead of the slower 
at the beginning; v. The same, the slower car being a given 
distance ahead of the faster at the beginning.” [Nunn, 
1914 b, p.19.] The last result has fuller meaning in case the 
faster overtakes the slower and passes it, if the child under- - 
stands the negative number. 

Second, the failure to introduce the negative number 
reasonably early often makes necessary the writing of two 
formulas where one should suffice. Numerous instances to 
support this contention are available. To choose an easy 
one from Nunn: ‘i. A boy sells a model flying machine 
and a number of white mice and spends most but not all of 
the proceeds in buying rabbits. Write a formula for the 
money left over, given the sum he receives for the flying 
machine, the prices of a mouse and a rabbit, and the num- 
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bers sold and bought (R, f, m, 7, m1, n2). ii. Give a formula 
for the money he still requires if the cost of the rabbits is 
greater than the proceeds of his sale.” To make two form- 
ulas grow where but one is needed does not benefit the pupil. 

In the third place, an interference factor is to be reckoned 
with when a child taught to make and use numerous alge- 
braic expressions on the assumption of positive numbers only 
is required to readjust to the concept and use of negative 
numbers in the same or similar expressions. In case he has 
so learned his algebra that it yields him satisfaction as a tool 
of operation, his resentment at the new upsetting doctrine 
will be pronounced — and possibly the keener the more dili- 
gently he has studied the earlier algebra. To have mastered 
the method of algebraic addition, multiplication, factoriza- 
tion, and treatment of fractions, on a basis of positive num- 
bers, renders relearning the same topics with negative num- 
bers a doubly disagreeable task. Even to the teacher it 
will tend to be boring to supply sufficient drill matter to 
habituate the pupil in these processes using negative num- 
bers if the processes have been well taught earlier in the 
course with positive numbers. 

Again, there is on the part of most pupils a readiness to 
acquire new points of view at the beginning of the course 
in algebra of which it is worth while to take advantage. 
By most American children a new subject, a new teacher, a 
new classroom, a new textbook, a new group of fellow stu- 
dents are met in one happy readjustment. All surroundings 
thus conspire to amenability to revolutionary doctrine con- 
cerning what has seemed one of the fixed items of the uni- 
verse of abstract truths, namely that numbers start at 1 
(for a few children, at zero) and progress by unit increase 
to a very large sum. To take advantage of this flood tide 
in the affairs of pupils seems sound psychology. 
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For these reasons in our judgment the fundamental con- 
cept of the negative number should be taught as soon as the 
usage of literal notation is mastered — probably about the 
sixth week of the first semester. 

The chief reasons for delaying the treatment as Nunn 
and Rugg and Clark do are: (1) that two great contributions 
of algebraic learning — symbolism and the relation of one 
variable to another — can be taught without the use of 
negative numbers; (2) that these ideas are more likely to be 
mastered if the pupil is without an added burden and 
possible source of mystification; and (3) that both these ideas, 
and the extension of them and of all computational tech- 
niques to include negative numbers, will profit by double 
treatment of much of algebra, first with unsigned numbers, 
and later in a more general manner with signed or “ directed”’ 
numbers. 

We appreciate the weight of these reasons, and would at 
once admit that an excellent brief course could be given 
without generalizing to signed numbers at all, with all graphs 
and equations in the + + quadrant. Of the three things — 
symbolism, the treatment of related variables and the ex- 
tension of computation to include signed numbers — we 
also would rate the third as the least valuable. If it were 
really too great a burden and confusion to begin work with 
all three in the first three months of the course (as given in 
American schools) so that one must be delayed, we also 
should delay the third. It seems to us, however, that suf- 
ficient care and ingenuity in a graded treatment will reduce 
the burden and confusion to amounts so small that the gain 
from the greater generality of treatment will outweigh them. 
In particular, the burden will be lightened if proofs that are 
beyond his comprehension are replaced by the principle and 
experience that the laws of signs are right because they 
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always give the right results [as in (100+2) (100-2), 
checked by (102X98)]; and if only genuine, needed uses 
are brought forward; and if exercises based on credits and 
penalties in school tests and on deviations plus and minus 
from standards for ages, grades, and the like in school tests 
are used in illustration and application. Some of the diffi- 
culty with signed numbers is due to our explanations, and 
some of the confusion is due to our requiring the pupils to 
use them in cases where he would naturally and properly 
use plain arithmetic. 


CHAPTER XII 


THE STRENGTH OF ALGEBRAIC CONNECTIONS 


As things are now, pupils lack mastery of the elements of 
algebra. The extent to which this is the case can be under- 
stood and appreciated best by the consideration of actual 
test results. The tasks shown in Table 29 were the first 
twenty-eight of forty making a test for which from ninety 
to one hundred minutes was allowed and which could be 
done by first rate algebraists in twenty-five minutes without 
errors save an occasional lapse.1. Few or no complaints were 
made about insufficient time, and almost all the pupils 
attempted all of these twenty-eight tasks, and others beyond 
them. The schools were either private schools with excel- 
lent facilities, or public high schools in cities which rank 
much above the average of the country in their provision 
for education. In both cases the pupils would, beyond 
question, be superior to the average of second-year high- 
school pupils in general intellect and capacity for mathe- 
matics. All the pupils had studied algebra for at least one 
year. Most of them were continuing their study of it at 
the time the test was given (in October and November and 
December, 1921). 

It does not seem an exaggeration to say that, on the 
whole, these students of algebra had mastery of nothing 


1 Four forms of the test were used, different in the concrete details of each 
task, but constructed on the same plan and of almost exactly equal difficulty. 
The results where forms B, C, and D were used may therefore be safely used to 
make the percentages more reliable; and this has been done. 
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TABLE 29 
AND FAILURES TO RESPOND TO 


PERCENTAGES OF WRONG RESPONSES 


TWENTY-EIGHT TASKS 


in TEN SCHOOLS 
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21. 


I 


46 
44 
52 
59 
53 


ScHOooL 
Task 
AC Bal C.D Hee Gel Es 

. (5a? +4—3a?)+(a?—-2—7a?—5) |11 | 4 |10 | 7 {23 |18 |28 154 
. (—2a3 —10a—4a*) + (5a+38a3 —4a)|14 19 | 4 | 7 |20 |25 [35 |45 
. From 3a+-4b subtract 5a—9b—3c| 6 | 9 | 8 | 7 {17 j17 135 135 
From 5a—b—2c subtract 3c—3a | 4 | 6 | 7 |10 | 9 j18 |51 |32 
. 8a+8b—(38a+6b) 4|9] 7 {12 |11 |17 |89 |38 
. (5d—e) —(7e+2f) 14 |11 {12 [21 [20 J28 |42 |41 
. 7a X 2de? Ce le] OF TGs Li 268130 
. dex dre 9/9]8 | 2] 8 |24 |28 |38 
. 8—5 (d+2) 10 | 6 |24 |21 |20 /34 |29 [61 
. 4e+e (—4e—3) 10 | 6 |17 {14 |14 |30 |48 {60 
. 5np—3p (4n+3p) 14 | 9 |21 |14 [15 [28 [36 [58 
mee | 39 |11 [31 [26 |20 |44 72 |71 
4 tm4 Le ‘ 39 |26 36 |45 |23 |40 |78 /80 
EINE Calais 47 |30 |44 |45 [42 |62 |g7 |94 

mn m 
. (min) (m?n’) 3 |.2 19°] 5 | 5 128 189 158 
. (2a—7)? 4/16 | 7 {14 | 6 /18 126 |34 
. If a=2, and b=8, what does 

5a? —2ab equal? 11 | 0} 8} 5 j15 |18 |32 |44 
. If a=.7, and b=1.2, what does 

2a? —5ab equal? 57 |45 |46 |50 |63 |64 |80 |78 
. If a=1, b=2, c=.4, and d=100, 

what does a?—b-+cd equal? 44 |26 |36 [36 |32 |54 |71 |69 
Pit. a—12\°b=6;.c=5, d=3, and 

e=1, what does lab-+o(d—€)) 

equal? 59 |80 |42 |33 |87 |63 |71 |74 
If d=2, e=3, f=4, what does 

equal? 6 | 9 |17 |19 [22 las |48 les 

ef | 


66 


93 


81 


77 
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TABLE 29—Continued 


ScHOOL 
Task 

INO s spall Hot ag | etl ise) ae a 
22. a=, What does f equal? 14 |15 /13 |21 |31 |35 |58 |70 /91 |86 
23. a What does W equal? [31 |17 | 9 |21 [35 [28 |67 [80 |95 |91 

7 
24, JO What does V equal?/40 |30 |12 |21 |49 |44 |77 |82 |96 /91 
1 


25. 4g=7q+5. What does g equal? |17 {19 | 9 |L7 |26 |33 |46 [63 |71 |63 
26. 15=7w—4. What does w equal? |13 | 9 | 7 /10 |25 |26 |33 |55 |58 |49 


27. J =a-2. What does V equal? |10 | 2 | 5 | 5 |22 |19 |49 |62 |74 |74 


28. ——=0. What does u 


T= ao 
equal? 36 21 [28 150 [32 |54 |62 |89 [95 j98 


whatsoever. There was literally nothing in the test that 
they could do with anything like 100% efficiency. If they 
had been asked to add 8a to 7a, or to multiply 3b by 2b, we 
might have had nearly perfect records, but that would not 
have meant mastery of 3a+4a or 3b)X2b. Complicate the 
situation slightly, as in 7dX2de? or de?Xd?e or 4e?-++e( —4e 
—3), which are Nos. 7, 8, and 10 of the test, and the pupils 
fail. 

These results are supported by the findings in all tests of 
algebraic abilities that have been published. They have not 
stood out in such clear relief before, since in some of the 
previously given tests the pupils have been urged especially 
to speed, and in others the tasks have been more elaborate, 
complex, and difficult than those which we used. Since the 
communities and schools which share voluntarily in educa- 
tional tests and experiments tend to be far above the average 
in intellectual abilities and in educational wisdom and devo- 
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tion, it is safe to assume that the results from Monroe, Rugg 
and Clark, Hotz, and Douglas represent the work of superior 
pupils taught by superior teachers. Our results surely do. 

We quote in Table 30 the facts found by Hotz [1918] 
for pupils who had studied algebra nine months. Hotz 
reports [1918, p. 4] that ‘Evidence collected by a system 
of checks . . . seems to indicate that the time allotment 
wasample. .. . Inninety-six out of.-two hundred of the 
tests submitted to nine months’ students, exercises No. 19 
and No. 25 in the equation and formula test were inter- 
changed. They were then submitted to classes on a “fifty- 
fifty’? basis. The results showed that exercise No. 25 was 
solved correctly about three times as often when it came 
last in the list, while No. 19, on the other hand, was solved 
more frequently when it came nineteenth on the list. Sim- 
ilar checks were employed in each of the other tests, with 
the exception of the graph test, and similar results were 
obtained.” Since we quote the results for the first ! and easi- 
est sixteen out of twenty-four tasks in the addition and 
subtraction test, for the first and easiest sixteen tasks out 
of twenty-four in the multiplication and division test, and 
for the first 2? and easiest seventeen tasks out of twenty-five 
in the equation and formula test, there is still less danger 
of improper influence of insufficient time in the case of the 
tasks quoted here than for the tests in general. 


1 Not absolutely so; one was 17th in order. 
2 Not absolutely so; one was 18th in order. 
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TABLE 30 


PERCENTAGES OF WRONG RESPONSES AND FAILURES TO RESPOND 1N THE 
Case or Pupits wHo Have Strupiep ALGEBRA NinE Montus. 


ADDITION AND 

SUBTRACTION 
4r+3r+2r= 
22+32 = 
126+6b—3b= 
2c+tic= 
7x—-2+6—-—4= 
3a—46+5a—2b= 
5m+(—4m) = 
20x —(10%+52) = 
(4r —5t) + (s—3r) = 
8c—(—6+8c) = 
3a? —3b — (2a? +3b — 

A) 2= 


5a —[42 —(3a—-1)]= 


Arter Horz 


MULTIPLICATION AND 


Division 
3-7y= 
IP 
ere 
2a-4ab? = 
63 +22? = 
: of 9m = 
=oa0 
4q2 
4x. (—32y') = 
a’. (—3a) -(—2a) = 
18m?n — 27 mn? _ 
9mn = 


4 
a 
3 


ono PO KF CO 


8 


11 
12 


20 


15 


(2a +7a—9) (5a—1)=30 


Tine —30 
n?—3 Ts 

ce 

05, (20:7 

2a (G2) 

— 3227? a 

m+n pas 

a m—n 


(—82y%)*= 


24 


EQUATION AND 


FORMULA 
22 =4 0 
7m=3m+12 Ps 
32+3=9 4 
5a+5 =61—3a 7 
7 —12—3n+4=0 Gi 
10—11z=4-—8z 10 
22=6 10 
c—2 (3—4c) =12 10 
gr+iv=3 22 
tas 20 


The area of a triangle 
= $ bh, in which b= 
length of the base, 
and h=height of 
the triangle. How 
many square feet 
are there in a tri- 
angle whose base is 
10 feet, and whose 
height is 8 feet? 31 


O29 
So 4 30 
t (@+5) =5 36 
38m+7n =34 30 
7m+8n =46 

4 2 
3=a2 1-bz 31 


The area of a circle = 
ar? in which r= 
radius of the circle 
Biel gee. Find 
the area in square 
feet of a circle whose 
radius is 7 feet. 52 


In the formula RM = 
EL, find the value 
of M 49 
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We present in Table 31 the facts found by Childs [1917, 
p. 171 ff.] for the median of ten schools at the end of a year’s 
study of algebra. Having many specimens of one kind of 
task in each test may suggest to pupils that they work more 
rapidly and less accurately than they ordinarily would; on 
the other hand it should aid precision by securing a “‘set”’ 
or adaptation to the task. 


TABLE 31 
[ : Mepian NuMBER Mepian PERCENT 
Test I. Subtract. Time, 2 minutes. or “ATTEMPTS’’ or Correcr 
PER MINUTE ANSWERS 
e.g. 10a—17b+240 
—3a+ 2b—100 3.6 49 


“Trsr II. Multiply and remove paren- 
thesis. Time, 1 minute. 


e.g. +4 (4+3¢+7) of ABS 91 
Test III. Solve forz. Time, 1 minute 
e.g. +15¢v=+4 9.25 63 
Test IV. Divide. Time, 6 minutes 
e.g. 84—2+/ —32?+172—10 81 52 
Test V. Transpose terms. Time, 1 
minute 
eg. —4¢4+5=32—-9 5.35 82 
Test VI. Collect terms. Time, 2 
minutes 
e.g. —53c—10—115—40r= 3.88 69 


Test VII. State as an equation. 
Time, 4 minutes 
e.g. The sum of two numbers is 
160. The greater is four times 
the less. 1.59 73 


Find each number. 
The data of Monroe [1915] and Rugg [1917] represent 
substantially the same status. 


There is then, obviously, need for considering the psy- 
chology of the pireriotlt of the mental connections or bonds 


required in algebra. 
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We may first consider two basic propositions: 

A. These pupils could have gained the abilities needed 
to enable them to do these simple tasks with far fewer errors. 
The tasks are not beyond the intellects of most of them; 
the trouble is not that tasks 1 to 28 contain subtleties which 
they cannot comprehend. 


B. Many of them would profit educationally if some of 
the time and thought that they and their teachers have 
spent in other ways had been spent in enabling them to 
subtract 3c—3a from 5a—b—2c; to multiply 2de? by 7d, 


to fad Vewhen 2 ==" and the like. «Je-momlduen ee 


ie Ti 
if they thoroughly knew what is required to master half or 
two-thirds of this work rather than knew a little about it all. 

Probably very, very few experts in mathematics, teach- 
ing, or psychology, could be found to dispute either of these 
propositions. The truth of A, for all save the few pupils 
who are either below Stanford Mental Age 13.5 or Army 
Alpha score 56 (first trial), or suffer from a special mathe- 
matical disability, could probably be deduced from psy- 
chological facts. It is also demonstrated a posteriori by the 
fact that certain schools, not superior in their student per- 
sonnel, do secure substantial efficiency at such tasks. 

The truth of B is argued as follows: 

The disciplinary value of algebra shrinks toward zero 
when pupils operate it so as to fail with one out of four 
simple tasks. The lessons of logic, precision, and economy 
cannot well be transferred if they have not been learned for 
algebra itself. The value of algebra as a tool may fall below 
zero when pupils are so insecure in its technique. It may 
be actually better for them to earn money to hire somebody 
to do their algebra for them than to trust their own work. 
The value of algebra as an inspiration and enrichment be- 
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comes very dubious. One fears that children who are so 
much at a loss in operating with symbols and equations lack 
any very beneficial ideas about symbolism or the equation. 

It will be understood that we are not upholding B for all 
algebraic knowledge, but only, for the present, for such 
fundamental connections or bonds as are needed for such 
tasks as Nos. 1 to 28 of Table 29. Indeed, one of the most 
promising ways to secure something like 100% efficiency 
with certain bonds is to sacrifice others. For example, a 
rather long list can be made of mnemonic bonds now often 
formed at considerable time cost, all of which might perhaps 
be replaced by ‘“‘Copy these formulas carefully on a card 
and put such a card in a pocket of every suit of clothes 
(dress) you own.”’ Another long list could be made of bonds 
between various disguises of a?—b?, a?+2ab+b?, etc., and 
their factors where time might be saved, these tasks being 
left to be done, if at all, as ‘“‘originals.’’ Other cases where 
bonds may be formed to only slight or even zero strength 
will suggest themselves. 

Two objections will be made to emphasis on the strength- 
ening of bonds by thinkers who, while admitting the validity 
of propositions A and B, deprecate any tendency that may 
sacrifice the applications of algebra and its study of relations 
to formal work with symbols. They will object that the 
formal work has already more than its fair share of attention 
-and that we should not be interested in creating skillful, 
rapid algebraic computers. 

We may sympathize with these objections without aban- 
doning the view that certain bonds need to be far stronger 
than they now are. We could, in fact, reduce the relative 
amount of formal work enormously and still give more prac- 
tice to the fundamental bonds than they now receive. For 
example, the elimination of all work with polynomial denom- 
inators, division by a polynomial, and square root and cube 
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root of polynomials, would leave much time free for strength- 
ening basic bonds. Moreover, it may be that interesting 
applications of algebra are the very best means of strength- 
ening them. 

As to creating computers, the objection states a true and 
important fact, but it is not an objection. We should not 
care much about training algebraic computers; the “‘prac- 
tical’ utility of even the simplest algebraic computations, 
as such, is not widespread, as is the utility of simple arith- 
metical computation. Algebraic computation is, however, 
much more than a practical tool. It is also an evidence of 
understanding of the algebraic principles learned and an aid 
in learning others. Unless the pupil has mastery for such 
tasks as Nos. 1 to 28, he can hardly have any real apprecia- 
tion of the nature of algebraic symbolism, negative numbers, 
exponents, equations, or the axioms used in solving them. 
Nor is he probably fit to follow the derivations and proofs of 
formulas, or to select the formulas which fit given problems 
in applied algebra, or to apply them properly when selected. 
More attention to the fundamental bonds will probably be 
profitable, entirely apart from the improvement in compu- 
tation for computation’s sake. 

Without further debate about the importance of strength- 
ening these fundamental bonds,! let us consider promising 
means of doing it. 

1 By an unfortunate choice of words, it is customary to say that the basic 
mental connections involved in the use of the axioms, the laws of signs, expo- 
nents in multiplication and division, removal of parentheses, and the like, 
should be automatic. Automatic is used by many psychologists to mean 
“unconscious,” “without awareness’! We do not wish them to be automatic 
in the sense of without awareness. On ree it is rather an advan- 


tage for a pupil to be fully aware that in Pbai he is cancelling, that he leaves 


a? above as the balance from a‘ and a?, and leaves x below as the balance 
from «2 and x’ and that b must stay in, too. It is surety and readiness to 
act, not the absence of awareness or consciousness, that we desire. Strong, 
perfect, errorless, habitual, fluent, would perhaps be better adjectives than 
automatic. 
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The first is a better and earlier understanding of the 
essential fact that letters represent numbers. A pupil may 
think that abxb=ab? with the attitude “The product of 
two numbers times one of them=what?” and think, when 
he obtains the ab2, ‘This is a rule that will be true of the 
product of any two numbers by one of them,” and half- 
think ‘‘cdxd would be cd?, xyXy would be zy?.” abXb= 
ab? is to him a meaningful series like “A dog has four legs.’ 
He may, on the other hand, see or hear abXb=ab? without 
any “‘set”’ of his mind toward “generalized arithmetic,” and 
without thinking of numbers, or even, in any proper sense, 
of anything. abxb=ab? is then a nonsense series like ‘‘rig 
fan tu lo.” It will then be hard to learn and to remember, 
and will be a dead item of memory unrelated to cdxd, 


= or ab+b. If the 


“set” or attitude of the mind toward the first hundred or so 
operations with literal numbers vs permitted to become that of 
learning a queer game, where you pretend to add, subtract, 
multiply and divide letters, there is certainty that these 
bonds themselves will be weak, and probability that all later 
practice will be much less effective than it should be. Asa 
result of their experiments in teaching, Rugg and Clark were 
led to provide painstakingly for full and repeated attention 
to the fact that a,b, c...... x, y mean real numbers of some 
real objects or quantities. Work in evaluation is of great 
merit in this respect, as they found. 

The second means of strengthening the fundamental 
algebraic bonds is to form and justify the habit of expecting 
the operations to give a trustworthy, useful result. If, by 
keeping the tasks within the pupil’s powers, by providing 
them with keys and checks for use when needed, and by 
other means, we give them cause to trust their algebraic 


xyXy, and hardly differentiated from 
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results as they trust their addition of 2 and 2 or their mul- 
tiplication of 10 by 10, the connections will be made with 
distinctness, emphasis, and satisfaction. Consequently, 
they will grow strong rapidly. If, on the other hand, the 
pupil thinks ax X3axz?=3a’x? with no sense of security, the 
gain from the practice will be slight. If he feels much the same 
when he calls axX3a2? ‘“3ax?” as when he calls it “3a2x*’, 
we cannot expect rapid strengthening of the latter. Unless 
we are skillful, some of the pupils’ practice will be practice 
in error and much of it will be practice in insecurity. 

Some of the devices which have been found helpful in 
arithmetic deserve trial in algebra. Such, for example, are 
keyed exercises wherein the pupil can learn at once whether 
his response is right or wrong; and practice drills wherein 
he acquires a specified mastery of certain bonds before pro- 
ceeding to form others. Consider material like that shown 
on page 331 for early work in multiplication. The pupil 
covers the answers with a card and later looks at them to 
verify his answers. In early stages he may verify each answer 
as he obtains it. Later he may write some or all before 
verifying any. 

Consider material like that shown on page 332!, which the 
pupil uses with the directions: ‘‘ Practice with these until 
you can write the right answers in 15 minutes.”” This mate- 
rial also may be keyed, the keys being planned for convenient 
use with both oral and written practice, and used so as to 
economize the pupil’s time and encourage him to do without 
the key as soon as is wise. 

If the attention of the class is held, rapid oral exercises 
are useful in algebra as in arithmetic, having the merit that 
a wrong response meets immediate correction. 


1 Further illustrations of this sort of work will be found in recent text- 
books, for example, on pages 47, 176, 206, 254, 269, 279, 280, 305 and 309 
of Fundamentals of High School M athematics, by Rugg and Clark. 
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Exercise 1 


3xX5a 15a 3xXa 3a 
4X7b 28b 4xXb 4b 
5X6n 30n 9xXk 9k 
7X8p 56p 7Xt Tt 
8x 10q¢ 80g 6Xy 6y 
2X6a? 12a? 5x 52 
3x42 12¢ Txd 7d8 
5X 9d? 45d? 6X2 622 
7X6f? 42f? 4X ay 4ay 
10 X2m? 20m? 8xbm 8bm 
5 xX 4p 20p* 2Xcq? 2cq? 
6X34 1848 5X ep dep 
ixXout 35x 9x dz 9d2z 
8x 2y4 16y4 2xXadx 2ada 
9X3q 27q° 3X cy?23 scy?2 
2x 4ac 8ac 2aX3a 6a? 
3X 5bd 15bd 5bxX9b 45b? 
4X 7Tex 28¢ex 6¢X 4c 24c2 
5X 8mt 40mt LDPE 1422 
6X 2ay 12zy 9y X8y 72y? 
1 X2ac? 14ac? 3c¢xX4ab 12abe 
8X 38ek 24°?k 8c X9cg 72¢g 
9X 2ef? 18ef? 5a xX bay 302?y 
8X 4h2m 32h2m 3p X2pv 6 pv 
6xX5mn? 380mn? 4mXTmp 28m?p 
4X 3ab?d 12ab'd 8d X 2ad 16ad? 
Oo fe 25def2 3b X 8ab 24ab? 
7X3p¢7t 21 pq?t 2k X7dk 14dk? 
8X Qx?y28 l62?y2 5x X 9ex 45cx? 
9X 38wy2z 27 w yz 4yX 5my 20my? 
2X7x 14x 3ab X2ax 6a®ba 
3x 5wt 15wt 8ck X 4cy 82Cky 
4x 4a 16a 7Tmx X6my 42m?xry 
5 xX 4mn?p 20mn?p 8ep X 5kp 40ekp? 


6X 9axy 54ary Imp X 3ap 27amp* 
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6X9m 
4X Taxy 
3abX6ax 
dxd 
cmX1.6h 


2x X1.4 
zX8 
Wiis: 
anX np 
adX4md 


ayX3x 

Ach X cfh? 
5df X3np 
2ady X 4nd?y 
8 X 227y? 


9X 8ef? 
De 
2cv X38 
abX cx 
1 Xz 


5x 4p3 
3xXm: 
2y’Xy 
4dw xX 5d 
—3nX5p 


5bX6b 

382 X 8cxr 

4b xX 7ab 

7d X 2de? 

— pw x pw 


5X 4mn?p 
6bka X 38ky 
2dy X 4ady 
bXx 
pxy 


EXERCISE 2 


2d (a—6cd?) 
—am (mn—a) 
p’ (Spx-+s) 
—cx (x—5y) 
acy (2y—c) 


3y (n—asy) 
bfk (6+4k) 
—be (y—b) 
3b (6—bc) 
—dv? (8d —8v) 


8 (—b+y) 
4an? (cn+2a?) 
e (p—8bc) 
—d@x (11 —2az) 
4y (x+c) 


5m («—am?) 

—bdy (y—3) 
ax? (dx+12) 

f (~—16) 
—cp (y—ap) 


—4p (p+4) 
kms (4—2p) 
—mn (pm—n) 
9n (—a—4n) 
ay? (r-+5) 


2¢ (8qg—5) 
—a?d? (a+ab) 
mp (mp —8) 
—8n3 (b—an) 
ey (y—3) 

5x (7+akzx) 
7n? (3d —2b) 
—2y? (e— 3dy) 
6a (9-16) 

—ps (p—8s) 
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The third means is by infusing the process of learning 
with interest, so that the pupils care about obtaining right 
answers. Drills can probably be devised that will be as 
suitable in the bonds formed and much more attractive than 
those on pages 331 and 332. 

Group competition and competition by individuals each 
with his own past record will be found useful. The teaching 
of algebraic computation as a means of solving for any one 
of the elements of a formula and deriving new formulas from 
those already known will show the utility of the computa- 
tions, and may thereby increase interest. Nunn’s treatment 
should be studied from this point of view, since he has used 
brilliant ingenuity and much care in introducing computing 
as a tool for ‘changing the subject”’ of a formula.1 

A fourth means is the provision of aids to bridge the 
transition from learning A and B and C and D to learning 
to operate A and B together, and C and D together, and 
later A, B, C, and D all together. Thus a pupil learns to 
find any product of the form aXbz, and any product? of the 
form «Xy, and any product of the form a’ Xz’, and learns 
that +x-+ gives +, —X-— gives+, and +xX-— or —-xX+ 
gives —. 

To multiply 3p X4qr, he has to use the first two in codp- 
eration; to multiply (p?) (—p?) he has to use the last two 
in codperation; to multiply (2°mx) x (—.03m?2pz*) he has to 
use all four (and in fact certain other bonds as well) in the 
right codperative arrangement. 

1 Jt is, however, a question whether the formulas of science and engineering 
are very much more interesting to pupils than the a’s and b’s and 2’s, and 
whether changing the subject of a formula and deriving new formulas from 
a given formula are much more real issues to them than finding sums, differ- 


ences, products, and quotients. Nunn’s procedure is correct and means some 
gain, but we should not expect too much from it. 


2 Letting a, b, and c represent any numerals, and letting z, y, and z repre- 
sent any literal factors expressed by single letters. 
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The organization and codperative use of habits needs 
guidance as truly as their separate formation. Graduation 
of the tasks and keyed exercises will help to prevent practice 
in error and blundering. Surveying the results with respect 
to signs, coefficients, letters, and exponents may help. The 
more elaborate the selection, arrangement and relations of 
the habits are, the more profit there will be from checking. 
Pupils who are confused and react in a hit or miss way may 
be aided by being led to state just what they plan to do 
and why they plan to do it. 

The most obvious means of improvement we have not 
yet mentioned — namely, a general increase in the amount 
of practiceon computation. We have not mentioned it 
because it is doubtful whether a general increase in the kind 
of practice now given is an economical means of securing 
mastery. We do not, for example, know that the use of 
textbooks in which the general computation is reduced enor- 
mously, results in weaker fundamental bonds. The quality 
of the practice is certainly the thing for science to improve. 
Anybody can increase its general amount. Certain inequal- 
ities and special insufficiencies should, however, receive at- 
tention. They will be listed in chapter XIII. 

Finally it is obvious that any improvements made in the 
conditions and methods of learning will tend to secure 
greater strength of these bonds, other things being equal. 
There is a positive correlation among schools between mas- 
tery of them and ability with more elaborate calculations 
and with problem solving. 

So much for the bonds that need to be made stronger 
than they are made now. Consider bonds that may well 
be left weaker than they are now. We have first any bonds 
that are useful only for abilities which have been recom- 
mended for discard. They need only zero strength. Next 
we have such specific memory bonds as those for the for- 
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mulas of arithmetic and geometric progressions and the bi- 
nomial theorem. Pupils might perhaps gain by being per- 
mitted to look these up in the book or by being given time 
to derive them instead of being required to learn them as 
now. They are evidently hard to remember; for it is a 
regular procedure for pupils who take college entrance exam- 
inations to study the formulas just before the examination, 
and write them out on the question paper as soon as they 
receive it, before even looking to see which it calls for! 
Their teachers train them to do this. If a pupil really under- 
stands them, however, it would seem that he ought to 
be able to remember or re-derive them after a reasonable 
amount of practice in applying them. 

In general, in a course in algebra such as would embody 
the recommendations so far made in this volume, there are 
not many bonds formed that are not worth forming to a 
strength of, say, ‘‘Right 49 times out of 50,’’ when operating 
along with other bonds in the ordinary applications of 
algebra. 

One very special case remains — that of crutches, or 
connections which are formed for temporary use only, to 
give way later to others. Such are: writing 1 as coefficient, 
writing a parenthesis around a polynomial which is a numer- 
ator or denominator or under a radical sign, and writing 1 
as exponent. Such crutches are very rarely advocated by 
authors of textbooks or courses of study and are not much 
used by teachers of algebra. 

The general principle is to avoid them except for reasons 
of weight, in accord with the general psychological maxim, 
“Other things being equal form a connection in ways in 
which it is to be used.’”? When there do seem to be reasons 
of weight the bad consequences of the use of crutches can be 
reduced by attaching the standard procedure to one mental 
set or attitude, and the provisional ‘‘crutch”’ procedure to a 


336 PSYCHOLOGY OF ALGEBRA 


clearly differentiated set. For example, the pupils may 
be given work in this form: 


In this column you may change In doing the work of this column, 

a to a, 6 to b1, ¢ to ¢, etc., to help remember that when no exponent is 
you to remember that when no ex- printed, the exponent 1 is under- 
ponent is printed, the exponent 1 is stood. 
understood. 

az (at+a) a (at—a) 

bz (a+at+b3) bt (atb-+-ab3-+b) 

C2 (cz —c+c3) (ct-+d) (c+d?) 

d(/d—-~/cd) e3 (e} e+e) 

(e+e2) (e—e2) ete. 

etc. 


In some cases where a certain procedure eventually gives 
way to another the former should still be maintained at a 
substantial strength, because of its value as a part of the 
pupil’s total system of algebraic abilities and as an insurance 
against rote learning and other calamities. Such, for exam- 
ple, are the first applications of the axioms in the arrange- 
ment of equations for solving. Adding .... to both sides 
and subtracting .... from both sides do give way to “‘trans- 
posing” but they should not be permitted to perish for lack 
of exercise thereafter. It is true that we do not wish a 
pupil, after attaining 2p+4=p+6 or 10p=100, to think 
laboriously, ‘‘I will subtract p from both sides and 4 from 
both sides,”’ and “‘I will divide both by 10.”” On the other 
hand we do wish him to retain the axiom bonds strong for use 
when needed. ‘The use of equations which result in 14.5p = 
92.6 and the like will serve this and other useful ends. 

There is some evidence that teachers of algebra let the 
axiom bonds weaken too much and too soon from disuse. 
For example, many pupils have no clear and sure ideas of 
why the common denominators vanish when an equation is 
“cleared of fractions” and do not vanish when fractions 
are added or subtracted. In fact if, after the training in 
clearing of fractions, tasks in adding fractions are assigned, 
a considerable percentage of pupils discard the denominators. 
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In many respects it would be profitable to teach pupils 
at the beginning to clear equations of fractions gradually 
by multiplying by the “largest”? denominator first and 
then by the largest that remained and so on. As a general 
procedure for after-life, this is perhaps better than finding 
the least common denominator, reducing all terms to it, and 
then letting all denominators disappear. It is easier to 
remember, and nearly or quite as economical of time for the 
sorts of operations that life offers. As a procedure for school 
use it has the merit of reinforcing the fundamental knowledge 
of the equation and the use of the axioms. If pupils later 
learn to obtain the least common denominator and operate 
accordingly they will be less likely to learn it as an unrea- 
soning routine. 

Teachers sometimes treat what we have called the regular 
procedure almost as a crutch assisting the pupil to mastery 
_ of a short cut which replaces it. For example, a pupil would 
probably be scorned for multiplying out (2m+7) (2m+7) 
instead of applying the a?+2ab+b? formula, or for writing 
(2p—q)—(8p+q) in column form and subtracting instead 
of changing signs and collecting terms, if he did either after 
the short cut had been learned. He might be scorned for 
dividing m‘n?—27p? by m’n—38p instead of writing the result 
directly with the aid of a?—b3=(a—b) (a?+ab+b’), or for 
not transposing two terms from each side in one step. 

In view of the very low degree of strength of the funda- 
mental bonds, it seems unwise to abandon them so soon. 
Agility with algebraic manipulations is of value chiefly as a 
symptom of understanding of literal and negative numbers, 
formulas, equations, and the laws of generalized arithmetic. 
Mastery of the regular operations usually teaches these les- 
sons better than facility with short cuts, and the short cuts 
themselves are most instructive when based on mastery of 


the regular operations. 


CHAPTER XIII 


Tue PsycHoLtocy or Dritt In ALGEBRA: THE AMOUNT 
OF PRACTICE 


TEACHERS’ ESTIMATES OF AMOUNTS OF PRACTICE 


Teachers of algebra have, in general, vague and erroneous 
ideas concerning the amount of practice that they give on 
the various features of algebraic learning. The reader may 
convince himself of this by having a score of teachers of 
mathematics make independent estimates as directed below, 
either for an average textbook, as stated, or for any given 
textbook with which they are familiar. It will be found that 
they differ very greatly one from another and from the real 
facts. 

We report here some of the results found in the estimates 
of sixty-eight teachers of mathematics. These teachers were 
probably mostly from the top fifth of teachers of mathe- 
matics in respect to ability to make such estimates. Two- 
thirds of them were members in attendance upon a meeting 
of an important association of teachers of mathematics, and 
one-third were graduate students in an advanced course on 
the teaching of mathematics at a large university. They 
used the following Estimate Record: 


If a pupil does all the work given in an average algebra textbook for 
Grade 9, that is, for a one-year course in algebra, how many times will he 
do each of the following? (Write estimates on the dotted lines): 

1. Represent a number by a letter. 

2. Form an equation. 

3. Translate an algebraic statement into words. 
338 
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4. Transform a formula. 
5. Add with unlike signs.! 
6. Add with like signs.! 
7. Remove a negative parenthesis. 
8. Use the fact that + +— gives — and —+-4 gives —. 
9. Add or subtract with polynomials. 
10. Use the fact that like powers of equals are equal. 
11. Use the fact that like roots of equals are equal. 
12. Factor 2?+br-+e. 
13. Factor av?+br-+e. 
14. Solve simultaneous equations by addition or subtraction. 
15. Solve simultaneous equations by substitution. 
16. Express a ratio. 
17. Change the sign of one term of a fraction, and before the fraction. 
18. Factor the difference of two perfect squares. 
19. Cancel in fractions. 
20. Divide by a fraction. 


In what follows a, 6, c, mean any numerals; 2, y, z, mean any letters. 


21. av+x 

22. x+ax 

23. «+a 

24. x+27? 

25. a~+bz 

26. Add or subtract fractions. 
27. x?+23 

28. 23+? 


29. ve =4/2 and Vinyl? 


a_Va z_ Va 
30. Vi-4 and jae 


Table 32 shows the estimates for the first twenty items. 
Table 33 shows, for comparison, the facts actually found in 
counts of the operations performed by a pupil in doing all 
the work assigned for the first year in four textbooks.? It 


1Of the sixty-eight teachers, twenty-three were directed not to include 
estimates on No. 5 and No. 6. The estimates upon these two items are, 
none the less, more variable than those upon any other items in the list. The 
forty-five teachers varied from one hundred to one million in their estimates 
of No. 5 and No. 6! See Table 32. 

2The method of making these counts is described on pages 348 and 349. 
One of the four counts was of the work assigned for two years in a textbook 
in which algebra, geometry, and some trigonometry are taught as a combined 
course. 
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will be observed that the highest estimate of the sixty-eight 
is almost always over one hundred times the lowest, and 
that to include even only half of the estimates, we require 
differences of four to one, five to one, eight to one, and the 
like. 

TABLE 32 


Estimates, BY 68 TEacHEeRS or MaTHEMATICS, OF THE AMOUNT OF PRACTICE 
on Various ABILITIES IN THE AVERAGE First-YEAR ALGEBRA 


TEXTBOOK 
1 Q a Ho 
Bf g i & che a3 
Z a E 3 n Ee I |+ fe = 
a Ss =) a a ae 
<4 o td o's Pp ¢ 
a4 cs z A one oR 
ge | &] Be E a | a 
eg P 8 F ett 2 
aie] B ak ia) a aE 
ee ce 4 4 D5 a 
1 2 51 6! 8 9 
Oto 99 2 6 1 8 18 
100 to 199 5 1105) 6 a 12 14 
200 to 299 14 12 il 2 7 4 
300 to 399 4 3 5 4 495 5 
400 to 499 3 4 3 2 5 2 
500 to 599 4 11 iss us 10 5 
600 to 699 1 i 2 3 1 
700 to 799 2 1 1 1 
800 to 899 4 2 2 1 iL 3 
900 to 999 if 2 
1000 to 1099 8 4 8 8 > 3 
1100 to 1199 
1200 to 1299 2 3 1 
1300 to 13899 
1400 to 1499 1 
also also also also also also 
1,500 |2at 1,800 2,000 (5)} 2,000(6)|1,700 


2,000(3)| 2,000 2,000 (3) 2,500 2,500 |2,000(4) 


2,500 2,200 2,500 (3) 3,000 5,000(4)|2,500 
3,000(2)} 38,000 3,000 3,500 50,000 {8,000 
5,000(2) 10,000 (3) 4,000 5,000(2) 
6,000(2) 20,000 5,000 000 
7,500 1,000,000 10,000 (2) i One 
8,000 20,000 ‘teacher 
10,000(4) 1,000,000 failed 
0,000 to esti- 
50,000 mate 9 


1 Only 45 teachers estimated for 5 and 6. 
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TABLE 32 (Continued) 
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Oto 9 


10 to 19 
20 to 29 
30 to 39 
40 to 49 
50 to 59 
60 to 69 
70 to 79 
80 to 89 
90 to 99 
100 to 109 
110 to 119 
120 to 129 
130 to 139 
140 to 149 
150 to 159 
160 to 169 
170 to 179 
180 to 189 
190 to 199 
200 to 209 


4 & ‘ a H&A 
gs | &g E a°5 
<a, at ag 
paneled ze S68 
BE cua 2 eek See 
Se  « ag Ha 
z46 a 3 & agB 
<a <5 An, age 
& (sal mG =) 
3 4 7 10 
2 2 
1 5 1 7 
8 9 5 8 
2 1 2 
1 4 
ai 17 7 18 
2 1 1 
3 3 3 4 
1 2 
1 1 
13 7 9 7 
1 
33 3 a 33 
il 2, 1 
il 
1 
8 10 4 3 
also also also also 
250(3) | 250 250(2) 300 
300(4) | 3800 300(4) 400(3) 
400 350 400(4) 500(4) 
500(4) | 400 500(10) | 2000 
600 500(8) | 600 10000 
800 1000 700 
1500 3000 900 
2000(2) 1000(3) 
4000 2000(2) 


962 | Se | Sep 
Fa ol eae | ae 
Dr I By 
55a REG SEZ 
aed |e: | eo, 
Bes | gh 3| bea 
"He | gdeG| e428 
ae Cle] Qloa 
Pp & ics 
11 12 13 
2 1 2 
10 
10 4 11 
3 2 
1 2 3 
12 8 10 
1 1 2 
5 pf 6 
1 
1 1 
9 9 6 
1 
4 2 4 
1 
3 9 7 
also also also 
250 250(2) | 300(4) 
300 300(4) | 350 
400(3) | 350 400(2) 
500(3) | 500(6) | 500(2) 
6000 600(2) | 600 
625 625 


800(2) 


90! 
1000(2) |1000 


0 (2) 
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TABLE 32 (Continued) 


10 to 19 
20 to 29 
30 to 39 
40 to 49 
50 to 59 
60 to 69 
70 to 79 
80 to 89 
90 to 99 
100 to 109 
110 to 119 
120 to 129 
130 to 1389 
140 to 149 
150 to 159 
160 to 169 
170 to 179 
180 to 189 
190 to 199 
200 to 209 


Oixey 8) 


oR SuB- 


TRACTION 


SoLve SIMULTANEOUS 
Equations By Ap- 
DITION 


i 
Se 


- a 
BRR NNWNWW PD 


2m Bag ee Zz 
oP om AB 2 
e Epos eae eeseuie te 
ae) gd | Meee | eels 
Baz iene BoB S 
Sie = ae, o z Bs is 
H 5 5 ZL A 5 2 ee a te 
BBE neage | eee] 8 
RA a & Some | SHE 4 
MN ea] o oy 0 
15 16 17 18 19 
4 6 1 
6 14 "f 1 
13 alt 18 i 4 
4 1 a 5 1 
4 5 3 S 2 
ils 11 9 5 4 
1 1 3 
3 5 2 
1 2, 
1 
7 8 8 ve 15 
1 
1 2 4 2 
1 1 1 
3 2 2 9 6 
also also also also also 
250 300 250 250(5) | 250(5) 
300(2) | 1000(2) 300(8) | 300(7)| 300(5) 
500 2500 400(3) | 350(2)| 350 
750 1000 400(3) | 400 
800 1500 500 500(6) 
2500 550 600 
600 800(2) 
1000(2) | 1000(5) }1 
1250 1500 
1500 3000 


2500 


DivipE By A FRac- 
TION 


rar 


900 
000(2) 
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1 Factors just alike, 
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TABLE 33 
Boox A Boox B- Book C_ Boox D 
1. Represent a number by a 
letterta. A. Aiea, 46h 427 559 367 507 
2. Form an equation......... 476 536 429 627 
3. Translate an algebraic state- 
ment into words......... 49 30 52 72 
4. Transform a formula....... 43 25 54 43 
7. Remove a negative Ceres 
_ thesis . 200 232 41 121 
8. Use the fact that fetes 
gives. =», and —— + 
DIV ESE et oe sees 412 813 87+9k 138 
9. Add or subtract with | 38 39 1 39 
polynomials.......... if 258 49 3 38 
10. Use the fact that like powers 
of equals are equal...... 38 30 1 6 
. 11. Use the fact that like roots 
of equals are equal...... 107 98 102 48 
12: Factor v?-+-br-te............ 215 208 131+18k 61 
13. Factor az?+brtc......... 164 123 —- 66 
14. Solve simultaneous equa- 
tions by addition or sub- 
LEDEKEURID) Sliaesos, BIBS to, Fee Bilas 131 132 60 80 
15. Solve simultaneous yee 
tions by substitution.. 47 78 50 48 
16. Express a ratio.. : 14 13 30 49 
17. Change the sign of one term 
of a fraction, and before 
the fraction. . 30 43 8 14 
18. Factor the difference of two 
perfect squares. . af pes ctr = pe 
ono! 8 4 196 178 
19. Cancel in fractions. (Poe 266 181 77 58 
.. 20. Divide by a fraction. . 60 62 30 38 
In what follows a, b, c, mean any numerals; x, y, 2 mean any letters. 
ow ilis | URDECCE rae cette Prat tae ea eer 124 141 5 18 
BE ASME D Os trois Bede ans tees a ines 0 3 5 3 
os Bera ES SPREE Erk Ora 185 107 88 9 
> DE ea are see irate Weer 2 10 0 1 
MUO seer Oa eben sd gees TAG Mi. oes 4 0 il 0 
. 26. Add or subtract fractions 231 129 90 102 
SOA la 7 rN a eat oe ACC 0 0 0 0 
Oe eee ae ae hay eae er has 8 16 2 12 
oo Vo emibaas VEO Le 
it NCA. NY 
_ = 109 112 106 1 
Sp a Sena Bee 
a NO eAy b y vy 
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Table 34 shows the estimates for all twenty-eight items 
summed together,! giving a rough index of the teachers’ 
notions of how much practice in general a standard instru- 
ment of instruction gives. There is, here, a range from 
under one thousand to about one hundred thousand! 


TABLE 34 


FREQUENCIES OF DIFFERENT ESTIMATES FOR ALL TWENTY-EIGHT ITEMS 


Sum or Estimates 


ror 28 IrpMs 


0 to 
1000 to 
2000 to 
3000 to 
4000 to 
5000 to 
6000 to 
7000 to 
8000 to 


9000 to 999 


10000 to 
15000 to 


999 
1999 
2999 
3999 
4999 
5999 
6999 
7999 
8999 
9 
14999 
19999 


ToGETHER 


NUMBER OF TEACHERS 


1 
12 


On NORIO 


5 
also 21000-+ 
22000+ 
27000-+ 
30000+ 
34000+ 
44000+ 
50000 + 
53000-+ 
66000-+ 
94000+ 


By dividing a teacher’s estimate for each of the twenty- 
eight estimates by the sum of the twenty-eight, we have 
measures of his opinion concerning the relative amount of 
practice given to each item, which are comparable to similar 
measures for other teachers. Table 35 exhibits these opin- 
ions concerning relative amounts of practice, with the effect 
of general over- or under-estimation of practice eliminated. 


1 That is, the sum of the twenty-eight estimates was obtained for each 
teacher. Items 5 and 6 were not used. 
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There is still an enormous variation one from another and 
from the truth. 


TABLE 35 


Estimates oF RELATIVE AMOUNTS OF PRACTICE: 
Irmms 1, 2, 8, 9, 19, 21, 22, 23, 24, 26 


Item + 
Sum or 28 


-000 to .009 
-010 to .019 
.02 to .029 
03 to .0389 
.04 to .049 
.05 to .059 
.06 to .069 
.07 to .079 
.08 to .089 
.09 to .099 
.10 to .109 
Pi oto 119 
512> to .129 
pl Ee tOmloo. 
.14 to .149 
BY5 to 7159 
.16 to .169 
.17 to .179 
.18 to .189 
.19 to .199 
.20 to .249 
.25 to .299 
.380 to .349 
.385 to .399 
.40 to .449 
45 to .459 
.50 or over 


9} 19 


i) 
rare 


22 | 23 | 24 | 262 


ran 
J 

pa 
oe) 
bo 
oo 


mew NNW PONOOrRNW | NS 


BNP OO Or AT 


me bow Orb) 0000 


WERE PNR WNOPRN AOA! C 
Nr Ore 


PR PBNWWOWWNWNWNE La 


aa 
aa 
a woe 
bo 
Ww 


FOnm NFbd 
— 


NTR eH 


In the items credited in general with the larger amounts 
of practice the range of the estimates is usually from about 
1 per cent to over 20 per cent; in the items credited in 
general with smaller amounts of practice the range is usually 
from under one-half of one per cent to twenty times as 
much. 


1+] omitted. 
212 omitted. 
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TABLE 35 (Continued) 


EsTIMATES OF RELATIVE AMOUNTS OF PRACTICE: 
IteMs13,14.5 eelOs ino 13 14 DO lees 20) 


giteM 3| 3 | 4] 7 | 10 | 11 | 12 | 43 | 24 | 15+ | 167| 17°] 18 | 20 
000 to .004 10 | 8| 5713] 10] 5] 8] 8/15/23} 22] 5] 6 
005 to .009| 14 | 19 | 6] 17| 23] 6| 15] 11 | 20] 20] 12] 6] 18 
010 to .014| 3.| 13) 9| 12] 9 | 14| 16] 12| 12| 12/12) 8/43 
O15 to f019| 83 | 38] “349 1-9] 90] 8 | oF 7 (ea ee lueuiaey 
020 to 024 5| 5| 21) 2) 31 4] 21 9] 3 2| 6| 9 
025 40 1020] "7 |) $1 9.) 5 | cds $8) 8 || Gul 4) ow pea) ais 
Wedtoead) we, 24 ade 1 Wiel | eh aa a 2| 71 5 
“Ooh to 03016.) Tra e213) 8 lait ob a gy 
04040 044 | 2| 61 1 | 21 %3| BI) 4 aaa eo 
045 to .049| 2 7 2) | 5: | gag 2 
(050 to 054, 2| 2] 3] 1 1] 1 (| 0g 
055 to .059| 2 2 1 real bee le 
060 to .064| 2 cl 4 2} 2 
065 to .069 es 2| 2 1 
‘070 to .074] 1 1 
(075 to .079 a tle 2 
080 to .084} 1 ines 1 
085 to .089 
(090 to .094] 1 
095 to .099 1 1 2 
2 at |1 at |1 at |1 at 1 at |1 at Lat |2 at |1 at 
10) .10} .10] .14 12) 12 2 10) .12 
lat jl at lat 
12) .20 20 
3 at 
13 
1 at 
14 


The variation remains very great if we compute the 
ratios of the estimates for two items made by each indi- 
vidual. For example, the opinions of the sixty-eight teach- 
ers In answer to the question ‘‘How many times as often 
will the pupil ‘Form an equation’ as he will ‘Translate an 
algebraic statement into words’ ” were as follows, for twenty 


141] omitted. 
2+3 omitted. 
341 omitted. 
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teachers, taken at random: 3, 35, 1, 14, 13, 1.7, 2, 2, 2, 23, 
3, 4, 5, 6, 64, 63, 7, 8, 10, 15: 

The ratios for (8) ‘“‘Use the fact that ++-— gives — 
and —+-+ gives —”’ and (14) ‘‘Solve simultaneous equa- 
tions by addition or subtraction” were, for twenty teachers 
taken at random: 4, 3, 1, 2, 2, 3, 3, 4, 5, 5+, 6, 10, 10, 10, 
12—, 124, 16+, 20, 15, 83. 

Some of the variations with some of the items are doubt- 
less due to different interpretations of ‘‘ Represent a number 
by a letter,” ‘Form an equation,” and the rest. This cannot, 
however, be a large factor, since the variation is nearly or 
quite as large for items so clear as ‘“‘Remove a negative 
parenthesis,” or “‘ax+wz.”’ Some of the variations with 
some of the items are doubltess due to familiarity with 
different textbooks, which assign different amounts of work 
with, say, ratio, factoring, and radicals for the first-year 
course. This too is not a very large factor; for the varia- 
tion is nearly or quite as large for items like ‘“‘ Use the fact 


that ++-— gives —’’ which everybody knows are in all 
first-year courses, as for the items involving roots and 
powers. 


The plain fact is that nobody — not even the author of 
a textbook — has exact knowledge of the amount of practice 
it contains unless he actually makes the count. Such counts 
are excessively laborious and, so far as we can learn, the 
ones reported here are the first that have ever been made. 
Still less has anybody exact knowledge of the amount of 
practice in the classroom apart from the textbook. 


MEASUREMENTS OF AMOUNTS OF PRACTICE 


The only entirely satisfactory way to measure the amount 
of practice which any group of pupils have in the case of 
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any feature of algebraic learning would be to observe the 
work of each pupil in class and out. This would, of course, 
be enormously expensive in time and is out of the question 
for us. Our best means of securing something approximat- 
ing the knowledge which is needed is to make inventories 
of just what practice a pupil will have if he does the work 
of a standard textbook in the way in which it is ordinarily 
done. 

We have done this, using three standard texts for 
first-year algebra and the first two books of a combined 
course where algebra and geometry are taught together 
during two years. The method is as follows: The person 
making the inventory does the work of the book, page by 
page, as directed by the book. He records each bit of his 
activity, using a list like that shown (in part) below. 


1. Representing a number by a letter. 
2. Representing several numbers in terms of one. 
3. Forming an equation. 
1. Adding like signs. 
2. Adding unlike signs. 
a+2z, a—2x, x+a, x—a, ax+b, ax—b! (includes knowledge that these 
cannot be added to make one term). 
14. x+bax, x—be. 
15. ax+%, ax—zZ. 
30. asa. 
BYj/o. Wictrey (hodnd, Enavol (ohne. 
94. Special product. Product of sum and difference of two numbers. 
240. Using simultaneous equations in solving problems. 


1 
12. 


The inventory is kept separate for each successive ten 
pages of the text, so that we can see how much practice is 
given, when it is given, and what it is related to. For ex- 
ample, in doing the work of a certain text, the act of remov- 
ing a negative parenthesis occurs 200 times, these occur- 


1a, b, c, etc., are used to mean ordinary numbers; 2, y, z, etc., are used 
to mean letters. 
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rences being distributed in successive ten-page sections as 
follows: 


0, 0, 0, 0, 0, 58, 17, 20, 0, 14, 0, 0, 0, 0, 0 
0, 0, 10, 15, 3, 10, 0, 28, 4, 2, 4, 1, 19 


The person making the inventory is unlike the pupil in 
that he does not misunderstand the directions, or make 
mistakes, or give up when a task is hard, or use awkward, 
unnecessary procedures. He does, however, avoid taking 
short cuts which ordinary pupils would not think of, or using 
a procedure like transposing or canceling or clearing of 
fractions at an earlier stage in the course than the ordinary 
pupil would use it. Where there is a choice of correct ways 
he takes the way which he thinks most pupils would take. 

The resulting inventories do not, probably, measure what 
is actually being done in any class. Few teachers assign all 
the work: that a textbook contains. Still fewer assign nothing 
beyond what it contains. Few pupils do correctly all that 
they are told to do, in such a way as to obtain full practice 
value from it. The inventories do, probably, measure the 
relative amounts of practice given to Various algebraic abil- 
ities rather well. The authors represent educational leader- 
ship in algebra; teachers in general will proportion their 
additional assignments somewhat as the text does, the num- 
ber who deliberately set out to improve on the author’s plan 
of work being small. 

In any case, they are our only present accessible store 
of facts about the amount of practice. Let us therefore 
examine them, letting further cautions and reservations wait 
until they are needed. 

Such inventories as these are not entirely objective or 
absolutely exact. They are not entirely objective because 
again and again there are tasks which a pupil studying the 
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book in question might do in one of two or more ways. The 
investigator has to judge which way would probably be 
taken. For example, after a time the pupil ceases to think 
‘‘add 2x to both sides” and ‘‘subtract 3 from both sides,” 
thinking rather ‘‘transpose 22 and 3, changing their signs.” 
In some simultaneous linear equations it is hard to decide 
whether the ordinary pupil would substitute or multiply and 
add or subtract. Two investigators counting the processes 
for the same ten pages will then differ, and even the same 
investigator making a recount would not duplicate his first 
results. These differences may be large in some cases. For 
example, one psychologist may consider that the pupil will 
use the principle of least common multiple in clearing of 


fractions an equation like at ea 6; another may think this 


principle will not be used unless the denominators are much 
more varied, and much harder to handle by mere inspection. 

The inventories are not absolutely exact, because nobody, 
no matter how skillful and painstaking, can keep perfect 
account of just what he does and just which of the hundreds 
of mental connections play a part therein, and enter the 
record for each without error. 


We have checked three of the four inventories from which © 
quotations are made here by having parts of each book (120, 
120 and 200 pages respectively) inventoried independently by 
‘other observers. Wherever the counts reported have a prob- 
able error that would impair the certainty of the theoretical or 
practical inference drawn here, the fact is noted in connection 
with the table. The single entries in these tables should not 
be used for other purposes than the ostensible ones, since 
any single entry may have a large probable error. For ex- 
ample, if two counts quoted show 200 for X and 20 for Y, and 
if the check gives 250 for X and 10 for Y, it is still safe to infer 
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that X has much more practice than Y, though both esti- 
mates are highly unreliable, but the comparison of Y, as 20, 
with a Z which is 5 or 10 would not be allowable. 

The first fact shown by the inventories is that there is 
no accepted standard of how much practice any given alge- 
braic ability shall receive. Books A and B are of the type 
that was almost universal until five years ago. Book C is 
a book that subordinates manipulation to the study of rela- 
tions. Book D is one wherein algebra is taught along with 
geometry. Characteristic resulting differences in the amount 
of practice are shown in Table 36. Elaborate addition, sub- 
traction, multiplication, and division are given ten times as 
much practice in A orin Basin C. Factorizations of even 
the commoner sorts are given three times as much. Work 
in understanding, framing, and transforming formulas, on 


TABLE 36 


VARIATIONS IN INSTRUMENTS OF INSTRUCTION IN RESPECT TO THE AMOUNT 
oF PRACTICE WITH ELABORATE COMPUTATIONS, FACTORIZATIONS, 
AND UNDERSTANDING FORMULAS 


A B C D 
Polynomial X polynomial (exclusive of special 
products and binomial Xbinomial).......... 28 ©6661 0 106 
Polynomial~+polynomial (exclusive of special 
RACLONIZATIONS) tt ee ae es Sita Re (on ml 21 33 
Factor trinomials, difference or sum of two 
cubes and difference of two squares......... 790 865 226+21K 482 
Making and transforming formulas............ 54 25 119 65 


the other hand, is given only one-half as much practice in 
A, as in C, only one-fifth as much in B as in C. 

In general, Books A and B provide much more practice 
in computational abilities of all sorts than Book C. This is 
shown by Table 37, which reports the counts for a dozen 
items which everybody, conservative or radical, includes in 
algebra, and which indicate fairly the general amount of 
practice in algebraic computation.’ If Books A and B give 


, 2} The count for Book D was not complete in respect to items 1, 2, and 11. 
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‘approximately the right amount, Book C can hardly be 
thought to give enough, and vice versa.! 


TABLE 37 


Tue Amount or Practice 1n Hace or Four STANDARD INSTRUMENTS OF 
InsrrRucTION FoR First-YEAR ALGEBRA, IN THE CASE OF 
REPRESENTATIVE OPERATIONS 


A B Cc D 
FAC dingdiicercignsieerm see aera | 
Addineuniikersionse ase eae sae 3371 41938 1564+256K ? 
Changing sign of subtrahend...... | 


sc OL OlLsd inne waa ee 


Qe DIOLIAOTIOL Ost’. 6 nee 3059 3240 1290 1542 


Gok? Ol, Vek OF Gets Ollie OF 
v2.x3 or 23-2? or 2-2? or xox... 


RG AS Go) 
g 
8 


8. Multiplication of any monomial by 
any monomial, save those already 
listed in 4 to 7, and excluding 
x-x, (x), (ax)?, (x)? and other cases 
treated as raised to powers....... 1736 1596 356+4+138K 1471 


10. Monomial squared...... Mears oa oP ig Gore oak ieee 


11. + divided by — gives —; — divided 

year lVies. te ratans eer eet hee 412 813 87+13K 2 
12. The use of equals + equals, equals — 

equals, transposing,equals + equals, 

equals X equals, upon equations or 

formial as eer tecsken aoe eee 2954 3048 2321+4+223K 2520 


Total for all 12 items?.............. 12487. 18788 5867-+-521K 92008 


1 Tt should be noted that in Book C some of the practice is in the excellent 
form, ‘‘ Practice with these until you can, ete.’’ Since we could not estimate 
how much practice that would be we have entered the practices which are 
assigned in this form once in the general total and again as so many k. In 
Table 36, for example, 226-+-21k means that the pupil had 226 practices plus 
21 times the number of repetitions of the exercises of the ‘‘Practice until’? 
type. If he did these exercises twice his total would be 247. If he did them 
three times, it would be 268. 


*' The probable errors for the totals are A 9%, B 1%, and C 3%. For 
the separate components they are higher. : 


3 Hstimated. 
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There is evidence that teachers and authors of textbooks 
conduct their work without any accurate knowledge of how 
much practice they do provide. The teachers fill as many 
class periods as is customary and the authors fill as many 
pages as is customary without any clear awareness of how 
much they put in. Evidence was given at the beginning of 
this chapter. Further evidence is of the type presented in 
Table 38. If the gifted authors of Book A had known that 
they had provided only one-twentieth as many insertions 
of negative parentheses as of positive, only a hundred and 


2 
fiftieth as many divisions like # and = as divisions like = 


and = only a third as many uses of the axiom for powers 


as of the axiom for roots, and nearly three times as much 
practice on a’—}’ as on a+ 6’,—if they had known that these 
things were so, they would not have left them so. One can 
provide this or that defense for one or another of these, but 
no competent person would deliberately assign amounts of 
practice in these proportions to these five pairs. 

Sixty-nine! experienced teachers of algebra were asked 


to estimate as follows: 


How many times as much practice would you give in first-year algebra 
to A as to B in the case of each of the following pairs? Write your estimate 
on the dotted lines in each case 


i A. Inserting positive parentheses. 

is aaa B. Inserting negative parentheses. 

AX A. ax+% 

B aioe a ah.dy te cemete: te B. x ar 

A Aen? -2m 

B ao, aon miidihe Uy dike + O15 wl iB 2 +72 

7a A. Like powers of equals are equal. 

eats oes B. Like roots of equals are equal. 

a, A. Finding factors for the sum of two perfect cubes. 

i Peay B. Finding factors for the difference of two perfect cubes. 


1 Five more gave incomplete records, which were not used. 
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Their median estimates were 0.5, 1.0, 1.0, 1.0 and 1.0. 


The facts of Table 38 are chosen as being helpful by 
illustrating inequitable assignments of practice of which all 
or nearly all of us are guilty, by reason of a nearly universal 
ignorance of what we have assigned. The ignorance of an 
individual author concerning his own particular assignments 
is much greater. 


TABLE 38 
Unwise ALLOTMENTS oF Practice. THe A/B Ratios ARE 1N GENERAL 

Too Hicu 

A B C D 

A. Inserting positive parenthesis............. 1808 13861 393 35 
B. Inserting negative parenthesis............ 60 67 0 0 
TNs FSG Oa lee Aa R ire wk Oh one era aca geen Me 124 9141 5 18 
Ee Lee USM, & catien OUe tire iste oan a ee 0 3 5 3 
UN reer IO AE re ey cance ee iced oi Pea LSS LO? 88 9 
TRC LN etch Weir eee he eas ee 2 10 0 1 
A. Like roots of equals are equal............ 107 98 102 48 
B. Like powers of equals are equal........:.. 38 30 i 6 
A. Factor difference of two perfect cubes... .. 59 54 — 13 
B. Factor sum of two perfect cubes.......... 22 39 — 18 


The unreliability of some of the gross counts of this table is considerable. 
It is, for example, possible that the 1361 and 1308 would in an average of 
many counts turn out to be as low as 1000 or as high as 1600; or the 141 
and 124 might change places. The general fact about the A/ B ratios is, 
however, entirely sound. 

Table 39 also presents what seem to a psychologist 
facts of misplaced emphasis, like those of Table 38, but all 
characterized by the neglect of the more fundamental and 
general in favor of a derived or special case. There is room 
for argument here, and the authors’ procedure may have 
been deliberate. The derived or special case is easier for 
pupils to manage, and it may be argued that we need much 
easy work to accustom the pupil to factoring trinomials, 
eliminating, and solving a quadratic, before we teach him 
the really trustworthy general procedures. The psychology 
of these three cases is worth considering. 
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TABLE 39 
MispLaceD EMPHASIS IN ALLOTMENTS OF PRACTICE 


Too Lirrte Practick with THE FUNDAMENTAL AND GENERAL PROCEDURE 
1N COMPARISON WITH THE AMOUNT OF PRACTICE WITH A DERIVED 
or PartTiaL PROCEDURE 


The counts have been checked only for the second pair. The result there 
is satisfactory, and the other pairs concern such definite procedures that they 
are almost certainly sufficiently precise. 

A B C D 


eee HACtOr t:--02-+-C. hee ee ee est ctaee 2L5 208 —! 61 
Be ehactorax? bates. a..ti uri lene new. 164 123 —l 66 

2. A. Simultaneous equations solved by add- 
IN PMOT Subtracting Mua Washout. 131 132 60 80 

B. Simultaneous equations solved by sub- 
StIPULIONIeA ee Pee Lee 47 78 50 48 


Quadratic equations solved by factoring. 111 224 30 46 
Quadratic equations solved by formula.. 50? 292 —# 29 


Pabaonily x’?+ba+c and ax?+bx-+c is learned chiefly as 
a neat and attractive way of solving certain quadratics. If 
a pupil has mastery of solving by the formula this need 
disappears. Leading up to the formula by much factoring 
of ax?+bx-+c, and leading up to factoring az’?+ba+c by still 
more factoring of #?+bxa+c seems a curious approach. It 
is a question whether factoring ax?+-ba+c provides as much 
aid as interference with learning to understand and use the 
formula. It is a question whether factoring x?+ba+c gives 
much more aid than interference with learning to factor 
ax?+br+c. The pupil who does two hundred examples of 
x?+ba+c forms rather firmly the habit of paying no atten- 
tion to x? or its coefficient, and of choosing d and e so that 
their product equals c and their sum equals 6. The pro- 
cedure of finding factors for az?+ba-+c is not a very hard. 
matter to understand or do, and does not require elaborate 
introduction of any sort, if it is taught frankly as the matter 


1A is taught as a sub-case of B. 


2 Counts of the work for the second year in algebra would probably make 
the amounts for B higher proportions of those for A. 


3 Method B is not given during the first year at all by Book C. 


be! 
i 
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of intelligent guessing which it really is. Some of the fact- 
torizations may take a long tume for a dull pupil to work out, 
but length is not synonymous with difficulty. 

In the case of eliminating in simultaneous equations, 
substitution is a universally valid method; and one method 
is enough for the pupil to learn for any of his theoretical or 
practical purposes. Instead of learning another, and inspect- 
ing equations to see if he can save a little time by adding 
or subtracting, he should substitute forthwith. The only aid 
to learning the technique of substitution which practice in 
eliminating by adding or subtracting gives is in the form of a 
confidence that the answers are obtainable. This is not 
needed, and except for this there is interference. It is, 
however, true that solving simultaneous equations by add- 
ing or subtracting is very well liked by pupils. 

The case of quadratics solved by factoring and by the 
formula has already been discussed. 


UNDERLEARNING 


Our inventories show certain cases where the practice 
seems insufficient to guarantee learning, even with superior 
zeal and ability. Table 40 reports some such cases, especially 
those where all of the books, or all but one, agree in the 
insufficiency. 

TABLE 40 
UNDERLEARNING 


CASES WHERE THE AMOUNT OF PRACTICE IN Two or More oF THE Booxs 
Srrems INSUFFICIENT TO GUARANTEE MASTERY 


A B C D 


ANGutp rare Cop Moo ee aaa, cata oF uel ols ows oto obo. ial 0 65 21 
OLE Fin So re oe re: 4 0 0 
To COOL ANS 595-5, 5 Rd SONG ES Ort SE AE CRE tte oe 0 3 5 3 
Re ant ln eis een ee Ce ae ee noe 2 10 0 1 
BEY oh Mn 0 YAMS sels Pea oes OEE: 0 5 0 0 
OT OG SPO LD Oh Ee 0 alg 0 0 
gt eg bio a) LR Re Ue RR a 0 0 0 (0) 
Change in sign of one term of a fraction with 

change of the sign before the fraction........ 30 43 8 14 
Change in sign of both terms of a fraction..... 0 16 0 4 
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OVERLEARNING 


More practice than is needed for mastery may be waste- 
ful both because of the time it uses up and because of its 
tediousness and consequent bad effect upon interest in alge- 
braic work. In certain cases, however, overlearning is 
necessary and beneficial. 

First, a bond may be formed strongly enough for mastery 
in certain simple situations, but require more practice for 
mastery in changed and more complex situations. Thus 
“To subtract a number change its sign and add it,”’ may be 
mastered for cases like Subtract 11 from —2, or Subtract —3x 
from 4x, by a hundred or so practices, but needs added prac- 
tice when the tasks are to Solve n+11 = —2 by subtracting 11 
from both sides, and 4x =14—32 by subtracting —3x from both 
sides. This added practice may involve overlearning of the 
bond in its first applications. 

Second, we often wish to introduce or illustrate some 
new principle or technique by material which is perfectly 
mastered. Thus in teaching the extraction of roots as the 
reverse of raising to powers, we might use: 


a-a=a? (a2)? =a 
b-b=0? (b?)? = 

CC=e (c?)? =e 
a?-a2=a‘ (a)? =a? 


just because a:a=a?, etc., were already perfectly mastered, 
so that attention and thought could be free to a maximum 
degree to study the new material. 

Third, overlearning is relative. The pupil needs to know 
that (/atvV/b) (\/a—~v/b)=a—b well enough to be re- 
minded of it upon consideration of an expression which can 
profitably be rationalized by its use, but it is of little con- 
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sequence whether it takes him one second or ten seconds or 
twenty seconds to think of it then. He needs to know that 


"S gives a well enough to call it to mind on suitable occasions 


in much less than twenty seconds. Practice beyond what 
is needed for surety may still be profitable by increasing 
speed in the case of those bonds whose use is of great 
importance. 

Moreover, very little time is required for much practice, 
once mastery is attained. Sometimes almost none is required, 
the bond acting along with others without appreciably slowing 
them up, as when the pupil practices the law of signs in 
multiplying —3 by +4 in (c—3) (@+4). Even when the 
bond acts in isolation it is often a matter of from less than a 
second to two seconds, so that a thousand practices can be 
had in less than half an hour. 

We have measured the time required for a first-rate 
student who has mastery of algebra to do all the work of a 
first-year course. Mr. A did all the work in Hawkes, Louby 
and Touton, First Course in Algebra, edition of 1917, in 25 
hours. Miss B did all the work on pages 1-272 and 386-397 
of Wells and Hart, New High School Algebra, edition of 1912, 
in 24.5 hours. The time spent, exclusive of the verbal prob- 
lems, was about 19 hours in the former case and 17 hours 
in the latter. The time cost of overlearning after mastery 
is thus a trivial matter. 

The reduction of practice beyond mastery on things 
worth mastery is not so promising a means of improving 
instruction as the total elimination of things which are not 
worth mastery and, save for general mental exercise, are 
hardly worth learning at all. 

We should, of course, avoid wasteful overlearning of even 
the best abilities, and Table 41 reports certain suspected 
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cases found in our inventories. They are to be suspected 
either on general grounds or because the variation among 
the books is so great. For example, if Book C needs only 
674 cases of transposing, does Book B need 1262? The 
reader will recall that Table 2 showed a very great excess in 
practice in Books A and B over that given in Books C and D. 
If children learn algebra as well from Books C and D as 
from A and B, the latter may be suspected of wasteful excess 
of practice. 


TABLE 41 
Cases or PossiBLE WASTEFUL Excess oF PRACTICE 


A B C D 


GSB snouns "iyi cai SS a caren emo CA 395 368 49 167 
 TIRENTIS} COTS UN tae ob scot ene ae Onno edict Mee oemaem, Meee 909 1262 674 1 
Square root of a monomial perfect square...... C1 1016" 7 231 358 
Cube root of a monomial perfect cube......... 126 163 5 54 
Factor difference of two perfect squares........ 186 280 — 139 


So far we have suggested improvements by adding prac- 
tice where the present customary amounts seem insufficient, 
eliminating wasteful overlearning, and adjusting cases where 
the relative amounts of practice seem ill-judged. We have 
not definitely set any amounts of practice as suitable to give 
mastery in this, that, and the other ability. Nor does it 
seem wise to do so now. In arithmetic this can reasonably 
be attempted with such bonds as 2+3=5, 3+2=5,2+4=6, 
47 =28, which are specific, and with such bonds as ‘ Di- 
visor X quotient should equal dividend,” or ‘‘Number of 
decimal places in the product should equal the sum of the 
number in, the multiplier and the number in the multipli- 
cand,”’ which, though general, are definite and uniform in 
their action. In algebra there are few bonds of the former 


1 Counted under equals + equals and equals — equals. 
2 Treated as a special case under ax?-+-bxr-c. 
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sort (V¥ means ?, 7 means #, are samples); few of the 
general bonds are as definite as those of arithmetic (‘‘No | 
numeral before a literal number means 1 times that num- 
ber;” “No exponent after a letter means that 1 is the 
exponent;’’ ‘(any number)? means that number times that 
number,” are samples of the most definite). Even so ap- 
parently definite a rule as ‘‘To subtract, change signs and 


add,’ means different things according as you subtract +a, 


a, +5) —a-+b+é, aes —{a—(b+c)} and a-?. With +a 


you change from + to —; with a you change from + under- 
stood to —; with re you change to = but do not alter 


the sign of the a or the 2; with —a+b-+c you must change 
. 3 aid 
them all; with <a ey 
with —{a—(b+c)} you change the a once and the b and c 
both twice; with a~* you change the a but do nothing to 
the —?. 
The number of practices desirable for any algebraic bond 
also depends to a very great extent upon the support it is 
to receive from other bonds, and especially upon the extent 
to which all have been organized and integrated to produce 
what may be called an algebraic sense, or good judgment 
in operating with literal numbers. For example, there 
should be some experiences in operating with capital letters, 
but it does not greatly matter that these should appear in 
connection with every process; and the number needed will 
depend on the extent to which algebraic habits have been 
otherwise freed from subserviency to a, b, x, and y, by work 
with other letters, primes, subscripts, angles, etc. 
There should be some practice in understanding and 
applying computational formulas, like: 


aS ~ 


you change the a and the 6 both; 
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ax+ay=a(x+y)! 
ax X by =(aXb)axy 
ax.cw_(aXc)rw 
by’ *dze (bXd)yz 
(e+y)(@—y) =2—-y? 
xXx ati +b 


but the amount will depend upon the liveliness of the pupil’s 
appreciation that letters stand for real numbers of real 
things, the amount of practice he has had with formulas 
other than computational, and the extent to which he has 
organized his experiences and activities into a sense that 
tells him what terms are “‘like,’’ what to take as the ‘“‘co- 
efficient,’’ and what to treat as ‘‘one number”’ for any given 
purpose. 

The amount of practice needed for any bond thus depends 
upon the total teaching plan of which the formation of that 
bond is a part. It is better to set standards of achievement 
to be reached than of amounts of practice to be given. 

In general, at the end of a year’s study, the easier single 
bonds like “3x2+5x2=82” or ‘“a?Xa=a*” should operate 
infallibly except for occasional lapses (say 99 times out of 
100) in 23 seconds or less. The harder single bonds like 
“_(q@.. .) equals —a.. .” or “12 can be factored 
into 3 and 4,” or ‘‘12 can be factored into 2 and 6,” or 
“qa means a?” should operate correctly 99 out of 100 
times in 4 seconds or less. Operations which involve refer- 
ence of the case to a principle and a single clear application 

a9 a i! up) 
, ab et b 5) 
reducible to x=5a”’, or “(a?)=a°”’ should operate correctly 
99 out of 100 times in 6 or 7 seconds. Where four or five 


of the principle, such as 66D pp ‘“y—2a=3a is 


' 1 ’ b, c, etc., here represent any numerals, and 2, y, 2, etc., represent any 
terals. 


502 PSYCHOLOGY OF ALGEBRA 


bonds of the same sort operate together as in xyz? X xyz’, 
there should be enough time saved because the mind 
has to be adjusted to the task only once to make up for the 
time spent in discovering that a single adjustment will serve 
and what the adjustment is. 

Where two or more different adjustments have to be 
made and two or more elementary bonds chosen and oper- 
ated with the right parts of the situation or in the right 
order, we may add a rather generous time and error allow- 
ance. It is not improper that the pupil should stop two or 
three seconds to think what he is to do in 8—7 (d—e) or 
5m ene np 


If we consider tasks 1 to 11 listed aie as a sample, we 
find them to consist of the operation of about sixty bonds 


1. (50?+4—3a?) + (a2? -—2—7a?—5) 
2. (—2a'—10a—4a*) + (5a+3a —4a) 
3. From 3a+4b subtract 5a—9b —3c 
4. From 5a—b—2c subtract 3c—3a 
5. 8a+8b—(8a+6b) 
6. (5d—e) —(7e+2f) 
7. 7dx2de 
8. dexde 
9. 8—5(d+2) 
10. 4e?+e(—4e—3) 
11. 5np—3p(4n+3p) 
12, moa 
mn 
1g Ane 
mp 
14. nenp — mn—mp 
mn m 
15. (mn) (m?n3) 
16. (2a—7)? 


17. If a=2, and b=3, what does 5a?—2ab equal? 


THE PSYCHOLOGY OF DRILL IN ALGEBRA 363 


(mostly easy ones), with rather simple adjustments and 
selections of what to do and when to do it. At an average 
of 23 seconds per bond and 10 failures of the bond to act 
per thousand, we have 150 seconds and 0.6 errors. Making 
an allowance of 4 seconds per task for adjustment and con- 
trol we have 194 seconds. Making an allowance of one error 
per fifty bonds (nine of these tasks) for omitting some part 
of the process, or confusing letters, or misplacing letters, and 
for clerical errors in reading, copying, etc., we have 194 
seconds and 1.8 errors as a reasonable allowance for the 
eleven tasks. If the pupil checks all his work until he obtains 
two agreeing answers for each task he will then require about 
40 seconds per task in order to have substantially errorless 
work. If he works carefully checking piecemeal as he thinks 
is desirable, he should then do the tasks at an average of 30 
seconds or less and have nine out of ten right. 

Gifted adults who have mastered algebra do such tasks 
as these eleven at an average rate of 8 seconds per task and 
‘have nineteen right out of twenty. In a first experiment 
they made 14 errors in a total of 176 tasks; on being warned 
to be more careful in a second experiment, they made only 
5, of which 2 were not algebraic errors in any sense, but 
misperceptions excusable by the way the tasks were written. 

The gifted adults do such tasks as Nos. 12 to 17 above 
at an average rate of 11 seconds and have eleven right out 
of twelve. One checking with rechecking of discrepant 
answers would enable them to have practically errorless 
work at a rate of 17 seconds per task for Nos. 1 to 11 and 
24 seconds per task for Nos. 12 to 17. 

We therefore recommend that practice on such funda- 
mentals as appear in Nos. 1 to 11 should be sufficient to 
secure the ability to do such tasks (without full checking )in 
30 seconds or less with at least nine right answers out of ten; 
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with Nos. 12 to 17 the time may be increased to 40 seconds. 
The pupil should be able, if time for full checking is available, 
to turn in such work substantially errorless. 

Our standard of precision may be thought to be too 
severe for ordinary attainment since these gifted minds do 
not far surpass it, except after warning to be careful. How- 
ever, there should be no very great superiority of gifted 
over ordinary minds in the surety of these routine compu- 
tations or in the clerical work of reading and copying. 
Having nearly four times as long, the school pupil ought 
to do nearly as well. Relaxation to seventeen right out of 
twenty is defensible, but not in our opinion desirable. 

It is true that pupils may have an understanding of all 
the principles in question and yet make many slips in oper- 
ating them and very many slips in reading, writing, copying, 
and doing all the different things that each task requires. 
Indeed a standard of one right out of two of these tasks 
could not be attained without substantial understanding of 
the principles. For the reasons stated in Chapter XII, 
however, it seems wise to give the pupil greater mastery of 
the basic mental connections than that which comes simply 
from understanding of the principles. 

For operations that require more selective thinking (as 
in solving, where the axiom to be used must be chosen and 
what to add or multiply by, etc., must be chosen) setting 
standards of speed becomes less important and less desirable, 
because of the greater influence of differences in native 
capacity. Substantial infallibility «(to be secured, where 
necessary, by checking) should be demanded. The gifted 
child will discern quickly what is the thing to do, the duller 
child will have to consider and perhaps try many possi- 
bilities. 
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As has been stated, it seems best to make the time spent 
in practice and the number of repetitions subordinate to the 
attainment of certain standards. Since, however, almost 
all of the textbooks now available lay out the work by repeti- 
tions, teachers may be helped by some approximate esti- 
mate of the number of repetitions desirable in representative 
cases. Consider, as representative cases, the twelve listed 
below: 


About how many practices would you think it wise to have on each of the 
twelve procedures listed below, in a first-year course in algebra supposed’ to 
take one-fourth of the pupil’s time? Each time that the pupil does the thing, 
whether by itself or as an incident in some other procedure, is to count one. 
You will, of course, consider the claims of the course as a whole, in making 
the estimates. Write your estimate on the dotted lines under the heading 
“Reasonable Allowance.” 


REASONABLE 
ALLOWANCE 
1. Translate an algebraic expression or equation or formula 
INCORWOLOSIY) hy tee ls Side Gee Mone ver fie, Abe ewe tee 1 
2. Form an equation to express the facts of, and provide the 
solution for, a particular problem stated in words. ............ 2 
8. Write a formula to express some general rule or relation. ............ 3 
Aneel ranstormrastonmulac ee Gee Pe anieree 4 
DaeRemove-anerative parenthesis, 2) 2 90 05 eee 5 
6. Add or subtract fractions with numerals as denominators............. 6 
7. Add or subtract fractions with literals as denominators. ............ a 
8. ‘‘Transpose’’ (counting each term moved as one). —................ 8 
9. Find the square root of a perfect monomial square. —............... 9 
10. Solve simultaneous linear equations (2 unknowns).  _—_................ 10 
11: Factor the difference of two perfect squares. = ............ 11 
tyeeinverpret-areraphiser: pee) St yp) METRO ER ios 12 


Five psychologists, of whom three were experienced 
teachers of algebra, assigned estimates in accordance with 
the directions quoted. The estimates of these psychologists 
varied rather widely as shown below (Table 42) and none 
of them felt able to defend his estimates save within rather 
wide limits. Seventy-four teachers of mathematics made 
similar estimates. They varied still more widely, and most 
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of them expressed a similar uncertainty about their esti- 
mates. It is, however, the case that the variability is not 
significantly greater among those who felt that they were 
merely guessing than among those who felt sure that their 
estimates were in most cases somewhere rather near the 
truth. 
TABLE 42 
Estimates Mapr sy Five Psycuonocists, A, B, C, D, anp E 


A B C D E 
1. Translate an algebraic expression or 
equation or formula into words. . 50 @8©=©.200 150 125 (5) 


2. Form an equation to express the facts 
of, and provide the solution for, a 
particular problem statedin words. 300 300 3850 250 350 


3. Write a formula to express some 


general rule or relation.......... 100 200 250 125 50 
4 iransformratormulars ose yee 70 200 400 200 150 
5. Remove a negative parenthesis..... 50 ~=—- 100 75, 100) 3600 

6. Add or subtract fractions with nu- 
merals as denominators......... 50 150 125 75 300 

7. Add or subtract fractions with lit. 
erals as denominators......... 50 150 60 150 ~=-:100 

8. ‘Transpose”’ ies a term 
Moved: AS vOne eee ee eee OOO 260 500 1000 2000 

9. Find the square root of a eae 
TOMOMITAINSCU ATC ws See ee ns 60 120 175 200 250 

10. Solve simultaneous tee equations 
(Zhunikno wits) eerie eee 50 120 35 1) 75 

11. Factor the difference of two perfect 
SQUATESIG . ecoaene vi werent eka 50 80 50 75-100 
iZe inter pretiaieraph. 4a es ee 100 120 40 125 50 
Motaly sancaes. ates. Seas 1250) 2000 Meo? Ome SOOM O50 


One might dismiss these estimates as just a curious col- 
lection of opinions, but for three facts. First, if these 
teachers and psychologists do not know how many repe- 
titions are desirable, who does? Second, there is a fair 
probability that the median judgment of each group is free 
from large and serious constant errors. There is no question 
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of partisanship or general doctrines or personal fortune in- 
volved. Indeed, few of the teachers ever considered the 
issue before. The teachers are doubtless influenced by the 
textbooks which they are using and have used, with a result- 
ant constant error toward emphasis where it has been put. 
This error cannot be of very great magnitude, however, since, 
as we have seen, teachers do not know how many repetitions 
there are in the textbooks, nor their relative frequency. 
The psychologists were probably influenced by a general 
preference for such work as 1, 2, 3, 4, and 12; and this con- 
stant error in part balances the constant error of the teachers. 
In the third place the medians for the two groups are remark- 
ably close, as shown in Table 43. This could easily happen 
if both were wise opinions based on fact, but would be im- 
probable if both were mere echos of traditions, since the 
traditions were different for the two groups. 


TABLE 48 


APPROXIMATE MerpIAN RaTINGS 
APPROXIMATE 


ABILITY PsycHOLOGISTS TEACHERS AVERAGE OF 
MEDIANS 
1 125 125 125 
2 300 215 260 
3 125 100 110 
4 200 110 155 
5 100 100 100 
6 125 100 110 
if 100 100 100 
8 500 500 500 
9 175 100 140 
10 75 100 90 
11 Th) 85 80 
12 100 75 90 
Sum of Medians 2000 1710 


There is one suspicious feature in these medians. Three 
of one series and six of the other are at 100, and five more 
of the former and four more of the latter are within 25 of 
100. A cynic might infer that the medians represented 
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mainly persons who, not knowing what to think, put down 
‘one hundred.” This is, however, certainly not true of the 
psychologists, and any suspicions that the reader may have 
of the median teacher’s approximations to 100 will, we 
think, be reduced rather than confirmed if he will experi- 
ment with the teaching of these twelve features of algebra 
learning. Until such experiments have been made we may 
consider the combined estimates of Table 43 as reasonable 
allowances for the number of repetitions for the abilities 
in question. 

It is interesting to compare these combined estimates, 
and the separate estimates also, with the median number 
of repetitions arranged for in the four standard textbooks. 
This is done in Table 44. 


TABLE 44 
CoMPARISON OF AMOUNTS OF PRACTICE 
CoMBINED 
Estimate oF MEDIAN 
PsycHOLo- or Four 
GISTS AND TEXTBOOKS 
TEACHERS 
1. Translate an algebraic expression or equation or 
LORMUM ASIN CONWOLOS acne cence cee 125 51 
2. Form an equation to express the facts of, and 
provide the solution for, a particular problem 
BbACed IN WOrds.). pcteyens vik Aiceitst ener Men 260 506 
3. Write a formula to express some general rule or 
MEL ATION Girantierc At eens ERAS aie care sre Memes 110 16 
AOU ransiOrnn a; LOnUAU re amet aise cicero eee 155 43 
5. Remove a negative parenthesis................ 100 161 
6. Add or subtract fractions with numerals as de- 
WOMIN ALOTS cara oa twee Sorter ed Renee oneen ARR er 110 116 
7. Add or subtract fractions with literals as de- 
NOMINGLOTS ia. 5~.)2c) aes Oe ee 100 
8. ‘Transpose”’ (counting each term moved as one). 500 909 
9. Find the square root of a perfect monomial square. 140 565 
10. Solve simultaneous linear equations (2 unknowns) 90 156 
11. Factor the difference of two perfect squares..... 80 163 


12. Interpret a‘eraphe ss. oc eee aa ae 90 20 


CHAPTER XIV 


THE PsycHotocy or Dritt In ALGEBRA: THE DISTRIBUTION 
OF PRACTICE 


The same amount of practice may be distributed in many 
ways. If the total is 100 practices, the number of different 
distributions possible is, of course, enormous. A few are 
illustrated in Figs. 17 to 22. In these figures each tenth of 


Fig. 17 


of an inch along the base line equals one-thirty-sixth of the 
first year’s work or one week. Each hundredth of a square 
inch of shaded area equals four practices. Fig. 17 shows 
all the practice given in three successive weeks, equal 
amounts in each. Fig. 18 shows the practice spread out 
evenly over the whole year, no more being given during 


Fra. 18 
the week when the ability was first taken up than in any 
other. Fig. 19 shows the ability taken up for learning in 
the tenth week and given fifty practices then. The practice 
thereafter is haphazard. Fig. 20 shows a first learning with 
sixty-four practices in the sixth week of the year, a review 
with twenty-six a month later, and a review with ten a 
369 
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month later. Some such plan of reviews as this is common 
in courses of study in grades 1 to 8 and to a less degree in 
grades 9to12. Fig. 21 shows a distribution of practice with 
the first learning followed by reviews of decreasing amount 
at increasing intervals. ° 


Fig. 22 is like Fig. 21, save that some of the practice is 
interspersed irregularly instead of being concentrated in the 
reviews. 


Fig. 20 


Other things being equal, a distribution of the type of 
Fig. 21 or Fig. 22 is probably the most effective. There is 
enough practice at the time of first learning to give the ability 
healthy birth; after a time it is examined and any weaknesses 
which have developed in it are cured; after a longer period 
(with or without some casual practice) the ability is again 
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tested and treated; and so on until it can safely be left to 
be kept alive and well by such practice as the ordinary 
course of events offers. The arrangement of Fig. 17 is com- 
monly undesirable, there being a likelihood that pupils will 
lose interest during the learning, and will make fewer con- 
nections between it and the rest of algebra than we desire, 


Fre. 21 


and will develop errors or inabilities in respect to it. The 
arrangement of Fig. 18 is undesirable because if three prac- 
tices are enough in the week of first learning, ninety-seven 
are too many for later reviews. If the total amount of 
practice is very large, as with + X — and — X+ give —, or 
equals added to equals give equals, such a distribution as 
that of Fig. 18 is not, per se, objectionable. It will of course 


The plan of Fig. 19, of establishing an ability, and then 
giving it practice from time to time, is defensible, but it is 
better to reduce the amount of practice per week as time 
goes on. The pupil can hardly need as much if our teaching 
has been adequate. Moreover, obviously, if all abilities 
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learned are treated as in Fig. 19, he will soon have no time 
left to learn any new ones! 

The plan of Fig. 20 is based on the same general prin- 
ciples as those of Fig. 21 and Fig. 22, but is cruder. 


Fig. 23A 


Consider now actual distributions of practice in algebra, 
as found in some of our best instruments of instruction.} 


B 


Fig. 23B 


1 The reader will remember the cautions concerning these textbook counts 
which were stated in the previous chapter. The distributions of practice 
shown here would not be identical with those determined by another person’s 
count, and in any one case in any one particular, they are imperfect repre- 
sentations of the fact. The general impression which they give is, however, 
very closely similar to the general impression that would be given by the 
average of many independent counts. There is no reason to expect that 
such an average of many counts would show distributions much more or 
much less like the ideal. 
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Figs. 23A, 23B, and 23C show the number of times that a 
pupil will remove a negative parenthesis week after week if 
he does all the work contained in the assignment for the 
first year in Books A, B, and C. Each tenth of an inch 


Yy 
Z 
Fre. 23C 


along the base line here equals ten successive pages of the 
textbook in question. This will be on the average about 
one week’s work, though any one ten pages may be much 
more or much less. An area of one hundredth of a square 
inch equals four practices at removing a negative parenthesis. 
A column one-half inch high and 0.1 inch wide thus equals 
twenty practices; 0.1 square inch (a column 0.1 inch wide 
and one inch high) =forty practices. Fig. 23D is on the 


YZ 


Fic. 23D 


NS 


D 


same plan except that it represents the assignment for two 
years, the algebra being combined with other mathematics 
in Book D, and each tenth of an inch along the base line 
equals twenty successive pages. An area of one hundredth 
of a square inch equals four practices, just as in the other 
diagrams. So Fig. 23D may be compared with the others 
if the reader will remember that the practices in 23D which 
seem to the eye as far apart as those in 23A or B or C are 
really twice as far apart. 
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and 24D represent practices on 


D differing from 


in the same way, 


24A, 248, 
Q=P?-¢ 


Figs. 


(p+q)(p— 
A and B as before. 


Fig. 24A 


Fic. 24B 


Fic. 24D 


25A, 25B, 


Figs. 
““n?—@? has p+q and p 


and 25D represent practices on 


in the same way. 


”) 


its factors 


q as 


Fig, 25A 
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Fig. 25B 


Fig. 25 
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cluding finding the least 


t practices in 


26C, and 26D represen 


Figs. 26A, 26B, 
ing the least common multiple ( 


» 
common denominator of fract 


eS 


MBC, 
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Fig. 26C 


Fic, 25D 
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Figs. 27A, 27B, 27C, and 27D represent practice in 


: ; d. 
changing the subject of a formula (e. g. solving Q=5r 


for M). 


Fig. 27A 
B 
Fig. 27B 


Fig. 27C 


Fig. 27D 
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28A, 28B, 28C, and 28D represent practice in 


factoring mz?+ px+q or x?+pr+q. 


Figs. 


28A 


Fia. 
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Fig. 28C 


Figs. 29A, 29B, 29C, and 29D represent practice in 
dividing a monomial by a monomial containing at least one 
literal factor (exclusive of cases where the dividend and 
divisor are the same). In Figs. 29A, 29B, 29C, and 29D 
the area scale is different from that used in Figs. 17 to 28. 
Each hundredth of a square inch now equals twenty prac- 
tices, a column one inch high and 0.1 wide equalling 200 
practices. 


A 


Fig. 29A 
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Fig. 29C 


Fic. 29D 


These distributions of practice do not show close corre- 
spondence with the psychological ideal. Nor would any- 
body probably regard them as the best possible distributions 
on pedagogical grounds. Some of them have too much of 
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the practice at the time of first learning. Some have too 
long gaps without any practice; some have too great resem- 
blance to a haphazard distribution. One can hardly avoid 
the conviction that every one of them could be made more ~ 
helpful to learning by having practices subtracted at certain 
points and added at others. 

The same impression is obtained from an examination of 
the distribution of practice on other abilities. Except for 
certain very commonly used abilities like the axioms, laws 
of signs, and rules for multiplying monomials which have so 
much practice in connection with the acquisition of other 
abilities that there is no question of economy in distributing 
their practice, every ability has a distribution which is im- 
perfect, to say the least. It seems certain that a series of 
review exercises could be constructed to supply obvious 
deficiencies with great advantage to the learner. 

The fact is that an author, no matter how talented, 
cannot keep in mind the facts for the distribution of practice 
for a hundred and more abilities, and provide effectively for 
all as he goes along, without sacrificing other more important 
matters. The only practicable way to provide for them is 
to chart them all as we have these samples, and then adjust 
them and readjust them to a closer approximation to the 
ideal so far as this can be done at no cost to vitality, interest, 
continuity and other desiderata in the course. 

It is only within recent years that psychology has shown 
the teacher of algebra how to analyze out and define the 
mental connections the pupil should make. To make such 
a list, to decide how much practice each should have, to 
arrange the learning of them in such an order that each will 
furnish a maximum of facilitation and a minimum of inhibi- 
tion to the rest; to distribute the practice for each so that 
there shall be a minimum of waste from overlearning what 
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is sufficiently known and from relearning what should not 
have been allowed to lapse — this is a task which no teacher 
of mathematics had even considered until very recently, 
much less attempted. 

It is worth considering. If we can take a dozen practices 
from page 100 where they bore the pupil already surfeited 
with a certain technique, and insert them on page 120 where 
they will help to save that technique from being forgotten, 
at no cost to other desiderata, we have made so much sure 
gain. It may be a small gain in comparison to that made 
by some clearer explanation or better procedure or more 
interesting material, but it is a gain; and it has the merit 
of requiring no added skill in the teacher. 

The commonest defect in the distribution of practice is, 
in the psychologist’s judgment, too great concentration. 
Consider the following cases: 


Removing a double parenthesis......... 23 practices, all in one week. 

Addition ot polynomials...:........... 38 practices, 18, 13, 7, in three suc- 
cessive weeks. 

Wauheroliarmonomiialiias mcce cigs esuecs sonsten 21 practices, 16, 4, —, —, 1, all but 


one in two successive weeks. 
Polynomial X a polynomial (to be mul- 


piped oUt Wn etal) ss a. rere stela slelste'- 112 practices, 89 in one week. 
Square root of a polynomial............ Book I, 20 practices, all in one week. 
Book I], 22 practices, all in one week. 
Division of fractions.........0++ ce Book I, 173 practices, 160 in two 


successive weeks. 
Book II, 62 practices, 60 in one week. 


IEG WEFSPOLMLACLIONS sas elcversic ees exerci olen 42 practices, 37 all in one week. 
Solving a quadratic with no x term..... 42 practices, all in one week. 
Using simultaneous equations (2 un- ; F 

knowns) in solving problems......... 59 practices, 52 in one week. 


Dividing polynomial by polynomial..... Book I, 71 practices, 70 in one week. 
Book IV, 33 practices, 26 in one week. 


Like powers of equals are cqual......... 30 practices, all in one week. 
Simultaneous equations (2 unknowns) 
solved by adding or subtracting......132 to 145 practices, 132 in two suc- 
cessive weeks. 
Graphs; plotting points......:......... 166 practices, all in two weeks. 
Completing the square by supplying an ; 
GHALUCCONLCLILI rece tee sar 93 practices, 92 in two weeks, sep- 


arated by an interval. 
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Addition and subtraction of fractions...90 practices, 88 in two successive 
weeks. 
Cancelling polynomial factor in fractions. 77 or more practices, all in one week. 


Cube root of a monomial perfect cube...54 practices, 44 in one week. 
Changing sign of one term of fraction 

together with change of sign before the ‘ 

fractlontes 32) ee ee Sho eee 13 practices, all in one week. 
Literal equations, other than formulas...26 practices, all in one week. 
Forming a proportion from the factors 

of two equal products............... 23 practices, all in one week. 
Multiplication of radical by radical... .. 20 practices, all in one week. 


Doubtless wise teachers will supplement such assign- 
ments by reviews, but many teachers will expect more or less 
justifiably that a standard instrument of instruction should 
provide for reviews as well as for first learnings. Further- 
more there is a more or less justifiable suspicion that a pro- 
cedure which is never required later in the course of algebraic 
learning may itself not be worth learning. 

In general also we can hardly expect teachers to plan 
for the distribution of learning as well as authors who have 
presumably much more ability and surely much more time. 
Observation of class work will show that the majority of 
teachers follow the assignments of the textbook rather 
closely. When they do not follow it, they do not as a rule 
improve upon it. In reviews they often go over the same 
tasks in about the same order and with about the same 
relative distribution. 

These cases of very concentrated practice are of interest 
from another standpoint. One common defect in the dis- 
tribution of practice is not revealed in our diagrams or tables, 
because our unit is so long, ten pages or about a week. 
This is the too great concentration of the first learning. If 
a certain ability is to be given, say, 100 minutes of practice 
during the week of first learning, it is customary to give 
that 100 all in one dose, say as 40 minutes of class work 
followed by 60 minutes of school or home study. Some- 
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times this is wise, but in many matters. of rather simple 
habits (like multiplying with monomials or dividing with 
monomials or reducing fractions to lowest terms or collecting 
terms), it may be better to distribute the practice as say 
50 on day one, 35 on day two, and 20 on day four. This 
can often be done by learning together two or more abilities 
which reinforce each other. Thus multiplication and divi- 
sion with monomials, changing fractions to higher terms and 
to lower terms, powers and roots (a+b) (a—b), and factoring 
a’?—b? might be taught in pairs.! 

Also there seems no reason why a pupil when primarily 
concerned in learning to divide with monomials should for 
an hour do nothing else. This, in fact, encourages him to 
pay no attention to the division sign, and to learn the process 
out of relation to other processes. After a score of such 
divisions the next twenty might well be mixed with addi- 
tions, subtractions and multiplications, say in the propor- 
tions 3,1,/1,/1. 


1 Other things being equal, we teach one thing at a time, but the good 
effects of comparison and contrast make these pairings desirable. 


CHAPTER XV 


Tue INTEREST OF PuPILS IN ALGEBRA IN COMPARISON WITH 
OTHER ScHOOL SUBJECTS 


Except for the study by Schorling, Kahler, and Miller 
[1916] there seem to have been no published reports of the 
answers of high-school pupils to such questions as ‘‘ Which 
subject do you like best?”’ or ‘“‘What subjects have you 
studied in high school? Rank them in the order of your 
liking for them.” Willett has shown that the answers vary 
when the question is repeated, but has not published the 
actual reported likings. Such reports need not, of course, 
represent the truth. In certain matters pupils may deceive 
us or themselves or both. When taken critically, however, 
they are well worth the consideration of teachers. Pupils 
probably know what they like in school work rather better 
than most things about it; and the votes of pupils form a 
useful starting-point in any discussion or study of their in- 
terests. The facts we have to present tell at least one very 
clear and emphatic story — that pupils think that they like 
Latin less than any other subject that they study in high 
school. 

In our investigation we first secured reports from about 
six hundred boys and about seven hundred girls in Grade 12 
of four public high schools in New York (Group I). These 
pupils are in most cases taking the ‘‘academic”’ course, as 
will be seen from the number reporting on each subject. 
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They used the blank shown below in reporting. It would 
have been more convenient for our statistical treatment to 
have forced an ordering of subjects beyond two at each 
extreme, but for practical reasons this seemed inadvisable. 


INT. Ila 


Write your full name, your age, and what year of high school you are in. 
Write “last” if you are in the last year of high school. Write n. l. if you 
are in next to the last. 


First Name Middle Initial Last Name Age Year of H. S. 


Make a cross after each of these subjects which you have studied in High 
School. Then think which subject you liked most and write M. after it. 
Write N. M. after the one you liked next best. Write L. after the one you 
liked least. Write N. L. after the one you liked next to least. 


English Physiology 
French American History 
Latin European History 
Spanish Ancient History 
Algebra Drawing 

Plane Geometry Manual Training 
Solid Geometry Shop Work 
Trigonometry Typewriting 
General Science Stenography 
Biology Bookkeeping 
Chemistry Cooking 

Physics Sewing 


The median rating for each subject was computed by 
calling M. equal to 5; N. M., 4; no rating, 3; N. L., 2; and 
L., 1. These numbers were considered to be the mid-points 
of the intervals for which they stand, e. g., 3 means 2.5 to 
3.5; and it was assumed that the ratings in each interval 
were evenly distributed. The resulting medians indicate the- 
rank order of reported interest, and nothing more. 
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TABLE 45 


Reportep Interests oF Boys in GrapgE 12: New Yorxk City 
M. = Most Interesting. N. M.=Next Most Interesting. 
L. =Least Interesting. N. L. =Next Least Interesting. 


PrR- 
Numser | Me- PrR- Ppr- | CENT PrR- PER- 
RankE SuBJECT OF DIAN CENT CENT IN CENT CENT 
Cases |Rartine| M. Mippuz} N. L L 
Group 

1 |American History. SOL ES. 29 ul ekieoa| elOsSn | sOcaa. meee 1.6 
Py? WOVEN coos oce - 591) +} 3520) 1657 | 1459)) GORS9|4a4e25 8.6 
3 | Physics ae 325) eSakidas| Lonel 1S. 15166050) 15 soon eae 
4 |Bookkeeping.. 155° [Sek | 20°67) 674 564-55) Bosses e260 
5 Trigonometry. MO) RISO goo Weise 2 || Ore || Bare |) 2.8 
6 |Economics.. a 243 «=| 3.11 9.9 code” Vind ae) 2.9 2.5 
7 |Chemistry....... 4227 3205," 10n771 29.0} 602351 G22 Gad 
8.5] Biology...... 499 | 3.03] 6.8] 6.1] 78.4] 5.0] 3.8 
8. 5] European History 590 | 3.08) 4.6] 8.0] 79.2 6.3 | 2.0 
10f5|Spanishiee esses. 273 | 3.01 8.4 | 13.6 | 57:4 | 11.4 |) 922 
10. 5| Typewriting...... 189 | 3.01 el On ical ee 
12 |Solid Geometry... D0) leo O05) C1 dasa SO On mm lera moines 
13 | Algebras. oa...--. 573 | 2.98) 7.9| 6.5} 68.8] 8.4] 836 
14 | Physical Training. 86. | 2.96 | 253 1 2| 86-0) Ons: 1.2 
15 |Stenography..... 637/295" S22.) (G-ailetorOnleddem 6.3 
16 |Plane Geometry. . 557 2.93 5.6 4.5} 70.4 9.7 9.9 
me | ren cheep enrerce 388 |.2.88 |) 6.2) 7.7 | 58.2 |} dacosiel4ae2 
13. DAA, ooo5.o owe Die ae Sian leton a E25 ZL OM Le OF ie 
TOM | Muisiceine pees VOGT 12,84 ann Shee | one el ome 
20 |Ancient History 543 | 2.88 AG 1.1.] 72.6 | 12. 67/951350 
PAL SUGRYETS 50566 oo 139 | 2.81 KF ot | Ck1G) | SOU gee 
Ph ANGEININS Ggona cso 274 |,2.39 |, 1.8] 4.0 |-42.4 ] 17.2 | 3476 


To measure the amount of reported interest, we should 
have to compute from the individual records the percents 
reporting a certain study as more interesting or less inter- 
esting or unspecified as to interest. We should then need 
to make some assumption about the distribution of liking 
for studies in the group of individuals, and by putting the 
two facts together estimate how much more interesting 
one subject was than the other. It seems unwise to do this 
in view of (1) the labor involved, (2) the insecurity of the 
assumption, and (3) the fact that we can learn most of what 
we need to know about the matter by simpler and safer 
means. 


THE INTEREST OF PUPILS IN ALGEBRA 


M. = Most Interesting. 
L. =Least Interesting. 


TABLE 46 
REPORTED INTERESTS OF GIRLS IN GRADE 12: New York City 


N. M.=Next Most Interesting. 
N. L.=Next Least Interesting. 
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Rank SuxBsecr 


ing lishies sa. valcke 
Bookkeeping... .. 
Hrenchinaee cia: 
Stenography..... 
Trigonometry... . 
@hemmisiry se. 
Physiography.... 
a Biolog Verena. 
pOlopanishesesiases o. 
10.5) American Pee 
10.5] Physics. . . 
12 |Economics....... 
13.5) Cooking. . 
13.5|Current Events.. 
15.5| Home Nursing. . 
Meo) MUSIC... eerce «cle 
17 |Typewriting...... 
18.5} European History 
18. 5) Physical eee 
Zio Drawing wi. 4. 
21.5)Elocution........ 


OONASAPA ARNE 


21 5) Sewing. «.5...4.. 
24 | Ancient History. . 
Qe WAlgebra we os 
26 | Plane REN 
27 |Latin.. 


NUMBER 


OF 


CasEs 


553 
388 


Mer- 
DIAN 


RATING 


PrEr- 

PrER- Prr- CENT Prr- Prr- 
CENT | CENT IN CENT | CENT 
M N. M. |Mippiez| N. L. L. 
Group 
Pao 7G MEE aN i535) 233 13 1.6 
LS seas SZ O2eSal Lowe 2.6 
13.5 |.14.5 | 56.8 6.6 8.7 
10.3 | 13.5 | 66.6 4.0 5.6 
4.5 Oe OS Os Nae 4.5 
TORUS (el 2 FAT 66.S 6.6 4.3 
12.8 8.0] 69.1 8.0 2.0 
10.2 7.9 | 74.1 5.5 2.8 
11.8 | 18.3 | 57.4 | 10.6 6.8 
6.3 | 11.5.) 74.0 4.7 aii 
9.4] 14.8 | 58.6 CoO 1 LOS2 
7.5 ORT Neale 2 5.4 6.2 
1.5 8.1 | 80.9 7.4 2.2 
D Pultee e LOO ROP ae ye [ere 
eee SAE OS 48 LZ alee 
leaf ZANT 8973 4.0 2.4 
pte, 3.0 | 90.0 4.1 3.0 
3.2 BCI 7iCf es: Sez Onl 
3.4 Deo | o229 5.5 5.5 
4.9 2.4 | 78.2 5.9 7.6 
= cake | ee eae OOS 4.9 4.3 
ee eae Pee OBS 7.0 1.3 
1.8 La S55 6.7 4.9 

a. Le 1 | C6Se aOR | palelenO 
5.3 4.4} 64.0 | 12.6 | 13.6 
3.8 D4 [297.9 1S 4 IAG od 
4.1 6.45 Pol OF else Zone 

English 


The medians, as just stated, give us the order. 
is at the top and Latin is at the bottom. ‘Twelfth-grade 
pupils in these schools in general put English above Latin 
by about as much as they put their third choice out of four- 
teen above their twelfth. From English to Latin is such a 
difference that a pupil in Grade 12 reporting on fourteen 
subjects will on the average feel about that amount of 
difference in interest between the subject ranked third and 


that ranked twelfth. 
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This is, of course, not an enormous difference. If the 
reader will list fourteen subjects that he took in high school 
and rank them in order for interest, he may even feel no 
absolute certainty that he really did like his No. 3 better 
than his No. 12. Pupils are far from unanimous in finding 
English more interesting than Latin. The count, individual 
by individual, of the boys who took both subjects gives 155 
voting English more interesting, 24 voting it less interesting, 
and 81 putting both in the middle ten. If these last had 
been forced to rate these two subjects in comparison prob- 
ably about 55 would have put English higher.!. So approx- 
imately 81 percent prefer English. A similar procedure 
with 385 girls gives 80 percent. 

The difference in interest between one subject and an- 
other may be expressed approximately? as a fraction of this 
English-Latin difference (call it ‘‘elg’’ in the case of girls 
and ‘‘elb”’ in the case of boys): that is, the difference between 
the medians is divided by .62 in the case of the girls and by 
.81 in the case of the boys. Thus, for girls: English-French 
is .39 elg; French-Biology is .07 elg; Biology-American 
History js .02 elg; American History-European History 
is .14 elg; European History-Algebra is .16 elg; Algebra- 
Latin is .22 elg. For boys, American History-English is 
.11 elb; English-Biology is .21 elb; and so on. 

If we leave out English and Latin in the case of the girls 
and American History and Latin in the case of the boys, all 
the remaining subjects are within a range of .53 elg for girls 
and .48 elb for boys. 

It would of course be unfair to use these results without 
consideration of the fact that the studies reported by the 


1 Tf we divide them as those sre divided who made the distinction, 86.6 
percent would favor English. If they represented real indifference, the per- 
cent would, of course, be 50. Taking an even compromise the percent would 
be 68.3 and .683. 81 =55. 


2 Not exactly, since we do not know the form of distribution. 
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smaller numbers are more often elective, and so probably 
better liked by those who take them than they would be by 
the others if they were required of all. Trigonometry, for ex- 
ample, is rated high by the 27 girls who took it, and algebra 
is rated low by the 675 girls who took it, but if all of these 
had taken trigonometry there might have been no difference. 
We have, therefore, made separate tables (Table 47 and 
Table 48) for those subjects reported as having been studied 
by 80 per cent of the total number, that is, by 475 or more 
boys or 570 or more girls. 

In order to learn whether these results are peculiar to 
academic students in New York City or are of fairly general 
significance we have secured similar data from a city in the 
central west, a city farther west, and a New York high 
school less devoted to academic and college preparatory 
work. The median ratings for the ten commonly taken sub- 
jects are shown in Table 49. A combined median rating for 


TABLE 47 


Boys’ Interests In Supsects REPORTED AS TAKEN By 80 
PERCENT OR MORE 


APPROXIMATE 

LikeD Successive 

Mepian |Lixep Most IN THE Least oR |DIFFERENCES 

SuBJECT RATING or Next MIDDLE Next TO |IN TERMS OF 

To Most TEN LEAST THE ENG- 

LISH-LATIN 

DIFFERENCE 
American oe ae 3.29 34.1 62.2 3.7 pal 
English. . 3.20 31.6 60.8 7.8 Tol 
IBIGLOgy2a isan ci. 3.03 1259 78.4 8.8 .00 
European History| 3.03 12.6 79.2 Sie 06 
Algebra. .c5h2. . 2.98 14.4 68.8 17.0 . 06 
Plane Geometry. . 2.93 10.1 70.4 19.6 07 
POPAW ING 3) nied + 2.87 4.9 71.9 23.2 05 
Ancient History. . 2.83 ie 12'.6 25.6 54 
Latin (274 boys).. 2.39 pus ae SehD om 
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TABLE 48 
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Giris’ Interests In Sussjects REPORTED AS TAKEN BY 
80 Percent oR More 


APPROXIMATE 
LIKED SUCCESSIVE 
Mepian_ |Lixep Most IN THE Least oR |DIFFERENCES 
SuBsectT RATING orn Next MIpDLE Next To |In TERMS OF 
to Mosr TEN LEAST THE ENG- 
LIsH- LATIN 
DIFrrERENCE 
English 3.39 417 55.3 2.9 .39 
Hrenciiqap ree Snel 28.0 56.8 15.3 £07: 
Biology. . 3.07 18.1 74.1 hs 02 
American History. 3.06 17.8 74.0 8.4 .14 
European History 2.97 8.4 77.8 13.9 03 
Drawing. . 2.95 1.3 78.2 13.5 spa! 
Ancient History. . 2.88 2.4 76.4 21s 02 
All pebrrarwsen-oes a. 4 tent 9.7 64.0 26.2 23 
Taha (888 girls). . ATG} te ers 5 D ds ie = 
TABLE 49 


Mepian Ratincs ror Ten CoMMONLY TAKEN SuBJECTS: GRADE 12! 


IN THREE SCHOOLS 


ScHoot D © ScHoou E Scuoou F 
Supsecr 
Noumser | Mepran | Numper | Mepran | NumBer | Mepian 
iy le RaTING Le RaTING ta. RatTING 
nelichter tenes 123 2291 68 3.34 134 3.70 
American History.. 114 2.92 64 3.09 99 3.04 
VBE Ne ever ade ue wc 27 3.03 53 3.00 60 3.20 
Biologie a? sent 56 3.07 648 3.108 
European History. 32 2.88 67 2.93 50 3.00 
ID Trswin Gaerne 60 2.79 69 3.06 44 3.16 
NEV OVI s So ooo 6 oc 108 2.94 65 2.81 134 2.90 
Ancient History. . . ba) aa 60 2.96 74 2.95 
Plane Geometry... 102 2.92 56 3.04 Te 2.81 
IGE Sea iey orca dey 65 1.92 43 2.53 100 2.07 


1 Some from Grade 11 were included in one school. 
2 Biology had only tour students, 


3 Botany. 


THE INTEREST OF PUPILS IN ALGEBRA 393 


the three schools is shown in Table 51 beside similar facts for 
the New York group. As in the New York group, English 
is at the top and Latin is at the bottom. The differences 
between the others are very small, their entire range being 
only .18 of the English-Latin difference. 


TABLE 50 


Mepian Ratines ror TEN ComMMONLY TAKEN SuBJECTS: GRADE 12 
IN Four ScHoo.s? 


BOYS 
ScHoot G Scuoot H Scuoou I AVERAGE 
Maniise 
No MerEpD No Mep No Mep 
American History...... 58 | 3.081 |)-38 | 3.28 | 36 | 3.96 | 3.44 
nip lished) 8 vecpweleheco4 abscess 79 | 3.07 | 44 | 3.11 | 62 | 3.04 3.07 
RCIICINS oe wake econ tae 55 | 2.86 | 28 | 3.19 | 55 | 2.97 3.01 
PIOlOS Vas Matta (rsh) ie eos eee 34 | 2.91 | 40 | 2.98 7 | 3=20 3.03 
European History.......... 58 | 3.08! | 42 | 3.00 | 48 | 2.95 3.01 
ANI ERE) OF Bal Go en ae 83 | 2.857 | 45 | 3.00 | 62 | 2.89 2.91 
Plane Geometry............ 83>} 2285771545 | 3.02161 4-3..07 | (2295 
DA WANG, erence sens oa cee 49 | 3.39 | 44 | 2.87 | 19 | 3.00 3.09 
Ancient History..........=. 30 | 3.19 | 42 | 2.69 | 41 | 2.90 2.93 
TUADIOUTLs & ete MOme 2 amie ee 56 | 1.40 6, | 2.50) | 57 | 2222 2.04 
GIRLS 
ScHooL G ScHoou J AVERAGE 
Mastine 
No. Meb. No. Mep 
American History ...2-...-.¢...4|) 29 3.57 26 3.14 3.35 
Eglisniniee secre than ete 61 3.48 50 4.60 4.04 
HINO TC cg eee te cet hiatus aun 58 3.79 48 2.74 3.27 
BSTOLO OW ac reer an me, 2 ofa Sean ae 17 2.78 25 3.05 2.92 
European History............. 29 3.57 27 3.00 3.29 
Al eebrae ee ech soi eke syd 62 2. 69? 48 2.87 2.78 
ipignelGeometryzs.c.. ook eno 62 2. 69? 45 3.00 2.85 
DAWN Sigs fad. sxses aeoee Hass PAs 12 2.83 32 3.08 2.96 
ACen EIStOLY:.< a ver oa see 28 3.21 36 3.02 onl? 
Esti ee neat he gir eve tta| (B48 1.92 41 Pele 2.04 


1 This median is for European and American History together. 
2 This median is for Algebra and Plane Geometry together. 
3 Schools H and I are boys’ schools; school J is a girls’ school. 
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As a further check we have used two private schools in 
New York City, a private school in Chicago, and another 
public school in New York City, concerned chiefly with 
academic and college preparatory work. The median ratings 
are shown in Table 50, by schools and sex. 

A combined median rating for the four schools is shown 
in Table 51, beside similar facts for the New York group and 
the group of three schools used as the first checks. English 
leads and Latin is last, as before. 


TABLE 51 


ComBineD Mepian RatInGs or SUBJECTS 


Group I Group II Group III 
Four THREE Four 

New YorK ScHOOLS ScHOOLS 

ScHOOLS 

Ringlish Sa Se Bie, Sek Reece eee 3.28 Say 3.44 
ATMELICAIN ELIStORY. sie a ee ee 3.18 3.02 3.41 
Biology a see ee POUR a eee ee 3.05 3.09 2.98 
Brench. cee nee eh. ae oe eee 3.00 3.08 3.18 
Miropeanetistony  ieeniaty ere eee 3.00 2.94 3e12 
Algebra A. ay 500i). Sete Sg Merb tere 2.93 2.88 2.86 
IDFA Wine Nh saomiaehs ae en eee roe 2.91 3.00 3.03 
Planet GQeometryrnnn reer eee 2.87 2.92 2.93 
Ancient pea iss | EO ee eee 2.86 2.96 3.00 
Latin. . LS by SORA 2Ed56 2).17 2.04 


Book [1922] and Schorling, Kahler, and Miller [1916] 
have reported pupils’ votes somewhat similar to these. 
Book’s results differ from ours in putting mathematics much 
higher. The results reported by the Schorling Committee 
are in accord with ours. Book asked high-school seniors in 
Indiana to report their favorite study. The results appear 
in Table 52. The percentages are of course not to be taken 
at their face value, since the number of pupils who had 
studied agriculture, or botany, for example, was probably 
much smaller than the number who had studied mathe- 
matics or English. 
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TABLE 52 


NoumpBer or Stupents Se.nctinc Dirrerent Hicu-ScuHoont SupsEcTs AS 
TueErr Favorite Stupy 


PrER- 
Favorite Suspsect CaseEs | CENT OF Favoritp Suspsect CaszEs | CENT OF 
Toran Tora 
Group Group 
Mathematics.......| 1156 20 Rigtineetct. oe 2 | tl On O 
English and Litera- Manual Training...| 147] 3 
PNLES coe ogee oy. a LALO 19 Chemistry......... 144] 3 
EUIBOTY.. bos...) 683 12 Music and Art..... 143 | 3 
Commercial........| 561 10 Agriculture......... Xp || W 
BCIENCE Soo: es ns. 368 6 Botan ©... 05-6. 53 | 0°92 
EV SICS eats ee SO29 6 Debating as. ore 44 | 0.77 
Domestic Science. ..| 292 5 No subject selected.}| 192} 3 
anguages.:0......| 240 4 


Schorling, Kahler, and Miller [1916, p. 612f.] report the 
votes of pupils in three Chicago high schools as to the “‘ De- 
gree of enjoyment received from their studies,’’ their choice 
being amongst ‘‘ Very much,” “A little,’ and ‘‘ Not at all.” ! 
We quote their results in Table 53. 


TABLE 53 


STATEMENT OF STUDENTS AS TO DEGREE OF ENJOYMENT RECEIVED FROM 
THEIR STUDIES 
UNIVERSITY HIGH SCHOOL 


I II Ill NUMBER 
SusBsectT VERY A Lirrite| Not at I+I1 OF 

Mucu ALL STUDENTS 
ELISCOR Vz pate teets  sePerresiees 67.1 ole6 1.3 98.7 149 
Hiner c hie tare ositis Was sho: 63... 34.2 PINE 97.3 149 
General Science.......... 62.6 33.8 3.6 96.4 83 
Other Sciences...........] 68.2 Pf 9 4.6 95.4 151 
Popular Arts e ese: oss. 56.9 36.4 6.7 93.3 165 
Germanh,.ee oe 47.3 44.5 8.2 91.8 146 
Mathematics.:.....2...0| 49.7 40.9 9.4 90.6 318 
Englishes. 24.0085 00 oc; 43.6 46.5 9.9 90.1 BY Ys 
LENS ae Peete Beene oe 45.5 42.5 12.0 88.0 233 
IVUUG Greeters trcnoxe asics cro 51.0 320 16.2 $a. 0 49 


1 “The principals of three high schools were asked to submit a questionnaire 
to the students in which each one was asked to indicate the subjects he ‘en- 
joyed very much,’ those he ‘enjoyed a little,’ and those ‘enjoyed not at 
alle? 
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TABLE 53—Continued 


HYDE PARK HIGH SCHOOL 


NUMBER 
SuBJEcT it II III I+I1 OF 

STUDENTS 
Hinglishierece oer cae 62.8 BBa” 4.0 96.0 1416 
Wiathemabicseerenie a nee lola 40.2 8.3 91.7 955 
German Done) 310 10.2 89.8 322 
Brenchnee, 2 coe eee 60.7 3 8 0 93.0 295 
History 52.6 39.1 Sao 91.7 504 
PIV SiCay meme seein 50.0 38.2 11.8 88.2 134 
@hemistry ie; scence ee 58.7 38.5 Pits: 97.2 109 
1D Gi also ce AER aces te cares Re O83 38.7 20.7 79.3 660 
BG talayeee tose casera 68.0 27.9 4.1 95.9 147 
LOLOL MR een skate | ea 38.4 14.5 85.5 104 
Physiologyen assem ee ele 22.8 5.9 94.1 412 
Bhyeiogtap ayaaeenne rier 60.1 33.9 6.0 94.0 153 

OAK PARK AND RIVER FOREST HIGH SCHOOL 
NUMBER 
SuBsJECT I Il III I+IlI OF 

STUDENTS 
Manual Training........ 79.6 16.8 3.6 96.4 349 
General Science.......... (pL ez 34.4 3.9 96.1 444 
INIISIC Nett eto eee 70.7 PSO 4.3 95.7 48 
Drawing (3038 22.4 4.3 95.7 165 
History 57.6 37.6 4.8 95.2 460 
renee tae yates ee 62.2 32.4: 5.4 94.6 114 
English 56.0 3. 6.9 taal 1024 
Gennmariegs cit oes 50.0 41.0 9.0 91.0 234 
Mathematics sen senna « 42.9 11.4 88.6 745 
(hatin eee! © wont ered no SirO: 47.6 13.9 86.1 483 


In Table 54 we have summarized the votes for certain 
subjects for convenient inspection by counting a vote of 
“Very much” as +1, ‘A little” as —1, and ‘“‘Not at all” 
as —3. This procedure is somewhat arbitrary, but the 
reader versed in mental measurements will realize that it is 
not unreasonable, and that any reasonable weighting of the 
three sorts of votes would give approximately the same 


relative positions to 


the studies. 


Table 54 to each of the three schools. 


Equal weight is given in 
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TABLE 54 
A SuMMARY OF THE SCHORLING CoMMITTER’S DATA 
AVERAGE WEIGHTED NUMBER OF 
Sussect ATING STuDENTS 
Eplish ey aaa seid. ake thn eelanenee — 5.6 2812 
EATS E ys eee foe ce aes ais ca Aan 8.6 1113 
J RURSITIGL Tek eae ellen | MAPS ee RA Meee ata 13.9 558 
rornaa nine, veiw wor $e. <0 syakid casera —18.6 702 
Average for Science.............. -+13.8 re 
IVEAGHEMALICS Aiaeis alt clave ote wae —21.5 2018 
RBATIEP Ree ohne Se ete, hae ae ee —48.0 1376 


We cannot systematically compare these results of Schorl- 
ing’s committee with ours because they used pupils in 
all the grades of high school, whereas we used only pupils 
in Grade 12 (plus a few in Grade 11 from one city). In only 
one of his three schools were any two subjects reported on 
by 80 per cent of the pupils. Taking the percentages at 
their face value, Latin is at the bottom in all three schools; 
English is at the top in one, next to the bottom in another, 
and at about the middle in the third. The history vote we 
cannot use, since so much depends on whether American 
History or Ancient History is the subject, and this is not 
stated. Mathematics is low in all three schools. 

If we take the subjects reported on by at least 50 per 
cent of the pupils (including Latin for comparison) we have 
English, Mathematics, and Latin in that order, with Latin 
much farther below Mathematics than English is above it. 

In general, it appears practically certain that in present 
schools with present teaching, most pupils who study 
English, Mathematics, and Latin will like them in that order, 
the interval between Mathematics and Latin being much wider 
than the other. If all the pupils who were required to take 
English and Mathematics had been required to take Latin 
also, Latin would presumably have had a still lower relative 
position. Algebra is liked a trifle better than plane geom- 


etry. 
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It is not within the province of this chapter to discuss 
the possible causes of the relative interests reported. Cer- - 
tain thinkers will consider difficulty as the chief force; others 
will find evidence that abstractness is the essential; others, 
more hopeful of youth, will argue that these preferences are 
for what is modern, vital, and serviceable. In any case, we 
need to know these interests, most of Hl perhaps if it is our 
aim to change or thwart them. 


CHAPTER XVI 


Tue INTEREST OF PUPILS IN VARIOUS FEATURES 
or ALGEBRAIC LEARNING 


Certain matters concerning pupils’ likings for various 
features of algebra are matters of rather general agreement, 
for example, their preference for numerical rather than 
literal equations. Others are matters of very diverse opin- 
ions, for example, the relative interest in elaborate equations 
and simplifications involving shrewd inspection of the data 
and ingenious arrangement and manipulation of the num- 
bers. Very little evidence has been published concerning 
any of these matters. 

Such evidence may be obtained from three sources. The 
first is expert observation of the behavior of pupils in school 
and at home when engaged in the study of algebra; the 
second is the testimony of pupils; the third is the testimony 
of teachers. The study reported here used the second 
source. The testimony of school pupils is beset by many 
influences tending to error, but is especially competent in 
matters of likes and dislikes. Moreover, the nature of the 
questions asked was such as to reduce the forces productive 
of constant errors. The variable errors do little or no harm 
in the present inquiry. Any one pupil had only the simple 
task quoted below, of examining eight samples of algebraic 
tasks and choosing the four sorts of work liked best, next 


best, next to least, and least. 
399 
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Int. Ia. 


Look at these samples of some of the things you learned to do in algebra. 
Think which sort of work you liked most and mark it M. Think which you 
liked next best and mark it N. M. Think which you liked least, or disliked 
most, and mark it L. Think which you liked next to least and mark it N. L. 


1. 4ce—7=52 —4- (32-1) 


ype 
2. Subtract cS from ne! 


a Pee i eo : 
3. Fane: a@c=b’c Find what x equals. 


1 


1 — 
seen i 


4. Simplify a 


5. 2v+ y=2 (a+b) 
47% +2y=a+4b 


An engine can propel a boat 12 miles an hour in still water. How long 
will it take the boat to go upstream 10 miles and back again if the current is 
2 miles an hour? 

7. Draw graph of ©+2, 7+4, and +6 
a@+3a—18 
a+16 


Find what x equals and what y equals. 


8. Simplify 2a?—18—(a+8) 


Int. Ib. 
1. 4x+a=2r¢—b—(x—a) Find what z equals. 


a c 
= = = — ? 
2. a=1, b=2,c=3 What does eres equal? 
x 5 x—2 . 
3. ee Find what x equals. 
; ; 2a? a@+2ab—3b? 
. 4, Simplify Gli eehe ss eee 
b 


5. 2a +5 =32—4 Find what 2 equals. 


6. What is the total cost of n articles at c per article, if e is paid for ex- 
pressage and .02nc for insurance? 


7. Draw graphs of y=2x and y=2°. 


8. Half of a number plus a third of the number plus a fifth of the number 
equals one more than the number. What is the number? 
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Int. Ic. 
1. 7+9=27—5 


2 es 
2. Subtract % 


b b 
from a—- 
c 


a Cc 
3. a=1,b=2,c=3 What does ———\ equal? 


b a+b 
. J a‘—bt 
ao iuplily, aay eee) 
5. Baty ~ us Find what x equals and what y¥ equals. 


An engine can propel a boat 12 miles an hour in still water. How long 
will it take the boat to go upstream 10 miles and back again if the current is 
2 miles an hour? 


7. Half of a number plus a third of the number plus a fifth of the number 
equals one more than the number. What is the number? 


b abc 
tases | ~ be—a 
Sips s sedi ee era! 


8. Simpliiy ae 


One hundred and forty-six boys and two hundred and 
seventy-one girls, scattered through a number of schools, did 
this, using form Ia; 151 boys and 260 girls similarly made 
choices, but using the eight sample tasks of Ib; 133 boys 
and 248 girls similarly made choices, but using the eight 
tasks of Ic. The use of actual sample tasks frees these ratings 
from many of the objections to questionnaires of the or- 
dinary type, and is in general preferable to asking children 
general questions. For rigorous and convenient quantitative 
treatment it would have been better to have forced a com- 
plete ordering of all eight items, but it was our plan to 
make any necessary sacrifices to increase the probability 
that each pupil looked at each of the eight tasks, and ranked 
them according to his liking so far as he could. To force 
him to report differences where he felt none, or to follow some 
elaborate instructions, seemed likely to disturb him. Also 
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it was desired to avoid the slightest burden on the teachers, 
beyond having the blanks distributed and collected. 

Our own labor could have been reduced and the treat- 
ment made simpler if each pupil had been required to rank 
sixteen or more tasks instead of eight. We kept the number 
down, first, to simplify the task of rating; second, to prevent 
any pupil from considering such general issues as letters 
versus numbers; and third, to discourage any tendency to 
regard this as in any sense a test of individual merit and so to 
copy from other pupils. Blanks Ia and Ib, or Ia, Ib, and Ic 
were distributed in rotation about the classroom. 

It will be noted that blank Ic duplicates two of the sam- 
ples from Ia and two from Ib, thus serving as a link to put 
all the samples in one order for interest. The best way to 
obtain such an order is to ‘pair every sample with every 
other, asking for each pair, ‘‘How many preferred 1 to 2, 
and vice versa? How many put them both in the undif- 
ferentiated middle group?” This is, however, extremely 
laborious and not necessary for the purposes of this article, 
which is to obtain approximate, not exact, measures. 

The method which we have used is as follows: Treat 
boys’ and girls’ ratings separately. Let L., N. L., X, N. M., 
and M. be rated arbitrarily as 1, 2, 3, 4, and 5 respectively, 
1, 2, 3, 4, and 5 meaning 0.5 to 1.5, 1.5 to 2.5, 2.5 to 3.5, 
etc. Tabulate the ratings as shown in Tables 55 and 56, and 
compute the median value for the ratings of each sample. 
Express these median values as divergences from some one 
reference point (we use the interestingness of a2, identical 
with c2, as this reference point). This gives the general order 
for interest of Table 57. These deviation numbers remain 
arbitrary and will require definition. 

The procedure is as follows: Starting with a2 for boys as 
our point of reference or zero point we have cl for boys equal 
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RELATIVE INTERESTS IN VaRIOUS SorTS or ALGEBRAIC WorK: Boys 


Frequencies of votes of “Liked Most,” “Liked Next Most,” etc., in percents. 


Set Ia (n=146) 


M. N. M. x N. L L. 
MEN ees he. Aes cic.¢. cv ot te as 24.0 17.8 Sul 4.8 adh 
OP 5:5 che Gee ae age 6.2 Til) 33 7/ 7.5 
SPE A hs citics Recah & a 257 11.6 67.1 133%, 4.8 
Whi. 9.6: das eta A, eae | 2 Se 2.1 st 43.1 18.5 35.6 
OSs 6. Aig eee ee ee 34.2 21.9 32.4 8.2 3.4 
GB». 05, ae ee 16.4 12.3 40.4 1233 18.5 
DE os Zee OR ee ee 17.8 26.0 41.8 4.1 10.3 
Che. 3 fee ae date en re aru 3.4 50.6 24.7 19.2 

Set Ib (n= 151) 

M. N. M. xe N. L 1 
(Oil ASR e BS pe aan ee em be A 13.9 U8 65.5 10.6 2.6 
COMP Pe Ree SRA 28.5 19.9 39.1 6.6 6.0 
EBS 5 oe eee ee ee a oa 9.3 11.9 68.2 8.0 2.6 
ek cae ee ee) ee ee 2.0 8.6 23.8 20.5 45.0 
OO eee ee oie FTG 11.9 19.2 64.9 4.0 0.0 
COME hates tw hte as 3 6.0 8.6 45.7 Diese 18.5 
NE 5 did Sea Sea ae ee 15.2 11.9 46.3 15.2 11.3 
WEL Ss A NE A ee ne 132 12.6 46.3 13.9 13.9 

Set Ic (n=188) 

M. N. M. x N. L. L. 
Gil > Pi ae ee RR Te 29.3 25.6 39.1 ono 8 
Be ae A ea ee 0.0 0.0 57.9 33.8 8.3 
(OB) oF ates) Re SRR es ae 733 9.8 74.4 6.8 3.8 
CARREY BERT INEA 0 5 FARCE 74.33 7.5 67.6 16.5 6.0 
COMM. a. ee on A es 42.1 30.8 23.3. 3.8 0.0 
hans Gey Meee Rees ee ee Re es CO 11.3 9.8 62.4 9.0 7.5 
(7h eee Re ae ae Se | ee Sd 9.0 11.3 59.5 15.0 5.3 
CSP Rah Ae) att 5.3 15.8 9.8 68.4 
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TABLE 56 
RELATIVE INTERESTS IN Various Sorts or ALGEBRAIC WoRK: GIRLS 


Frequencies of votes of “Liked Most,” ‘Liked Next Most,” etc., in percents. 


Set Ia (n= 271) 


M. N. M. x N. L L 
CA ees spaced Wis nant 9 cement 39.5 23.6 Son 1.1 i 
UR site Sn cht AAA ee, (ISA cree 1 oee 84.8 6.3 4.4 
OY, Rae ae CEN Bed tie aed oe 4.8 13.6 70.4 7.4 Se 
CA a eek ates 1.8 256 46.1 26.9 22e0 
(Hie @ capspaebe eet eree ie eae cee Oe 25.1 S0me 32.8 The 4.1 
GAG: to sn a fee See ae eee 5.9 4.8 PET 1622 45.3 
Gibbs 1 Re eee NI cre 21.0 19.6 42.1 res) 8.9 
OST UE SRT WE edt ad tek wi 22 60.9 25.8 10.3 

Set Ib (n= 260) 

M. N. M. Xe N. L. L 
Pe RO cits Bae Re ae tee 1952 16.9 55.4 8.1 A 
PTO Monee ei ate hedge ach aco ieee 25.8 PA oi} 46.2 4.6 1.9 
LE Tae reat Moe he AR Ee whe eee 9.6 15.0 66.2 8.1 1 
DAB aes sh cide ey tesa RS Si! 5.4 35.0 20.0 28.8 
et OR eee EOE Cue Some! 13.5 14.6 68.8 2.3 8 
OOP TREE Se 2, Bro. tas ROR oo 1.5 A Sond 23.1 39.3 
UG cate GREE RES eA peony cet et 14.2 13.5 47.7 10.0 14.6 
Dake Santen me Metata t too eye at 2a 45.0 Ged 63,1 

Set Ic (n= 248) 

M. N. M. xe Nels L. 
CI cede eae is Seoeeet 31.4 25.0 43.1 A 0.0 
(Ya col tate tine. Neath Keath a 4 2.8 79.8 125 4.4 
CBR: Bile tee, 2A. A ag een 6.9 Issey 71.0 5.2 12 
c4.. 33 13.3 64.5 12.9 2.0 
COUT ernie © Reactions 45.2 25.4 25,0) 2.8 1.6 
COME eccnctan chdinee: nae eats 4 8 39.9 19.8 39.1 
CUR tre coir tes oe od 15.3 54.0 19.3 3.6 
OBS, Sekine Meu peeceaet ee 8 1.6 22.6 27.0 48.0 
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TABLE 57 
THE ORDER FOR INTEREST OF SAMPLE ALGEBRAIC TASKS 
AVERAGE 
(EQUAL WEIGHT 
Boys | Grris TO BOYS AND 
GIRLS) 
2¢+4y=11 | 
Be eicoiiee a walkie heey c5 | 1.60) 1.40] 1.50 
BOE Gey Betas ae tad tne cl 1.05 .85 95 
2x-+y =2(a-+b) } 
det 2y=a+4b foci tte ad 91 72) .82 
Agi f= HE —4— (Be —=1) 5 ves ees eh ess 2 al .44, 1.09 nfeel 
(Cua alae age TSO ire ee ee ee av 45) 32 .39 
wer) oe Fe f 62 SO tells og 
a=l1, b= 2; C=i5 b a+b Oe cc, CHO aon l 63 39 is yi 
bean 4 77 ees ee) 
(+b) (a+b%) Recents: Vp eMo ne Sey Oka ash afaenete cy ; 0 A 
2a+5=3x—4 RA Se eed b5 |, 14) — 05) 05 
teen ey Bs 
eG Geb COCR Ee ee errors a3 03 .09 .03 
ae O20 — 0 — (2G). ae. ct ce es ee b1 | —.01 .06 .02 
22 
Subtract 2 z from @——4- 0555. - ‘iat { ie ht We on 
Half of. amumber, ete. ..j8006. 5.6. fs: { ne aie aa ie ot 
a0 5 x—2 
ee Go b3 01 .07| —.03 
(Giaey ohn a SU, ee 5 ot er pcuei eee b7 | —.06| —.16) —.11 
2 fade 
2a? —18— (a-+3) oad eee 48 | —.28| S931 =: 96 
= . a+16 } a6|  .07/—-1.21 a zs 
oe CLD ae ee eee ue 06 “40 "86 — 23/7: 
err Ak 
3-5 11 
AMR Weed Ie acess ee a4 | —.62) —.45) —.54 
Wost Of Articles, 6G. 4. 84 cee.evelees b6 | —.35)—1.21] —.78 
2a? a? +2ab — 3b? 
Leena Se 64 |—1.33) —.93)/—1.1 
(att —(a—be  a—b 3 
b 
iss TY abc 
Gad 
ibe Se, rh ate ae ae ara e8 11.41) ~1734} =1. 38 
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to +.44 (that is, 3.34 —2.90) ; a3 for boys—.03 (that is, 2.87 — 
2.90). Starting with a2 for girls, we have al for girls equal 
to +1.09 (that is, 4.05—2.96); a3 for girls equal to +.09 
(that is, 3.05—2.96), and so on for all the a samples. Since 
c2 is identical with a2 we have cl for boys equal to +1.05 
(that is, 3.69—2.64) and so on with all the c samples. 63 
=+.39 for boys and +.15 for girls. Since 62 is identical 
with c3 we set 62 as +.39 for boys and +.15 for girls and 
rate the other 6 samples to fit these values for 62. We 
could have made the a, b, and c samples comparable wa 
a6 and 68 instead of wa a2 and 62. The reliability of the 
ranking is measured by the differences between the ratings 
for c7 and b8 (the same sample), which is 0.31, and that for 
a6 and c6, which is 0.34. Apparent differences of .20 or .30 
obviously should not be taken very seriously, though the truth 
is of course more likely to follow the table than reverse it. 

We may compare the facts for interest as evidenced by 
the pupils’ reports with ratings made by expert teachers of 


TABLE 58 
TASK RANK BY RANK BY 
PUPILS TEACHERS 
COS a IA: Rite Bin SRR eke Deane eet 1 35 
CoA Weer SA Re eM ms re On Bie Coy ealee 2 1 
COIS ices aA Sac ea "cE Tee) a ROA, BR ne 3 13 
ij Oe a MR che ean, ONO Ee ieees |e + 2 
Oe OL OM OEE ne Oe nter: 5 9 
O28C3 Re eee te ee er te ae 6 6 
CA NO ok ee CTR ee I eee 7 8 
SS Nabe ay Winnie eR Nie «as Ae 8 33 
(ORS SP ae geet AEAEMG Os, RANA Secale Satis a: SUAS 9 as) 
DUS 5. ce Aiea ek cage el 10 7 
LORE ee ee ae RN AR 11 11 
Ci OS eect ris ean ree 12 dott 
BS ecto edhucusr al Mendon ieee eee ee Oe 13 5 
Ol a Ree Ua est ee ee 14 li 
GSK. BLE see eae ee eee ee 15 16 
QOS CO re. Sgt steele ee eee re ees 16 14 
OA dos: scien RAN ek cat ice eee ees 17 19 
O04 4 nde Sees ee 18 17 
OB a Sano wdc oer te Rave recy eae ea 19 18 
C8 oscava' el sre) cane eae 20 20 
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algebra. These teachers considered all twenty specimen 
tasks and put them in a rank order for interest to pupils in 
general. By the median judgment of twenty-two teachers 
the ranking is as in the last column of Table 58. The rank 
order by the pupil is given for comparison. The two orders 
are much the same, the correlation (by the Spearman 
“foot rule’) being .88. The agreement as to the dislikes 
is extremely close. 

So far the numbers and differences of Table 57 remain 
arbitrary. We may define them by the magnitudes of the 
minorities in each case, since even the extreme difference 
between c5 and c8 is not unanimous. Six boys out of 133 
and twelve girls out of 248 rate c8 as better liked than cd. 
The facts are as follows: 

1.50 to .95 (c5 to cl) represents 55.7% of boys rating c5>cl 


6.8% of boys rating c5=cl 
37.6% of boys rating ci<cl 


55.8% of girls rating c5>cl 
6.8% of girls rating c5=cl 
37.4% of girls rating c5<cl 


.95 to .20 (cl to c4) represents 63.2% of boys rating cl >c4 
25.6% of boys rating cl=c4 
11.&% of boys rating cl<c4 


61.8% of girls rating cl >c4 
21.3% of girls rating cl =c4 
16.9% of girls rating cl<c4 


.20 to — .40 (c4 to c6) represents 25.6% of boys rating c4>c6 
39.1% of boys rating c4=c6 
35.3% of boys rating c4<c6 


64.4% of girls rating c4>c6 
20.9% of girls rating c4=c6 
14.9% of girls rating c4<c6 


—.40 te —1.38 (c6 to c8) represents 80.4% of boys rating c6>c8 
5.3% of boys rating c6 =c8 
14.3% of boys rating c6<c8 


53.0% of girls rating c6 >c8 
4.8% of girls rating c6=c8 
42.2% of girls rating c6<c8 
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Table 57 makes certain conclusions highly probable. 
First, there is no evidence that pupils prefer applied problems 
tocomputation. The three applied problems are rated —.01, 
—.40, and —.78, and the one of them that is rated highest 
is the least “applied.” 

Second, there is abundant evidence supporting the com- 
mon belief that numerical computation is better liked than 
literal computation. al is substantially identical with 61 
save that 7, 4, and 1 replace a, b, and a. Their ratings are 
+.75 and +.02. a4 is like c8 except that it is numerical 
and somewhat less elaborate. Their ratings are —.54 and 
—1.38. 5 is substantially a5 except that it is numerical 

‘and a trifle less elaborate. In only one pair of tasks (63 and 
a3) does the numerical task’s rating not exceed that of the 
corresponding literal task. Their ratings are +1.50 and + 
82. Also the problem with literal numbers is rated lowest 
of the three problems. 

Third, fractions have in general the same prejudicial 
influence that literal numbers have. 5, for example, is rated 
.90 below cl. The only added difficulty is to multiply 
through by 2 or otherwise handle the fractional quantity. 
It seems that the experiences with arithmetic and algebra 
have left a generalized antipathy to fractions. Pupils prob- 
ably feel a lack of mastery and confidence ia dealing with 

_them. 

Fourth, there is evidence that elaborate simplifications 
are notably disliked. With the literal problem they form 
the low end of the list. Elaborateness is, of course, corre- 
lated with difficulty; and part of the dislike of it is due to 
the dislike of difficulty. Whatever be the factors contrib- 
uting to the dislike, it is certain that these simplifications 
are very much disliked by pupils in general, even when they 
have had, as these pupils had, a year more or less of algebra. 
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On the other hand, they feel no aversion toward very easy 
equations, evaluations, and graphing. These are at the 
very top of the list. 

Fifth, the work in evaluation by substituting numerical 
values for several variables seems to be attractive to pupils 
in spite of the fact that most courses in algebra pay rela- 
tively little attention to it and that most pupils do such 
work badly.! Our one sample, appearing twice, however, 
is a little above the middle of the list. 

Sixth, the graphing of equation-lines is (if we may assume 
that the pupils understood a7 and 67) by no means so 
dreary an exercise as the mathematician thinks, or as it 
may well be to the mathematically gifted. When the task 
is easy it ranks high, and even when it seems hard because 
of x? with its suggestions of quadratic theory and computa- 
tion, it is barely below the middle. It may be that the 
pupils were influenced favorably by the mere word graph, 
which may have been associated with interesting statistical 
graphs from the world of affairs. 

Seventh, difficulty is disliked, ease being especially liked 
where a little thought or work seems to produce a consider- 
able result. Thus at the top of the list is the solution of 

2Qa+4y=11 . 

4x+2y= 9 
which the pupil responds to as a task where he can see his 
way clear, has a sense of mastery and, as it were, solves two 
equations by one quick stroke. Many teachers will interpret 
this as due chiefly to a reprehensible ‘‘softness”’ in pupils, a 
love of mental idleness, a distaste for application and effort. 
Doubtless this is true of some pupils often and of many 


1See the results given in Chapter XII, page 321. The work of Rugg and 
Clark [1917a] and that of Hotz [1918] give evidence of this; and we have 
corroborated this abundantly in an inventory test given to about eight 
hundred pupils in ten schools. 
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pupils occasionally, but it is not the whole truth. On the 
contrary, human beings in general and on the whole prefer 
the richness, complexity, and subtlety which constitute 
mental difficulty so long as they can do the work fluently, 
without being thwarted and baffled, and with confidence 
and mastery. Most of us would prefer to spend an hour 
with tasks like c8 than with tasks like c5. Most high-school 
pupils would very much prefer the c5’s. This is often inter- 
preted to mean that we are admirable creatures who like 
what we should like, whereas they are reprobates who like 
what they should not. But probably we and they act from 
much more nearly the same than opposite motives, both 
liking the maximum richness, complexity and subtlety that 
we can master comfortably. We like c8 because it gives us 
the same sort of exercise that c5 gives the ordinary pupils. 

Difficulty, elaborateness, ‘‘fractionness,’’ and “letter- 
ness”? are closely associated in the twenty samples used. 
Their separate shares in producing dislike cannot well be 
determined without the use of many more samples chosen 
to represent variations of each factor separately. It is to 
be hoped that students of the learning of algebra will be led 
to make such an analysis. Where such an experimental 
analysis is difficult the method of partial correlation may 
be used. 

This is a method that should become widely known and 
used by students of edueation. So we have applied it to 
our data though they are really too scanty to justify its use, 
and are unsuitable in other ways. We have in Table 57 a 
ranking of the twenty samples for interest. They were also 
ranked by psychologists and teachers of mathematics in an 
order of difficulty, in an order of elaborateness, in an order 
of ‘“‘fractionness,”’ and in an order of ‘‘létterness.”? These 
orders all correspond somewhat, the correspondences being 


VARIOUS FEATURES OF ALGEBRAIC LEARNING 411 


TABLE 59 


Correlations among Interest (taken nowatty eh Difficulty, Elaborateness, 
“Fractionness,” and “‘Letterness,”’ for the Twenty Samples of Algebraic 


Work. 
‘ia = 60 
litem 65 Tae = .88 
rig = .65 Tar =. 42 Tee = .65 
Ti = 37 ‘ay Sh 28 Tel Se oL ‘aq =i 56 


as measured by the coefficients of correlation of Table 59. 
To find 7;,, (the correlation coefficient which would obtain 
between interest and difficulty, for samples of algebraic 
work which were identical in respect to elaborateness) 
we use 

Tia—Tie Tae 


Mee 7a ryaere) 


This is .08 whereas 7;, was .60; 7;.. 1S .83 whereas 7;, was .65. 

The numerical values of these coefficients should not be 
taken very seriously. Their probable errors are very high, 
due to the scantiness of the data. They are given, as stated, 
chiefly to illustrate the method. Taken at their face value, 
they show that elaborateness irrespective of difficulty has 
more influence on these pupils’ interests than difficulty irre- 
spective of elaborateness. 


CHAPTER XVII 


INDIVIDUAL AND SEX DIFFERENCES IN ALGEBRAIC ACHIEVEMENT 
SEX DIFFERENCES IN ALGEBRAIC ABILITY 


Teachers in general realize from their daily experiences 
that there is no notable difference in algebraic ability be- 
tween boys and girls. Three studies of school marks con- 
firm this. One finds 57 percent of males reaching or ex- 
ceeding the median score for females in mathematics (high- 
school boys and girls). Thesecond finds 45 percent (college 
men and women). The third finds 41 percent of high-school 
boys reaching or exceeding the median score for girls in 
algebra, and 53 percent doing so in geometry. 

Measurements comparing the sexes in actual tests have 
been lacking. We present here the results found where boys 
and girls in the same classes had, under identical conditions, 
the 40-element test described on pages 179 to 186. The 
tests were scored by the credit system described on page 180. 

Table 60 shows the distributions in six schools of the 
scores in this test. The outstanding fact from inspection 
of the table is the parallel character of the distributions of 
boys and girls: in the same school the boys and girls have 
very nearly the same range. The medians are as follows: 


MepIans 
ScHOOL Boys GIRLS DIFFERENCES 
A 22.5 25.9 —3.4 
B 29.5 Pife5) 2.0 
C 19.4 20.9 —0.5 
D 56.2 35.6 20.6 
E 64.3 55.0 9.3 
F 53.1 54.2 -—1.1 
G 78.2 79.7 —1.5 
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In three of the schools the median of the boys is above 
the median of the girls, in four of the schools the median of 
the girls is above that of the boys. Apparently there is no 
great superiority of either sex in the ability in question. 
While in any school there is great range of ability, on the 
whole the ability of the sexes is on a par. 

Since there is such a great range in the test scores a more 
significant measure of the sex differences is the percent of 
one group (say the boys) which reaches or exceeds the median 
of the other group (the girls). This is a measure of the 
overlapping. 


PERCENT OF Bors 


NUMBER WHICH REACH OR 
ScHoou EXCEED MEDIAN OF 
Bers GIRLs GIRLS 
A 22 26 41 
B 90 78 53 
C 35 68 49 
D 26 43 81 
E 85 22 62 
F 49 39 47 
G 57 45 47 


The median of these percents is 49 with a P. E. of 10 per- 
cent. Although there is not a consistent story from all of 
the schools, the evidence supports the conclusion that the 
sexes are of approximately equal ability. Thorndike’s con- 
clusion in 1914 that ‘‘the individual differences within 
one sex so enormously outweigh the differences between the 
sexes in these intellectual and semi-intellectual traits that 
for practical purposes the sex difference may be disregarded’ 
is acceptable in the case of algebra. 


SEX DIFFERENCES IN INTEREST IN ALGEBRA 


When boys and girls in Grade 12 place algebra in an 
order of school subjects for liking, the boys place it somewhat 
higher than the girls do. Using the system of values de- 
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scribed on pages 387 to 391, the median rating for boys is 
0.12 higher than that for girls. This 0.12 may be further 
defined as one-eighth of the difference between English and 
Latin in respect to interest. Boys and girls like English 
better than Latin, the difference being 0.89, 0.62, 1.03, and 
2.00 by the four available methods of measurement. The 
median of these is eight times the number representing the 
difference between boys’ liking for algebra and girls’ liking 
for it. Probably the realization by boys of the uses of alge- 
bra in the physical sciences and engineering is sufficient to 
account for this sex difference in interest, without invocation 
of any deeper or subtler causes. 

The available data are not adequate to give evidence 
concerning differences between the sexes in respect to var- 
ious features of algebraic learning. Such data as there are 
appear in Table 57, on page 405; but, as was stated in con- 
nection with the description of that table, small differences 
(.56 or less) should not be taken too seriously. So far as 
the facts go, they show girls liking all three of the problems 
less than the boys (differences of —.28, —1.27, and —.86; 
average —.80), the engine problem especially; and liking the 
semi-clerical tasks of removing parentheses, transposing and 
collecting terms somewhat better (average difference for cl 
and al, +.22). The girls appear also to like the elaborate 
simplifications somewhat better than the boys (the average 
difference for a4, 64, and c8 is+.21). The boys perhaps like 
evaluation better than the girls do. 

The difference in the interestingness of problems deserves 
further study. The problem situations used in textbooks 
on algebra much oftener concern men’s activities than 
women’s and the vote on the neutral problems about ‘‘ Half 
of a number”’ and the ‘‘Cost of n articles”? may be due to a 
general prejudice due in turn to this fact. If, per contra, 
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girls disliked the aggressive planning and selection required 
for solving verbal problems in general, it would be evidence 
for the once orthodox but now rather discredited doctrine 
of a general passivity of the feminine intellect. In any event 
the difference in the case ‘of the engine-boat problem teaches 
a useful lesson. If the slight mechanical and sporting in- 
terest which problems bear (or which boys think they bear) 
makes so great a sex difference in the interest ratings, we 
may expect a substantial gain in interest for either sex from 
replacing a remote unappreciated situation by one that deals 
with things known and cared about. 


TABLE 61 
DISTRIBUTIONS OF SCORES IN THE Hotz Tests 
ADDITION MULTIPLICATION EQUATION 
Score AND AND AND PROBLEM GRAPH 
SUBTRACTION Division FORMULA 
Dorner vente: ake 4 
DA er ete 4 12 
DET, ate 8 20 6 eo 
Dap as set ae 28 10 44 
ANGE EG ae 40 37 78 
2 (eee 54 101 93 
1 Ore hae 71 118 125 
IES aeons 88 136 134 
IER mee Seed iL le 207 135 
GE eres 124 192 148 
1 Rote eng Ret 111 162 115 
TA ee, Fee 104 147 139 ff 
eee eos re 135 111 127 30 
1D eee: 155 99 106 33 
We etet wk 146 58 106 74 3 
OUR carr3 86 47 72 96 38 
ORSAA Nate: 50 33 58 139 102 
SAO rcree 35 19 30 182 129 
CGE pe 28 12 18 194 140 
ore ce ae 21 1 14 174 122 
Oe a eae 5 o 10 161 113 
Ae EEE 9 1 6 122 ae 
Rec oreee 5 1 1 69 30 
SA eee ad 3 4 18 10 
Les See ee ee: 6 5) 
Oey Wie es 3 a 2 
Median.... 14.6 15.9 UGH 16 felt 


Sd De, Agamsty 4.1 3.3 4.1 2.6 2.0 
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Hotz [1918], using the tests described on pages 173 to 
179 with pupils who have studied algebra nine months, finds 
variations as shown in Table 61. 

The enormous variation shown in this table is reduced two- 
fifths if we take any one school of those tested in place of 
the total group. That is, about two-fifths of the variation 
is due to differences between schools either in the quality of 
the pupils they attract or in the amount of improvement 
they make in them, or in both. This cannot be shown from 
the Hotz data themselves, which are not given separately 
by schools, but may be inferred from the facts found and 
reported herewith in Table 62 for pupils tested with the test 
shown on pages 179 to 186. Table 62 shows the variation 
in scores (computed according to the scheme of credits of 
page 180) for all the schools together, and for each school 
separately. In Table 62 only pupils who had studied algebra 
at least a year were taken. The mean square deviation is 
24.2 for all together, and only 15.4 on the average for schools 
taken separately.! 

1 The facts, estimated as best we can for the Hotz data, are as follows: 


Hotz gave his tests in eighty-four high schools, and we may expect these 
schools to differ widely. In the equation and formula test Hotz found the 
average score at the end of nine months to be 15.7 with an 8. D. of 4.1. We 
should expect separate schools to make averages somewhat as follows: 1 school, 
under 8; 5 schools, 9 to 11; 20 schools, 12 to 14; 32 schools, 15 to 17; 20 
schools, 18 to 20; 5 schools, 21 to 23; 1 school, 24 or 25. That such is not 
far from the truth is evident from data Hotz actually finds in various cities 
]1922, p. 33]: 
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Where a careful system of classification is in force, the 
variation in a class taught together would be lower than that 
for a school. It would, however, still be large. Some pupil 
in a class of thirty is likely to be able at the end of the year 
to do (with easy work) at least twice as much per unit of 
time as some other pupil, and to do tasks whose difficulty 
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Training is not, of course, absolutely equalized even for 
pupils in the same class, but the larger part of the differences 
found amongst them is presumably due to differences in the 
capacities of the pupil. 

CORRELATION BETWEEN ABILITY IN ALGEBRA AND GENERAL 
INTELLECTUAL ABILITY 


The differences in algebraic ability which are due to 
differences in personal capacity, are due in part to differences 


r = .80 
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Algebra 
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Low High 
General Scholarship and Intellect 
Fig. 31 


in general capacity for abstract learning which make some 
pupils superior and others inferior in average academic 
ability. In small part, however, they are due to differences 
in a special ability for algebra. | 
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Assume there are available perfect measures of scholar- 
ship in general and of algebraic ability in particular, and that 
we have a hundred pupils each located by a little line repre- 
senting his status, in the former by its distance to the right 


from Scholarship Low, and in the latter by its distance 
r= .70 
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Algebra 
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Low High 
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upward from Algebra Low. The hundred pupils would not 
be located along the 45 degree line, nor very close to a line 
of nearly 45 degrees, as in Fig. 30, but approximately as 
shown in Fig. 31.1. Some of those generally competent would 
be low in algebra and conversely. 


1 We are considering here a hundred taken at random from the male white 
population, supposing that all were carried on in school so as to give all an 
opportunity to learn algebra. 
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We may accept as a rough measure of general intelligence 
success in school work. Two investigators have obtained 
the correlation between algebra and a general average of 
school work. Weglein [1917] finds for a group of high-school 
graduates the correlation between first-year algebra and the . 
general average (including algebra) of first-year subjects to be 
.64. Crathorne [1922] finds the correlation between algebra 
and the school average to be 


School A girls .61 


boys .58 
School B girls .64 
boys .64 
School C girls .50 
boys .62 


But we may also use the result of a test of intelligence 
to give us the correlation. Crathorne [1922] finds that the 
correlation between algebra marks and an average of two 
intelligence tests is .50. Buckingham [1921] reports a corre- 
lation between algebra ratings and the score on Army 
Alpha of .38. Proctor [1921] reports a correlation of .46 
between algebra grades and the Stanford-Binet I. Q. 
Thorndike [1922b] reports the following correlations between 
the algebra test in his intelligence examination for high- 
school graduates and the whole examination: 


371 candidates at Columbia................ AT 
(candidates at Golkim bia’. / sa eee 55) 
(6 Candidates av’Cohumbia.-... ) oa ee POU 

021 candidates at Columbia..........0./... 41 

465" candidates at’ Coltimbiay. 2... .. 2.2 46 

132 candidates at Columbia. .-. 2. 2 7-2 ney 

180 candidates at an engineering school...... .50 


97 women candidates 
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The Mann Report of Engineering Education [1918] 
gives the correlation between a thirty-minute test in alge- 
braic computation and an excellent criterion for intelligence 
as .62. The same test was given to Massachusetts Institute 
of Technology freshmen, but the intelligence criterion was 
not as good. The correlation in this case was .53. 

These correlations as reported run all the way from .38 
to .64. There are two factors which tend to displace corre- 
lations from comparable values. Both of these displace- 
ments are downward. 

The first of these factors is the inaccuracy of the meas- 
urements. One source of such inaccuracy is in the tests 
themselves. If tests are made having too few scoring elements 
the tests do not show the real differences in ability. For 
instance, a test of five examples will show only five grades of 
ability, where a test of fifty examples might show fifty grades 
of ability. The same effect can be produced by having unequal 
steps in difficulty between the test elements. If the elements 
are bunched so that there are groups containing elements of 
nearly the same difficulty the result is the same as having 
a test with only a few elements. A second source of 
inaccuracy in the measurements is the variations in the 
situation — time of day, distractions, different examiner, 
etc. A third source of inaccuracy in the measurements is 
variations in the pupils taking the test. In a longer test, or 
in the same test spread out over various times, pupils are 
likely to show more nearly their true ability than in a short 
or single-session test. 

The correction for this lowering of the correlation due to 
inaccuracy of the measurements may be estimated from 
Spearman’s formula, 
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r.=T,xy corrected for attenuation 

Ty =the obtained correlation 

’x.x,= the reliability coefficient for x 
Ty,v,= the reliability coefficient for y 


Using the following as reliability coefficients, 


ELEMENTARY HicH COLLEGE 
ScHOOL ScHOoL 
School: Markcser, ae ao pete ety es ae .70 .65 
Standardized tests —5 minute test...... .70 65 . 60 
10 minute test...... .80 15 .70 
20 minute test...... ESD .80 .80 
40 minute test...... .90 .85 85 


the correlation of Weglein becomes .86; those of Crathorne, 
.78, .86, .86, .67, .83, and .62; that of Buckingham, .49; that 
of Proctor, .60; those of Thorndike and the Mann Report 
become .62, .62, .70, .66, .54, .61, .62. .66, .67, .71, and .64. 

The second factor tending to lower the correlations and to 
make comparison between them uncertain is the composition 
of the groups. It is well known that the correlation varies with 
the variability of the group. To make the correlations 
comparable they must be referred to some standard group; 
and in this instance the standard group chosen is the un- 
selected adult population. The method by which the esti- 
mates for this correction are made is too complicated to 
describe here.! 


Below are the results after making this correction: 


Wreglele coi h ee ered tree oc. ee ae .90 
Cracvhormmers.. se. nOU, 280, . 02, OU, Us ties 
Buckingham ese: Saye ee ee [67 
PYOCtorsiies oikce bs ern eeCe aR at oe 74 
Thorndike: 478) °83,". 31) #1405 16, (8, oleae 
Mann Reports 50 h.68 Sere eee 83, .80 


‘ The reader is referred to the monograph Special Disability in Algebra, by 
Percival M,. Symonds, for a complete description. E 
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The correlations obtained by using school marks are 
perhaps too high because the algebra marks were used in 
the average of studies, making the correlation in so far 
spurious. The best figures are those of Thorndike and those 
from the Mann Report. We conclude then that the corre- 
lation between algebra and intelligence is .80 when taken 
over the total range of the unselected adult population. 
For high school freshmen as a group this correlation would 
be in the neighborhood of .70. 

The significance of these correlations is shown in Figs. 
31 and 32, on pages 420 and 421, showing the ‘‘scattergrams”’ 
representing correlations of .80 and .70 respectively. Each 
“‘seattergram”’ contains one hundred individuals. These 
correlations are consistent with occasional larger discrepancies 
between general intellect and ability in algebra. Of the 
upper 22 in intelligence, in Fig. 31, one will be below the 
median in algebraic ability and two others in Fig. 31 will be 
near the median. 

Fig. 32 represents the scatter ‘of 100 pupils when r=.70, 
the figure suggested above as probable. Of the upper 22 in 
intelligence, two will be below the average of the group in 
algebraic ability and three about at the average. Such 
persons, we would say, had a special disability in algebra. 
Of course, in a group of a thousand pupils one or two would 
probably be found who stood very high in intelligence and 
very low in algebraic ability. 

The converse to these statements is also true. Of the 
twenty-two stupidest pupils in a first-year high school of one 
hundred pupils, two will be above the average in algebra 
ability and three of about average ability. And out of a 
group of one thousand pupils it would be quite possible to 
find one or two very stupid pupils who stood well up in the 
group in algebraic ability. 
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Let not this emphasis on the extreme cases blind one to 
the main fact that, by and large, high intelligence means fine 
ability in algebra and low intelligence means poor ability in 
algebra. Of the twenty-two brightest pupils out of the 
hundred, seventeen will be above the average in algebra 
and of the twenty-two stupidest pupils, seventeen will be 
below the average in algebra. 


SPECIAL DISABILITY IN ALGEBRA 


Of special interest are those cases which form the border 
of the scatter diagram—and, in particular, those who are high 
in intelligence and low in algebraic ability. Such individuals 
do exist, and most teachers of mathematics are acquainted 
with the type. We know them in everyday life as the persons 
incompetent in mathematics who succeed along linguistic, 
literary, or artistic lines. But these cases are not nearly so 
numerous as popular impression would lead one to believe. 
This is evidenced both by the correlations and by the slight 
success of diligent search in four schools for such individuals. 
Talk with one of these intelligent and talented persons who 
have a horror at the sight of an algebraic formula and you will 
find that they ‘“‘admit”’ doing very poor work in first-year 
algebra—they perhaps were lucky to have come off with a B 
or perhaps a C as their final grade. However, a B or aC does 
not by any means indicate that such an individual was a 
poor algebra student — he was undoubtedly in the upper 
quarter of his group. Because he easily won A’s in his 
other subjects he feels that he is extremely poor in algebra, 
a feeling not borne out by comparison of his record with 
those of the others in his class. 

In order to study the amount and nature of special dis- 
ability in mathematics; the following investigation was 
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undertaken. In the spring of 1921 a letter was sent to 
principals of a number of private schools in and around New 
York City stating the purpose of this study and asking per- 
mission to enter their schools to study whatever cases of 
special disability they had. In the fall of the same year 
arrangements were made to study whatever cases were avail- 
able in the following schools: Horace Mann School for Boys; 
Columbia Grammar School; Friends School, Brooklyn; 
Brooklyn Polytechnic Preparatory Country Day School. 
Permission was obtained to study those pupils who during 
the previous year had received poor marks or had had 
trouble in mathematics, but were good in other studies. 
A testing program was then arranged consisting of 
Army Alpha Intelligence Scale (form 7) 
Hotz Algebra Scales (series A) 
Addition and Subtraction 
Multiplication and Division 
Equations and formulas 
Problems 
Rogers’ Tests of Mathematical Ability 
Thorndike-McCall Reading Scale (Form 1) 
Woody-McCall Mixed Fundamentals in Arithmetic. 
(Form 1) 
The time necessary to give all of the above tests was a little 
under six hours. In each case, since the pupils were singled 
out from various classes, there was a little resentment at 
being ‘‘picked on,” and fear that they were to be marked as 
“dubs.’’ But when it was explained to them that as a group 
they were chosen as good students having special difficulty 
in mathematics, this attitude disappeared. The intelligence 
and reading tests were taken with good zeal,. but it was 
noticeable that the mathematical tests were merely tolerated 
if not openly detested. However, all of the tests were given 
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by Mr. Symonds in person, and every one of the scores 
recorded represents the result of a conscientious effort on the 
part of the one being tested. 

The average T-score on the Thorndike-McCall reading 
test was 68. The norms given in the directions for using 
this scale place this score in Grade 12B, with a reading age 
of 16 years 9 months. There is, then, from the results of 
this scale, no difficulty in ability to read or in the intelligence 
necessary to do the tasks set by the reading scale. 

The average score on the Woody-McCall Mixed Funda- 
mentals in arithmetic is 29.1. This corresponds to the 
Grade 8 norm of 29.8, indicating that these students are 
much better in reading ability than in arithmetic computa- 
tion as judged by grade averages. 

To display the results on the other tests we have used 
the psychograph method. ‘The purpose of the psychograph 
is to show a man’s relation to the average of all men or of 
a class of men in certain traits. In these psychographs a 
vertical line near the middle of the chart stands for average 
ability in the traits which are displayed on the horizontal 
lines. If an individual is above the average in a trait he lies 
to the right of the average line in the graph. If he is below 
the average in a trait he lies to the left of the average line. 
Lines connecting an individual’s position from trait to trait 
help to make these traits stand out better. There is no other 
reason for the existence of these lines,—they have no 
significance in themselves. Fig. 33 is the psychograph of 
the ‘‘special disability’? group. | 

That these cases are actual cases of disability in algebra 
is abundantly testified. The average for the group on the 
test in algebraic computation in the Rogers series is 1.3 
sigma below the average of Dr. Rogers’ Horace Mann School 
Group—much lower in relative position than on any of the 
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other Rogers tests. The averages on the Hotz tests are all 
below the nine-month norms. The averages on the addition 
and subtraction test and the equation and formula test are 
1 sigma below the average; the average on the multiplica- 
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tion and division test is 1.4 sigma below, but the P. E. of 
this average is larger than that of any of the others as there 
were not so many cases included in this group; the average 
on the problem test is 0.7 sigma below the average of Hotz’s 
nine-month group. 

This disability in algebra does not carry over to geometry 
ability, or the ability to deal with spatial relations. The 
average of this group in the geometry test is 0.4 sigma below 
the average of Dr. Rogers’ group, while the average of this 
group in the superposition test is 0.1 sigma above the average 
of Dr. Rogers’ group. This evidence corroborates state- 
ments by Brown and Rogers that algebra and geometry are 
not very closely correlated—not nearly so closely as the 
ccmmon genus name mathematics would imply. 


It is significant that the group stands farther to the 
right on the problem test than on any other Hotz test. 
This is evidence that the disability of the group is in handling 
the symbolic material of algebra, in carrying through the 
manipulations with the combinations of letters and numbers, 
rather than in ability to reason and do the thinking necessary 
for problem solving in general. The striking thing about the 
group with regard to the Army Alpha is the low standing in 
test 2—arithmetic problems. This is evidence that the 
disability has its roots in an arithmetic disability. Tests 2 
and 6 of the Army Alpha and the interpolation test on the 
Rogers scale contain numerical material, and in each one of 
these the group is below the average. On the other hand 
on the Trabue completion test, which is the same process but 
with verbal material, the group is well above the average 
of the Rogers group. This is good evidence that the 
pupils have a set or attitude or even disability in working 
with numerical material regardless of the form. The high 
standing on the Trabue shows that there is no defect in their 
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intelligence, but that this intelligence is specialized with 
reference to the material on which it works. 

The high standing on the mixed relations tests (Army 
Alpha 7 and Rogers Mixed Relations) is somewhat unex- 
pected. Here is a test that has a distinctly mathematical 
form — the proportion. This is additional evidence that it 
is the material or content and not the form which presents 
difficulty to those who have special disability in mathematics. 
Dr. Rogers used this test in her sextet to predict mathe- 
matical disability. The reason this test was included in the 
Rogers sextet was because it correlated so highly with 
mathematics. Over the whole range of people, we have no 
better way to measure mathematical ability than by means 
of verbal, abstract intelligence. But when it is desired to 
make a close prediction over a more limited range, tests 
made up of numerical material seem to be more efficient in 
indicating disability in algebra. We get a poorer prediction 
of mathematical ability from a verbal test of mixed relations. 
A boy who gets a score of 30 on test 7 in Army Alpha on the 
average has more mathematical ability than a boy who 
gets a score of 22. But one gets a much poorer and less 
reliable estimate of mathematical ability from giving a test 
like the mixed relations test which is made up of verbal 
material than from an arithmetic problem test made up of 
numerical material. This is evident from Dr. Rogers’ 
[1918] own correlations (see p. 74 of her monograph where 
she gives final corrected correlations with a criterion of 
mathematical ability). Algebraic computation correlates | 
.81 with this composite criterion, the numerical completion 
test .78, arithmetic problems .74, whereas the mixed rela- 
tions test correlates with it only .44, next to the lowest of all 
the seventeen tests which Dr. Rogers reports. If she had 
used the newer methods of obtaining weightings by regres- 


432 PSYCHOLOGY OF ALGEBRA 


sion coefficients, it is probable that the mixed relations test 
would not have been included in her group of six. 

Figs. 34, 35, and 36 are psychographs of individuals 
Nos. 7, 18, and 20 who present decided cases of special mathe- 
matical disability. Individual 7 has studied algebra for 5 
months, individual 13 for 1 year, and individual 20 for 1 
year. That the characteristics of the average psychographs 
are not due merely to lumping together the scattered results 
of individuals is illustrated by the great similarity in the pro- 
file of these three individuals. Fig. 37, the psychograph of 
individual 39, who shows little or no evidence of special 
mathematical disability, gives on the other hand a profile 
of quite different characteristics with respect to intellective 
functions. 
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Bychograph 


Individual No. /3 
Army Alpha 
4 -_ 


eanaakr &bd 


j 
Slondard Group - Waite Officers 


Rogers 
Mgebraie Computotitn [ 


Interpolation 


Geometry 


Super goss lion 


Mired Relations 


Trobve Completion 


Standard Group - Rogers Horoce Monn Group 


Hotz 
Add tion 


Meltiptication 


LyvoTien 
Problem 


Stendard Group -Holz 8 re. Group 


! | { 
Oe a Mean 10° 
Fig. 35 


434 PSYCHOLOGY OF ALGEBRA 


Psychograph 
Army Alpha Individuvol No 20. 


Sondard Group - Waite Officers 


Rogers 


Algabrosc Competotion 


Interpolation 


Geometry 


Super poss tion 


Mired RelaTiors 


Trobve Complelion 


ie Standord Group - Rogers Horoce Moan Group 
) 
Addition (SSS —— 
Multiplication — 1 
! 
Eqva lion t 
Pr, ‘0. 5 le m = 


Stondord Group - /7otz Imo. 
\ 


Sor 20 10" py ae 


INDIVIDUAL AND SEX DIFFERENCES 435 


Psych ogroah 
Army Alpha Individual No. 39 


thee 
Stondord Group - Warte Officers 


RET oe 


Geometry 


Superposifion 


1 
Mirrd Relations 


Lcielo tian —_—_ 
rs Stondord Group - Rogers Horace Ninn Groug 
Hotz 
Addition 
Multiplication \ 
Equotion 
Problarn 
Stondard Group - ffotz Imo Group 
' ' ’ 1 ' 1 ' 
do” 20° 40° Mean 10° a0" 305 


CHAPTER XVIII 
SUGGESTIONS FOR RESEARCH IN THE PSYCHOLOGY OF ALGEBRA 


As was stated in the preface, the plan of our study was 
to fill in the various gaps in our knowledge of the psychology 
of elementary algebra, so far as our time and means allowed. 
It is the purpose of this chapter to note some of the questions 
which further researches may hopefully attack. 

Three main topics have been somewhat scantily treated 
in the foregoing pages. (1) The first is the general mental 
training due to algebra, the influence of improvement in 
algebraic abilities upon wider abilities, interests and atti- 
tudes. 

Our slight attention to this is due to two facts. A careful 
report of the status of present knowledge is being made by 
the National Committee on Mathematical Requirements. 
The further researches that were desirable were of such 
magnitude that if they had been undertaken, little else could 
have been. There are two promising lines of attack, first, 
the extension of Kelley’s work noted in Chapter VI, and 
second, the comparison of the study of algebra with other 
studies and activities by means of repeated tests of selective 
and relational thinking, generalization and organization, and 
symbolism. 

(2) The conditions of algebraic learning, including meth- 
ods and devices for increasing interest, aiding comprehension 


1A study of the second sort is now being carried on by the Institute of 
Educational Research of Teachers College, Columbia University, with the 
aid of a grant from the Commonwealth Fund. 
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of principles, securing mastery of techniques, offer a wide 
field for psychological deductions and experiments. Espe- 
cially needed are observations of pupils learning algebra in 
respect of what they find hard and easy, how they use time 
profitably and waste it, how much improvement they make 
from specified exercises. The facts which we have found 
and the applications of psychology which we have made 
regarding the constitution of algebraic abilities and the 
selection and elimination of mental connections, lead on to 
many questions concerning the detailed conditions of eco- 
nomical learning. These have not been reported on in this 
volume, but will be made the subject of later investigation 
by one of us. 

(3) In Chapter XI we have considered the arrangement 
of algebraic subject matter or, in psychological terms, the 
order of formation of algebraic connections, and have applied 
psychology to several problems of arrangement. There are, 
of course, many other differences in present practice, and 
probably also many cases where the psychology of the learner 
suggests that we may devise an order better than any of 
those used in present practice. These will be made the 
subject of investigation and report later by one of us. 

Besides these three topics, which will be investigated 
further by one or another of us, there are certain matters 
which we have noted as especially suitable for investigation 
and especially deserving of it. It seems proper to list these 
here with brief explanatory notes. 


Mathematical Accuracy versus Clerical Accuracy 


In experiments where gifted adults do algebraic work 
one notes a distinction in errors (or in precision, to look at 
the matter the other way about) which is not quite the same 
as the distinction between inability with principles and 
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inability in computation, nor as the distinction between lack 
of knowledge and carelessness, though it is akin to both. 
It appears especially in work where operations are to be. 
carried on with gq elements in an order 7; one operation is 
neglected or connected with a wrong element or done in 
the wrong order, or one element is neglected or taken in the 
wrong order, and the like. Until a certain ability is reached, 
errors of this sort seem to testify to lack of mathematical 
ability. The pupil does not have the fundamental connec- 
tions strong enough to operate them well in a new complex. 
After a certain ability is reached, however, they seem to 
testify rather to a lack of such system, care, and deliberate- 
ness as are qualities of a superior clerk rather than of a 
superior mathematician. This appearance may be illusory 
except after a degree of mastery which is seldom reached 
by high-school pupils, but the matter deserves study. The 
clerical side of algebraic ability, in so far as it has a clerical 
side, is a worthy ability, but it is not what the mathe- 
matician has in mind when he thinks of mathematical 
accuracy. 


Mathematical Reasoning as Successful Guessing 


To the psychologist it appears that the procedure of able 
pupils is, and that the procedure of all pupils should be, 
largely guessing, or making an hypothesis, and modifying 
your guess or hypothesis until you guess right, in such cases 
as selecting the quotient figures in long division in arithmetic, 
factoring and simplifications in algebra, and finding proofs 
of originals in geometry. If this is so, teaching factoriza- 
tions in algebra should be notably modified, becoming guid- 
ance in directing the guesses to likely ones rather than an 
imposing pretense at deducing with infallibility what the 
factors must be. One has the impression from textbooks 
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that teachers of mathematics consider the mental process 
of making a successful hypothesis as a dubious adventure, 
indecorous if not immoral, and, in dignity, far below proving 
that a certain hypothesis is correct. Is not the contrary 
the case? 


The Reliability and Significance of Instruments for Measuring 
Algebraic Ability and Achievement 


One should not find fault with those who have done 
constructive work in devising and standardizing tests for 
algebra, because they have not done more. Much has been 
done, all within five years. The very men who have done 
the best work in this field, however, would be the first to 
admit that we do not know how ‘‘reliable”’ the tests are, 
that is, what the probable errors of determinations by the 
tests are;! and that we do not know what the tests signify, 
that is, what the correspondences are between them and 
various criteria of algebraic ability and achievement. The 
case is much worse with the ordinary tests and examinations 
improvised by examining boards and teachers. Surely 
teachers of mathematics should be eager to learn what their 
examinations really measure. 

The investigations, though laborious, are straightforward, 
the chief difficulty being to secure groups of pupils who can 
be measured with enough different examinations and ob- 
servations to ensure a composite rating which will be an 
adequate criterion by which to test the significance or valid- 
ity of each of the separate examinations that are under 
consideration. 

Given a test containing elements E,, Es, E3, ete., which 
produces a certain result, say a correlation of .60 with a 


1 Usually measured in practice by the “‘self correlation” of the test, that 
is, the resemblance between the scores made in two independent. trials with 


the test. 
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perfect criterion of the ability which it is designed to measure 
or prophesy, we may proceed to improve it, if it is improv- 
able, or to discover that we are unable (with our present 
knowledge and ingenuity) to improve it. Our procedure will 
be to obtain the separate correlations of E,, E2, Es, etce., 
with the criterion, and to find the best weights to attach to 
each by the partial correlations and regression equation. 
In proportion as the multiple correlation computed there- 
from is above .60, we improve the test by using these weights 
in place of those originally used. In the course of this pro- 
cedure certain of the E’s may appear to be profitably replace- 
able by others to be invented, or even to be profitably 
eliminated (though the latter rarely occurs in a reasonably 
well devised test). What are wanted in such cases are new 
elements which correlate high with the criterion and low 
with the other E’s. The most promising candidates are in- 
serted in the test and it is tried in its new form. 


Under the general heading of the detailed constitution 
of algebraic learning, almost all of the reconstructions now 
being tried or contemplated are suitable subjects for investi- 
gation. We note only a few, which seem either especially 
important or especially practicable. 


The Use of Irregular Relation Lines, or “ Statistical Graphs” 


In Chapter III we advocated the use of only a few! sta- 
tistical graphs for introduction to the regular or ‘‘mathe- 
matical graphs,”’ and to lend interest to these. This conclu- 
sion was reached from as adequate a consideration of the 
psychological and educational facts as we could make. 


1“A few” may be conveniently thought of as meaning about as many as 
are used by Nunn. 
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However, more facts are needed. The graphic presentation 
of facts is new in the world, and the psychology of reading 
with graphs and of composition with squared paper is largely 
unknown. We need careful observations of just what pupils 
gain from such treatments of graphs as those now given by, 
say, Rugg and Clark, or Schorling and Reeve, in comparison 
with what they gain from these treatments modified toward 
greater and toward less prominence of the irregular graph. 


The Use of Derwations and Proofs of Formulas 


These are not fashionable now in algebra and probably 
in their usual forms did encourage memoriter learning in 
most pupils. May it not be possible, however, to secure 
their merits without their defects? We do not wish pupils 
to attempt to understand generalizations which are beyond 
their abilities; on the other hand, we do not wish algebra 
to degenerate into a series of computations and solutions of 
particular equations. 

It seems worth while to see what a more scientific and 
ingenious gradation, coupled with the avoidance of proving 
what is already perfectly known, will achieve. 


The Geometry that Really Aids Algebra 


In general the psychology of the so-called ‘‘combined’’ 
courses which are now the subject of so much discussion 
and experimentation is beyond the scope of this report; and 
we have hitherto refrained from considering even those cases 
where geometrical facts may be profitably taught for the 
sake of algebraic ability itself. These are probably few. It 
is doubtful, for example, whether many of the pupils who 
now study algebra are helped to understand irrational num- 
bers by the geometrical facts that the length of a certain 
hypotenuse is exactly measured by /1+1 and vice versa, 
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as much as they would be by the comparison of pairs like 
these: 4 and 4, 4 and 5, cost of a pound of sugar at 4 lbs. 
for 25 cents and cost of a pound of sugar at 43 lbs. for 25 
cents. Some, however, there probably are, and it would be 
a very useful piece of work to make a list of candidates, in- 
ventory their merits and demerits, and assign the valuable 
ones to their exact posts. 


The Standardization of Problem Materral 


According to the judgments of our psychologists and 
mathematicians there is a very wide variation in merit 
among the problems now in use. It would be a clear gain 
for teaching if the four or five hundred best problems now 
available were collected and arranged with a statement of 
the special service performed by each and of its approximate 
difficulty. To this basic list problems of local or temporary 
importance could be added. ‘Textbooks and courses of study 
would, however, in general accept it, adding only such prob- 
lems as had substantial claims to superior merit. The fan- 
tastic, incomprehensible and misleading problems would be 
driven from practice to somewhat the same extent that in- 
dividual perversities have been driven from the spelling book 
by standard spelling lists. 


The Standardization of Practice Material 


A natural sequel to the investigations concerning the 
psychology of drill in algebra will be a series of exercises 
devised to form the desired mental connections with a max- 
imum of facilitation and interest and a minimum of inter- 
ference and drudgery. We find, for example, that we need 


é fds Sela P { 
much more practice with pe ttopet re and the like than is now 
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usually given; that we need practice with ; 
x ax—ExX 


axtay ax 
a av--ay 
of monomials has been begun, to prevent the pupil from 
canceling terms instead of factors. A series of exercises 
which will take account of all such matters as these and 
provide practice specified to produce certain abilities in place 
of the somewhat impressionistic and indiscriminate practice 
now in vogue would deserve and soon obtain wide adoption. 


and the like, soon after work in the division 


The Value of Explanations 


There have been and are many ways of explaining the 
principles and techniques of algebra. In the case of negative 
numbers, for example, we find the following used: temper- 
ature above and below zero, money owned and debts, force 
of gravity and the pull of a balloon or spring, distance north 
and south, distance east and west, distance above and below 
sea level, movement of an elevator up and down. The fol- 
lowing might well be used and probably are by some teachers: 
marks expressed as deviations from the average of the class 
or from some standard for an age or grade, deviations from 
norms in gymnasium tests, credit and penalty scores. 

In the course of time, by a process of trial and observation 
of results, the better forms of explanation probably outlive 
the worse, but there is need of a systematic comparison, 
which will expedite this selective process and, we may hope, 
increase our knowledge of the general principles of effective 
explanation and illustration. 

In the case of algebra two matters specially need investi- 
gation—the use of explanation where what is really needed 
is familiarity, and explanations by analogy with space rela- 
tions. The former needs investigation because we have all 
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probably underestimated the dependence of thought and 
reasoning upon the content with which we think and about 
which we reason. The latter needs investigation because it 
seems probable that space relations are far more interesting 
and illuminating to mathematicians than they are to non- 
mathematicians of equal intelligence. Consequently they 
seem likely to be overworked in explanations of algebra. 
Nunn’s use of space analogies in explanation of the laws of 
signs and of special products and factors is an excellent case 
to investigate. 


The Values of Various Aids to Interest 


The chief appeal of algebra has been, and probably al- 
ways will be, to the love of thought for thought’s sake by 
those who can play the game of thought well. If we arrange 
the learning process so that pupils can learn algebra readily 
they will be in so far inclined to like it. In addition, teach- 
ers are trying one or another means of enlisting the common 
human interests in action, rivalry, mastery, sociability, ap- 
proval, and so on. These means need to be surveyed crit- 
ically in respect to their psychological effects, and to have 
their actual classroom results measured. For example, the 
two that have been perhaps the most prominent in the last 
five years are the use of pictures and biographies of great 
mathematicians, and the making of algebraic ability instru- 
mental in the service of personal projects outside algebra 
rather than an end in itself. It does not seem wise to take 
either of these upon faith. 

Concerning the former the psychologist is emphatically 
of the opinion that the pictures of these queer-looking old 
gentlemen, and most of what is said about them, will act 
negatively upon interest. He agrees with the suggestion of 
G. A. Miller [1915, p. 809] that these pictures and biographies 
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make algebra seem a dead science, antiquated and behind 
the times, and that they should be replaced, or at least sup- 
plemented, by pictures of twentieth-century mathematicians 
and tales of what is being done now. The difference of 
opinions needs actual experimentation for settlement. 

Concerning the latter we all may appreciate the force of 
a plea to utilize the pupil’s individual purposes as well as 
the purpose of society to make him a certain sort of boy or 
girl. We may also appreciate the theoretical importance of 
other personal projects than the project of learning the 
algebra which wise people think it is desirable that you 
should learn. But in practice what are these projects and 
purposes to which algebra is to be instrumental; and how 
far and whither will they lead one in the acquisition of alge- 
braic ability? Here again experimentation is needed. 

The same is true of algebra matches, mathematical enter- 
tainments, mathematical clubs, applications to technology 
and sociology, and many others of the means advocated for 
increasing interest in algebra. 

These suggestions for productive researches in the 
psychology and teaching of algebra might be increased by 
many others and extended by the specification of details. 
They will, however, serve as samples. 


APPENDIX I 


Tue ABILITIES INVOLVED IN ALGEBRAIC COMPUTATION 
AND IN PROBLEM SOLVING ! 


There is a tendency to compare algebraic computation 
unfavorably with problem solving in respect to the intel- 
lectual demands which it makes and the functions which it 
trains. The former is said to be ‘‘mechanical,’”’ or to be a 
matter of mere memory, or to be “formal,” unlike the real 
thinking needed in life. 

Such statements, though true to a certain extent, are 
misleading. It may be possible for a pupil to learn to 
manipulate coefficients, exponents, radicals, signs, paren- 
theses, numerators, and denominators, by habituation to 
certain fixed rules like ‘‘In the product of two numbers like 
signs give plus and unlike signs minus,” with very little 
genuine understanding of what he is doing or why he does it. 
It is, however, extremely hard for a pupil to learn to operate 
algebraically in this way. If he understands algebra, each 
habit usually helps the formation and retention of the others. 
Each habit is like a meaningful sentence in a story which 
has a general unity of plot and a few consistent characters. 
Just as the context helps a person to read each sentence in 
such a story, so the plan and content of algebra, when under- 
stood, help the pupil to remember who Mr. Coefficient is, 
what you do to x+14=2a-+8 to find the value of x, and 


1 Reprinted, with some additions, from School and Society, vol. 15, pp. 
191-193. 
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whether or not —+/z is the same as \/—z. In proportion 
as the pupil does not understand algebra, but merely says 
its rules like a parrot and performs its operations as a trained 
dog does his tricks, he has the task of memorizing many 
~ unrelated facts which are of such nature as to become con- 
fused very, very readily. No parrot or dog could in fact be 
taught in twenty years to do the algebraic ‘‘tricks”’ which a 
bright child will easily master in twenty hours. Rules about 
what is done in multiplication and division with the other 
factors as distinguished from the coefficients are enormously 
difficult to apply if the pupil does not understand the general 
nature of literal notation. 

What commonly happens is not that pupils lacking in- 
sight learn to compute mechanically, but that they do not 
learn to compute. If a pupil.does learn to compute, he prob- 
ably has gained some insight into algebra. 

As Upton says [1923], ‘““To understand the principles by 
which an equation is cleared of fractions, by which a formula 
for the area of a circle may be changed to a formula for the 
radius of the circle in terms of the area, by which 1/2 is 
reduced to its simplest form, by which we know that (a?) 
is a’ and not a*, by which we relate the work in exponents 
to logarithms, by which we show the close relation between 
exponents and radicals, by which we know why we change 
signs when we ‘transpose’ in an equation, or, better, by 
which we understand that we really never do ‘transpose’ 
any term from one side of an equation to the other, and by 
which we know that 3x1+22?+1 can be put into the form 
of a quadratic expression — to understand all of these is to 
my mind as important an outcome in the teaching of algebra 
as the solution of verbal problems. ‘The principles of equiv- 
alent equations, as a further example, and their use in ex- 
plaining those mysterious ‘extraneous’ roots, are to me 
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quite as important and quite as thought-provoking, and 
often far more interesting to the pupil, than many verbal or 
‘clothed’ problems, as they are called abroad. Certainly, 
the opportunities for logical thinking in handling the above 
topics are as numerous as they are in any other part of the 
algebra course. There is a great danger, therefore, that all 
of these opportunities may be lost or subordinated in our 
endeavor to get the fundamental processes speeded up to 
the habit level as soon as possible.”’ 

The case of computation versus problem solving is in this 
respect somewhat like that of knowledge of words and simple 
sentences versus ability to follow legal arguments or pass a 
difficult completion test. The latter taxes understanding 
somewhat more and requires a wider and more ingenious 
organization of one’s mental forces, but the former is usually 
far from being a matter of ‘‘mere memory.” So far is it, 
indeed, that even knowledge of single words is one of our 
best quick indices of intellect. 

The argument from analysis and a priori considerations 
could be carried further and still be instructive, but the whole 
matter is perhaps better settled by evidence a posteriori, 
showing that in fact algebraic computation involves very 
much the same abilities that problem-solving does. This 
evidence may be had in the correlations of each of them 
with general intellectual ability in verbal, mathematical 
and other abstract and symbolic situations (which we may 
call I). 

The common derogatory comments concerning compu- 
tations leave the reader with the impression that computa- 
tion correlates with I little above 0, but that problem-solving 
correlates with it nearly 1.00. This is very far from the 
truth. Seven years ago I gave to groups of freshmen in 
engineering schools the test in computation and the tests in 
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problem solving shown below. These were parts of an elab- 
orate set of examinations, the total weighted average of 
which is an excellent measure of I.1_ The correlations were 
as shown below. 


CoRRELATIONS wiTH I (GENERAL ApsTRACT INTELLIGENCE) 


ARITHMETICAL ALGEBRAIC ALGEBRAIC 
VERBAL PROBLEMS PROBLEMS COMPUTATION 
34 students, Columbia College.... 63 80 63 
41 students, Mass. Inst. Tech... . 48 2} AV 


It should be noted that if we could arrange to have a 
hundred or more children selected at random and all given 
(or forced to take) education including algebra until they 
were eighteen, and if we then tested these hundred children 
with algebraic computation, problem solving, and the total 
I examination, both correlations would be very much higher 
than the .53 and .66 which were the averages for the Colum- 
bia and M. I. T. groups. They would probably be about 
.85 and .95, respectively. Consequently, if we wish to speak 
of the comparative amounts of I involved in computation 
and in problem solving, it is truer to speak of .80 and .90 
than of .53 and .66. 


ALGEBRAIC PROBLEMS 
x 
=—' |] 
a 
2 


a 


1. If 2- =0, what does x equal? 


2. A man has a hours to spend riding with a friend. How far can they 
ride together, going out at the rate of b miles an hour, and just covering the 
return trip at the rate of c miles an hour? 


3. How much water must be added to a pint of ‘‘alcohol 95% pure”’ to 
make a solution of ‘‘alcohol 40% pure’’? 


1In one group the criterion for I included also high-school records, college 
marks, ratings by instructors, and ratings of one another by the students 
themselves. 


2 The higher correlations for the Columbia group are due partly to the 
more accurate criterion, partly to the greater range of ability, and partly, 
probably, to chance. 
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4, Given that 2z—3 is less than ++5 and that 11+2r is less than 3x++5, 
to find the limits (7. e., the values) between which z lies. 


5. A cube containing eight inches was plated with copper. The difference 
in the weight of the cube before and after the plating was 0.139 lbs. One cubic 
inch copper weighs 0.315 lbs. Form an equation from which the approximate 
thickness of the copper plating could be calculated. State whether the 
approximate estimated thickness by your equation would be less or more 
than the exact thickness. 


ARITHMETICAL PROBLEMS 


1. A boy is tested with a series of 16 problems in algebra. He did nothing 
at all with six of them; he did one correctly except for a mistake in changing 
signs; he did two with many mistakes in each; he did the others perfectly. 
He finished the work in 100 minutes. What was his total credit, supposing 
that he is given a credit of 8 for each example right, a credit of 3 for each 
example right except for changing signs, and a penalty of 1 for each minute 
spent over an hour and a half? 


2. Suppose the following to be true: Out of every ten thousand men in 
an army 920 will probably be exposed to typhoid fever. Out of every thou- 
sand exposed to typhoid fever 350 will probably fall sick. Out of every 
hundred who will fall sick 20 will probably die of the fever. How many 
men will probably die of the fever in any army of one hundred and fifty 
thousand men? 


ALGEBRAIC COMPUTATION 


1. If a@=6 and b=1, what does 2ab—ab? equal? 
2. If x—2a+b=2x7+2b—4a, what does x equal? 
3. If a=6 and b=3, what does V/av/2b equal? 
A eat —. et =43, what does x equal? 
My dl eae - what does x equal? 
Ce tk a Ip 
at+a x-a x 
Gh. te eee 1, what does x equal? 
a-+b x—a\? x—2a+b 
. Sf a eee 5 _ ? 
Teelteg 9 what does ( =*) area; equal? 


To supplement the data given above I have computed 
the correlations of algebraic computation (10 min. test shown 
above) with the I score obtained in the Thorndike Intelli- 
gence Examination for High School Graduates of which it 
is a part, and have done the same for the sum of two five- 
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minute tests with arithmetical problems, also contained in 
that examination. The facts are as follows: 
CorRELATIONS OF TOTAL SCORE IN 


THE INTELLIGENCE EXAMINATION 
WITH 


Score IN ScorRE IN 
ALGEBRAIC ARITHMETICAL 

CoMPUTATION PROBLEMS 
371 candidates‘at Columbia..........0...5:.. 47 64 
77 candidates at Columbia)...............4 53 51 
76 candidates at Columbia................. ? 1550 66 
180 candidates at an engineering school....... . 50 .61 
Oewomen-candidates,..cesce. cee oceans es TOL .70 


A weighted average correlation is about .50 for the computation and about 
.13 higher for the problems. 

These correlations also would both be much higher for a 
random sampling of the total population, carried on in school 
work, including algebra, to the age of eighteen, probably 
about .8 and .9. 

Algebraic computation as actually found is then em- 
phatically an intellectual ability. It is not so indicative of 
intellect as problem solving, partly because it involves less 
abstraction, selection, and original thinking, partly because 
it involves only numbers, not numbers and words. It is, 
however, far above the reproach of being a mechanical 
routine which can be learned and operated without thought. 

1Tn this case the correlations were not with Total Score, but with Score in 


Part I plus Score in Part II minus the score in Algebraic Computation (or 
Arithmetical Problems). 


APPENDIX II 


Tuer PERMANENCE OF ScHOOL LEARNING! 


It is common, in discussions of educational values, to use 
the alleged fact that we soon forget most of what we learn 
in school. 

We have been able to make a rough measurement of the 
loss in the case of algebra. The subjects were 189 college 
graduates, all now first-year students in a law school. The 
conditions were such that detailed information could not: be 
had concerning their study of algebra, but approximately 
it dated back at least four or five years in the great majority 
of cases. All of them had studied algebra, it being presum- 
ably a required subject for entrance to the colleges whence 
they were graduated. 

They spent ten minutes without any previous notice that 
a test in algebra was to be given, half of them upon the five 
questions of A and half of them upon the five questions of B. 
The A and B sets are of about equal difficulty and will be 
treated alike in all that follows: 


A 
a=1, b=2,c=3,d=4. What does a?b%c?—abc equal? 
ax=bx+1. What does x equal? 
a=—4, b=3, c= —2,d=1. What does b?— (2c)? equal? 


b 


Saiz 1. What does x equal? 


If 5t=7 and 3b=44, what does abe? equal? 


CS ee a 


1 Reprinted with some changes from School and Society, Vol. 15, pp. 625-627 
and 649. 
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B 
k=%, e= 3, m=}. What does (2k?) + (3e2)—m equal? 
x—(c+d)—5=2x—(a+d)+3. What does x equal? 
x=a, y=4,a=y?. What does x+2y equal? 
<+1 =d. What does x equal? 
What is the sum of (a+b)?, (a—b)? and (a+b) (a—b)? 


Sale bee fo INI be 


Hight and one-half percent of them did no one of the 
five correctly; 14.8 percent did only one correctly; 19 per- 
cent did two correctly; 21.7 percent did three correctly; 
23.8 percent did four correctly; 12.2 percent did all cor- 
rectly. The median ability was thus three right. 

At first thought this may seem to be evidence of extreme 
forgetting. If, after four years or more, half of these men 


of excellent abilities cannot solve ae = lor = +1=d, one is 


tempted to conclude that only a small fraction of the alge- 
braic ability once acquired has persisted. How small the 
fraction is, depends, however, on how large the original 
ability was. We must estimate how well they would have 
done in a similar test at or near the time when they were 
studying algebra. This we are able to do approximately 
since 10 minutes out of 60 spent on Part II of the Thorndike 
Intelligence Examination for High School Graduates is given 
up to a set of six algebraic tasks of which the first five are 
_ equal in difficulty to A or B above; and many hundreds of 
records of college freshmen are available. Under the con- 
ditions of the examination these freshmen could spend some 
extra time upon this algebra test if they did not use all the 
allotted time upon the other tests. This may be regarded 
as about balancing the addition of the sixth task. It should 
be noted also that, with few exceptions, both the college 
graduates and the freshmen complete five of the algebra 
tasks; they do them, but make errors. ‘There is one more 


454 PSYCHOLOGY OF ALGEBRA 


special consideration. College graduates are a selection of 
the abler freshmen in respect to scholarship; and college 
graduates who study law are perhaps a still abler selection. 

In view of tnese facts the most probably fair comparison 
seems to be with the top half of freshmen as rated by the 
total score in the intelligence examination. The facts for 
200 of them in the algebra test were as shown in the table 
below (Table 63) in comparison with the facts for the college 
graduates: 14 percent of them did no example correctly; 
24 percent of them did only one example correctly; 6 per- 
cent did two correctly; 163 percent did three correctly; 
22 percent did four correctly; 515 percent did at least five 
correctly. 

TABLE 63 


ABILITY IN ALGEBRA IN THE Cask oF COLLEGE GRADUATES AND COLLEGE 
ENTRANTS OF APPROXIMATELY EQuaL ABILITY 


'Freqencies: IN PERCENTS 


NUMBER CoLLEGE Top Haur or FRESHMEN 
CorRECcT GRADUATES AT ENTRACB 

OIE ASE. Sete Be Serie es tas OE 8.5 15 

eA nn ae tad siesta deoky hs 14.8 ae 

Wes tyra ation hy Mach aR CRC Crses Beis Eau 19.0 6.0 

Oth aE aero, Liana sta otckamne tne Meee: DAG 16.5 

Md AaR de Mamie ter raithc orks ae, Sete 23.8 22.0 

Deter e kOe cee AEee atid. 2 {2.2 {33.0 

GR aah. Sunk oe et o1 SV isib 


The effect of the four years or more from college entrance 
in September to April of the first year in law school is thus 
approximately a reduction from the ability to do four or five 
of such tasks to the ability to do three. Or, we may say that 
at entrance to college the median of these graduates could 
have done tasks as hard as: 

b 


x—1 
“+ 1=d. What does x equal? 


What is the sum of (a+b)?, (a—b)? and (a+b) (a—b)? 
If 5¢=7 and 3b=43, what does 2b —2 equal? 


=1. What does x equal? 
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whereas, four years or more later he could do only tasks as 
hard as: 

ax=bx+1. What does x equal? 

x—(c+d)—5=2¢—(a+d)+3. What does x equal? 

What does b?— (2c)? equal if a= —4, b=3, c= —2, and d=1? 

What does x+2y equal if x=a, y=4, and a=7?? 


Or, we may express the change as follows: After the 
interval most of those who at entrance could do one or two 
correctly could do none; most of those who could do three 
at entrance could do only one; most of those who could do 
four at entrance could do only two; those who could do 
five at entrance could do three or four. 

Consider now the loss from the time of completion of 
the study of algebra. We can do little better than specu- 
late about this, since we do not know the ability of such a 
group as our college graduates when they completed their 
study of algebra in Grades 9 or 10. The available material 
includes the data given by Hotz and records which we have 
obtained from about 800 pupils in high schools taken during 
their study of algebra or within a few months after they had 
finished it. The test they took was not like A or B above, 
and we cannot estimate with surety how well they would 
have done with a ten-minute test like A and B. Estimating 
as best we can, without an undue expense of time, we obtain 
percents corresponding to those found for college graduates 
and college freshmen as shown in Table 64, for a group of 
students in preparatory schools of high grade who are per- 
haps somewhere near the grade of ability represented by our 
college graduates when these were at that stage. According 
to this very imperfect determination, the median man of our 
group of college graduates was able to do all or all but one 
of these tasks when he was studying algebra, and has imme- 
diate mastery. now of only three. How long it would take 
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him to recover the ability he had six or seven years ago, we 
do not know. 


TABLE 64 


Apitity IN ALGEBRA IN THE CasE or CoLLEGE GRADUATES AND POSSIBLY 
CoMPARABLE GRoupPS AT ENTRANCE, AND AT THE TIME OF 
Stupy or ALGEBRA 


Top Haur or Pupits 


Top HALF or IN EXCELLENT 
COLLEGE COLLEGE PREPARATORY SCHOOLS, 
GRADUATES ENTRANTS WHILE STUDYING 
ALGEBRA 

(Rae ereresee ain ahit its anal 8.5 i125} 

Pee MPS Ere ae ees shit tere, cosice 14.8 2.5 

Died Pas ee ee A 19.0 6.0 33 
ie Cnr Reet near aeN emo DANE TF 16.5 5 
FO een Ene toe cena 23.8 22.0 36 
OSCR chess cai SeNe 12,2 51.5 59 


In connection with these data the following facts may 
be of interest. Three of the Hotz scales, Series A (Equation 
and Formula, Problems and Graphs) were used with 37 
graduate students. Eighteen of these were students in a 
course on Educational Tests; the others were almost all 
students of psychology or education, without special inter- 
ests in quantitative sciences. 

The results were: 


EQUATION AND FORMULA 


Correct Mreruop, 


Task ATTEMPTS Ricuts Wrone ANSWER 
1 37 37 
2 37 35 
4 37 34 1 
6 37 32 1 
8 37 29 1 
11 37 34 
14 37 25 
18 37 23 5 
19 37 15 2 
23 37 13 2 
24 37 24 2 
25 37 18 2 
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PROBLEMS 
Task ATTEMPTS RicHTs 

i 37 36 

2 37 33 

4 37 34 

5 37 36 

7 37 33 

8 37 33 

9 37 28 

12 37 15 

13 37 20 

14 37 20 

GRAPHS 
Correct MeruHop, 
Task ATTEMPTS RIGHTS Wrona ANSWER 
1 37 37 
3) 36 34 
4 36 36 
5 35 26 
6 36 32 
7 32 21 
10 32 15 1 
ale 34 21 5 


The work in graphs is perhaps largely irrelevant to our 
problem, since such work was not often studied by these 
individuals when in high school, and on the other hand may 
have been studied directly or indirectly in recent years. 

The facts reported here are hardly more than hints, but 
they may at least prevent very exaggerated notions of the 
loss of learning. 


APPENDIX III 
Tue Errecr oF CHANGED Data Uron REASONING! 


The older psychology, perpetuated in current educational 
doctrines and practices, regarded reasoning as a force largely 
independent of associative habits, which worked back to 
correct or oppose them. Our present psychology finds that 
the mind is ruled by habit throughout, the correction or 
opposition being of certain more simple, thoughtless and 
coarse habits, by others which are more elaborate, selective, 
and abstract. It defines reasoning as the organization and 
codperation of habits rather than as a special activity above 
their level; and expects to find “‘reasoning” and habit or 
association working together in almost every act of thought. 

One interesting and rather important consequence of this 
view is the theorem that ‘“‘Any disturbance whatsoever in 
the concrete particulars reasoned about will interfere some- 
what with the reasoning, making it less correct or slower or 
both.” It is the purpose of this article to give illustrations 
of and evidence for this theorem, drawn from a simple experi- 
ment which can be easily given to any class, and which is 
perhaps deserving of inclusion in a list of group experiments 
in psychology. 

Consider the two sets of tasks in algebra, printed below. 
Each pair of tasks demands the application of the same 
principle, but the concrete situation in the one case is that 


' Reprinted, with additions, from the Journal of Experimental Psychology, 
Vol. 5, pp. 33-38. 
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with which our ordinary associative habits have been made, 
whereas in the other case the concrete particulars are some- 
what altered. The alterations vary from slight ones, such 
as using =p instead of x, or b:+b, instead of x+y, to a change 
from a very customary statement of a set of relations to a 
very rare statement, as in No. 9. 


Ha. Cu. 
Habitual First Changed Form 
1. What is the square of x+y? 1. What is the square of bi1+b»? 
2. What-is the square of a?x3? 2. What is the square of r?r,2,? 
3. Simplify ; 3. Simplify 
2 2 2 2 2 + 2 au, 
tact (EX 5 x). 5a2b + (6? +c?) (c2? +d?) (+b). 
4. What are the factors of x?—y?? 4. What are the factors of 
1/2?—1/y?? 
5. Multiply x by x. 5. Multiply 4% by 4°. 
6. Simplify 6. Simplify 
ac—[a(b+c)]. Pips —[pi(p2— Pa) |]. 
7. Solve 7. Solve 
z+ y+ 2=15, Cit Cot c3=15, 
22+ y+32= 22, 261+ C2—3¢3 = 22, 
et2y+ 2=25. Ci +2co+ c3;=25. 
8. e&tef=2 8. teat. 
What does x equal? What does p equal? 
9. There are two numbers. The 9. y=ar-+b. 
first number plus 3 times the When + =3, y=7. 
second number equals 7. When x=5, y=11. 
The first number plus 5 times What does a equal? 
the second number equals 11. What does b equal? 


What ere the numbers? 


The probability of error and delay in the necessary rea- 
soning is clearly increased when the task is of the changed 
sort (Ch.) rather than the habitual sort (Ha.). 

The subjects which I used were ninety-seven graduate 
students, divided at random into three groups of 34, 32 and 
31. Group A did tasks 1 and 7 of Ha., tasks 4, 5, 6, 8 and 
9 of Ch. and two other tasks as follows: “What is the square 
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of k2p3?”? and “Simplify 3ab+[b?cd*/bc’d’].”’ Group B did 
tasks 3, 6 and 9 of Ha., tasks 1 and 2 of Ch. and four other 
tasks as follows: ‘‘What are the factors of s—y?” “Mul- 
tiply xz? by 2%.” “Solve xt+y=13, ytz2=12, r+z2=5.” 
‘“e2tex=g/a. What does a equal?” Group C did tasks 
2, 4, 5 and 8 of Ha., tasks 3 and 7 of Ch. and three other 
tasks as follows: ‘‘Multiply (b:+02) by (62:—6:).” “‘Sim- 
plify mn—[2n(m—p)].” “The cost of a season ticket is 
6 dollars plus & times the cost of a month ticket. When 
the cost of a month ticket is $6, the cost of a season ticket is 
$15. When the cost of a month ticket is $15, the cost of a 
season ticket is $33. What is the value of b? What is the 
value of k?”’ ! 

The relative abilities of the groups may be estimated by 
comparing the scores in tasks estimated to be of equal diffi- 
culty, such as: 


(c+y)?= ? and Solve e?+ef=g/p for p, for A, 
x*xXx?= ? and Solve e?+exr=g/a for a, for B, 
Factor (x?—y?) and Solve e+ef=g/x for x, for C. 


Using these combinations, the percent of right answers was 
71 for Group A, 84 for Group B, and 63 for Group C. There 
is thus an approximate equalization of ability of subjects 
between the Habitual and the Changed series.’ 

All three groups worked by the same time-schedule, which 
was: “0, begin; 1 min. 30 sec., even if you have not finished 
1, begin on 2; 2:30, even if you have not finished 2, begin 
on 3; 4:30, even if you have not finished 3, begin on 4;”’ and 


1 The fractions in the above and throughout were all presented in the usual 


“horizontal” form, e. g. us 
a 


?'The B group is probably really somewhat more superior than these figures 
show, and the differences shown in Table 65 are somewhat greater than 
would be the case with perfect equalization. However, there can be no doubt 
that a substantial difference would remain. 
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so on with 6:30 for proceeding to 5; 8:30 for 6; 9:30 for 7; 
12:30 for 8; 13:30 for 9; 16:30 to stop. The subject could 
thus use time saved on one task for another, absolute uni- 
formity being had only in respect to the 16 min. 30 sec. 
spent on the entire set of nine tasks. 

The percents wrong or incomplete for the nine tasks 
where customary associations were favored and for the nine 
where some change was made were, in order: 


TABLE 65 

CusTOMARY CHANGED NATURE OF CHANGE 
HR Stas bi lousy « Patbin Jalouse 6 28 (a+y) to (bi1+b2) 
co bo ee Ee 34 47 ax to rer, 
Se Re ee tne od 374 644 fraction to+ and X to 

Paremihece ee 

Be Rests een cs ih. scsi ae 22 41 x—y? to op 
Pee. FER ratins srittis tates 55 703 x? to 
Bo, Sis oe ON es Bee ay ee 25 53 ac, etc., to pips, ete. 
UE DE es 62 61 Lyfe evOler, Ca,1Cs 
ok sites oh A en aa ear a 52 53 x to p 
OMe oe 25.5 Bae 2s 16 70 form of problem 


In all but two cases (7 and 8) there is a substantial inter- 
ference with thought by the change. In No. 9 the amount of 
novelty introduced is much greater than in the other cases, 
and is perhaps more truly called a change in the principles 
and operations used than a change in the concrete particulars 
reasoned about. In No. 6 the use of a minus sign in place 
of the plus may have added a little difficulty over and above 
the change from literal to subscript distinctions. 

We may now examine certain facts from the accessory 
tasks which were used partly to conceal the special point of 
the experiment from the participants and partly to secure 
additional data. 

“Multiply (b:+62) by (b2—b:)” is not strictly com- 
parable with ‘‘What is the square of x+y?” but the rise in 
errors from 6 percent for the latter (Group A) to 61 percent 
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for the former (Group C) would probably have been much 
less if ‘Multiply (c+y) by (y—2)”’ had been used. 

The change from ‘‘ What is the square of a?x??”’ (Group C) 
to ‘‘ What is the square of k*p*?”’ (Group A) raises the errors 
and omissions from 34 percent to 47 percent. 

Simplify 3ab-+[b’cd?/bc?d?] produces more errors than the 
same task when arranged in +(X X) or in +(+ +) form 
(71 percent in Group A). This may seem to be in contra- 
diction to our general theorem, but an inspection of the errors 
makes it probable that the parentheses were a protection 
against two habits, one of canceling upper and lower numbers 
seen in proximity, the other of clearing of fractions any ex- 
pression that contains one. The former leads to canceling 
the 6 of 3ab with the b of be?d?, which is done by one of the 
thirty-four subjects. The latter adds an operation in which 
errors are made by four of the subjects, and makes the 
needed cancellations more difficult. It also encourages the 
error of dropping out the common denominator, which is 
done by four more, and permits the worker to feel that he 
has done his duty by the task, though he has not cancelled. 
Finally, there are further erroneous manipulations of the 
denominator, as in (3ab-+-b?cd*) /bc?d?, from which the paren- 
theses and signs of multiplication and division were perhaps 
a protection in the other forms of the task. 

The question ‘“What are the factors of x—y?” evokes 
responses which show that when a novel situation is met, 
one’s associative habits do not retire while reason attacks. 
On the contrary, the forces of habit are nowhere more evident 
than in the treatment of novel situations. Which habits 
will act depends on which elements or features of the situa- 
tion are given weight and upon the amount of weight given 
to each. With our subjects, the features that this is the 
difference not of two particular numbers but of any number 
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from any number and that ‘‘any number”’ is as truly the 
square of ‘‘./any number” as ‘(any number)?”’ is of ‘any 
number,” are usually neglected or underweighted, there being 
only four answers of 


(VET y) (Vey) oy) Gy) 


The underweighting of these features permits the habits of 
not factoring prime numbers in arithmetic, and of not fac- 
toring expressions like x—y in algebra, to act acceptably, 
answers of 1(a—y) being the commonest given (11 out of 32). 

“Multiply x4 by 2x” is, consistently with our general 
theorem, easier than x* by 2”. 

On the whole, it seems certain that even such slight 
changes as from the customary a,b, 2z,and y, to k and p or 
tO Pi, P2, and pz or tO pi, Pu, Pin, impede thought, and 
that the general theorem does hold that ‘Any disturbance 
whatsoever in the concrete particulars reasoned about will 
interfere with reasoning.” 

The results of the experiment described above have been 
checked and corroborated in general by a second experiment 
performed with 118 undergraduate and graduate students. 
As before, three sets (A, B, and C) of nine tasks were used, 
but in this experiment three of the nine tasks were identical 
in all six sets. These three were: 

Divide a’bc? by ab’c?. 
Multiply «+3 by x—2. 


Multiply 3ax?— bx by °. 


Using the records for these three, the group having Set A 
had 47 percent of right answers; the group having Set B 
had 48 percent of right answers; and the group having Set 
C had 38 percent of right answers. Enough low-scoring 
individuals were then dropped from the C group to make a 
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“Modified C” group with 47 percent of right answers. 
We may then treat the A group, B group and ‘“‘ Modified 
C” group as of closely equal ability in algebraic compu- 
tation. 

So treating them, we find the following percents wrong 
or incomplete for the six tasks where there was a comparison 
of customary with changed data: 


TABLE 66 
CusToMARY CHANGED NATURE oF CHANGE 
18 71 (x+y)? to (bi+b2)? 
56 76 (a’a8)? to (rArah )? 
3 39 Factor 2?—y? to factor ik Bee 
wy 

58 71 Multiply x by x? to multiply 42 by 4° 
55 803 ac(a(b+c)] to pi ps [pi (p2+Ps)] 

67 76 efof ete Solve for x, to 


e? ef aaa - What equals p? 


Changes from «+y to g+h, from a2x* to k2p3, from 2? 
and y? to h? and k?, and from ‘“‘Solve for x” to ‘‘ What does 
x equal?”’ did not seem to cause interference in this group 
of students. Changes from 2°? to A*A”, and from abc to 
mnp in the task of removing parentheses and collecting 
terms, did seem to do so. Neither the absence of the former 
nor the presence of the latter effect is at all certain, however. 
The general effect of the six changes especially experimented 
with is sure. 
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Agriculture, value of algebra for, 60 
ff.; texts, use of algebra in, 71, 72, 
73; problems in, 75 

Aids to interest, value of, 444 ff. 

Algebra, matches, 445 

Algebraic, computation, 50, 53, 54, 
60 ff., 66 ff., 90, 91, 96, 99, 104, 106, 
111, 1235,183,.134; 1505 16055191) 
computation, Roger’s test in, 214; 
symbols, 89; technique, 108; abili- 
ties in problem solving, 109; abili- 
ties, 304; abilities vs. general in- 
telliigence, 426; principles, mastery 
of, 328 

Alma High School, Army Alpha score 
distribution, 20 ff., 33 

Alternative forms of tests, 179 

American History texts, use of alge- 
bra in, 71, 73 

Amount of practice, 338 ff.; teachers’ 
estimates of, 340 ff.; in ‘textbooks, 
343; in textbooks, inventory of, 
348 ff, 

Analysis, powers of, 100 

Analytic geometry, value of, 51, 54, 86 
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Angles, addition of, 97 
Anthropology, value of algebra for, 
60 ff 


Applications of algebra to sociology, 
445 


ARprOneon formulas, 315 

* Arithmetic progression, 511, 311 

Army Alpha, 18, 199; scores of high- 
school pupils ‘in, 20 ff.; scores of 
army recruits, 19, 24; report of 
National Academy of Sciences, 
Memoirs (1921), 25; reproduc- 
tion of, 38 ff.; score needed for suc- 
cess in algebra, 326; used in study 
of algebra disability, 427, 430 

Arrangement, of algebraic problems, 
109; of topics, 304 ff.; of algebraic 
material, 437 

Assign, learning meaning of, 262 

Astronomy, 87, 88 

Atchison County High School, inves- 
tigation of occupations of gradu- 
ates, 12 f. 

Attainment of standards of accuracy 
and speed, 365 

Auburn Academic High School, in- 
vestigation of occupations of high 
school graduates, 13 

Axiom, bonds for solving equations, 

6 


33 

Axioms, 84, 226, 239, 248, 306; learn- 
ing meaning of, 262; mastery of, 
328 

Axis, 84 


BHASKARA, 259 

Binomial, theorem, 228, 276, 311; 
theorem, value of, 50, 54, 91; ex- 
pansion, 89 

Biographies of mathematicians, 83, 
85, 444 

Biology, value of algebra for, 60 ff., 
89; texts, use of algebra in, 71, 73: 
use of pr oblems from, 147 

Bogus vs. genuine problems, 154 

Bond-forming, 246, 250, 251 

Bonds, 123; hierarchies of, 246; for 
understanding formulas, 252; for 
relation of variables, 253; for evalu- 
ating in the linear equation, 254; 
for graph of relation of variables, 
254; for graph of table of values, 
254; for literal equation, 254; for 
ratio relations, 255; for times rela- 
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tion, 255; for graph of a moving 
point, 255; for checking computa- 
tion, 256; for technical terms, 261 
ters superfluous, ioe with 
arithmetic, 280 iy ; order of, 304 ff.; 
interference of, 304; strength of, 
320 ff.; fundamental, 327 ff.; needed 
strength of, 357 ff.; specific, 359 f.; 
general, 360 

Book, W. F., interests of pupils in 
high-school studies, 394 

Botany, value of algebra for, 60 ff.; 
texts, use of algebra in, 71, 73 

Boyle’s law, need of algebra to use, 79 

Brace, learning meaning of, 262, 306 

Bracket, learning meaning of, 262, 
306 

Brooklyn Polytechnic School, study 
of algebra disability, 427 

Brown, correlation between algebra 
and geometry, 429 

BuckinGcuHaM, correlation between al- 
gebra and Army Alpha, 422, 424, 
425 


Byrne, study of high-school enroll- 
ment, 7 f 


Calculation of mean, median, quar- 
tile, 315 

Calculus, 86, 261 

Capacities of high school pupils, 5 

Carnegie Institute of Technology, 
psychological examination, 203 

Cartesian coérdinates, 99, 115, 125, 
129, 225, 243 

Cartograms, use of, 73 f. 

Causes of relative interests of pupils 
in high school studies, 398 

Central Association of Science and 
Mathematics Teachers, 99 

Changing subject of a formula, 172, 
311, 333, 345; in physics, 77, 78; 
distribution of practice in, 378 

Charles’ law, need of algebra to use, 79 

Charts of distribution of practice, 
369 ff. 

Checking, work, 274, 281 f.; answers, 
330, 363 

Chemistry, value of algebra for, 60 ff. ; 
texts, use of algebra in, 71, 72 ; 73; 
use of formulas in, 74; identities 
in, 74; solution of problems in, 7, 
78, 314; articles in encyclopedia, 
88; use of problems from, 147 


INDEX 


CuiLps, results of algebra tests, 325 

Civics texts, use of algebra in, al, ey 

Criark, J. R., and Ruae, H. ‘0. 
113, "132, 134, 229, 242, 312, mate 
318, 323, 329, 330, 409, "441; tests 
in algebra, 166, V7 172, 176, 178, 
179, 192, 220, 272 

Clearing of fractions, in physics for- 
mulas, 77, 78; tests in, 168; mean- 
ing of, 336 

Coefficient, 238; use in binomial ex- 
pansion, 89; earning meaning of, 
240, 243, 261, 262 : 

Collecting ‘terms, 464; tests in, 166, 
187; results of test in, 325 

College Entrance Examination Board, 
99, 180; tests in algebra, 192; re- 
liability of examinations, 192 ff. 

Columbia Grammar School, study of 
algebra disability, 427 

Combination, of many abilities in one 
task, 195 

Combining terms in physics formu- 
NaS did, 

Committee on mathematical require- 
ments, 283 

Common denominator, 462 

‘Commonwealth Fund, 486 

Commission of the N. E. A. on re- 
organization of secondary mathe- 
matics, 99 

Comparison of estimates and text- 
book usage in amount of practice, 
368 

Completing the square, 310 

Completion, 254; type of test, 213 

Complex fractions, 171, 309; use of, 
90 


Composite of abilities, test for, 199 

Comprehension, of paragraphs, test 
for, 209; of principles, 486 f. 

Computation, 311, 441; numerical, 
50, 53, 54, 141, 165; algebraic, 50, 
53, 54, 60, 66, "90, 91, 96, 99, 104, 
106, 111, 123, 133) 134, "150, 152, 160, 
165, 191; abilities, 166, 295; with 
radicals, 233 ff.; acquiring mean- 
ings through, 244: learning, 244; 
bonds for checking, 256; undesir- 
able, 257; learned by using formu- 
las, 283; "value of, 327 f.; drill in, 
333; inventory of practice in, 351, 
352; pupils’ interest in, 399, 408; 
inventory of ability in, 446 ff.; evs: 
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problem solving, 448, 451; an in- 
tellectual ability, 451 

Computational formulas, practice in, 
360 ff. 


Concentration of practice, 383 f. 
Conditions of algebraic learning, 436 
Conic sections, value of, 49, 51, 54 
Conjugate, 261 

Connections, forming, ree 250, 251; 
strength of, 320 ff., 

Constants, 226; ieee fae 65, 126, 
130, 131; in linear equations, 225, 
311; in quadratic equations, 311 

Constitution of algebraic abilities, 
223 ff. 

Convergent, learning meaning of, 262 

Cookery, texts, use of algebra in, 71, 
73; changing recipes in, 79; use 
of formulas in, 80 

Coéperating bonds, 333 

Coordinate system, 123, 
128, 129 

Correlation, value of, 50, 54, 91; use 
of, 50, 89; of intelligence and 
algebra ability, 151; of speed and 
accuracy, 191; for reliability of 
examination scores, 192 f.; coeffi- 
cient of, 243; of computation and 
problem solving abilities, 334; 
between ability in algebra and 
general ability, 420 ff., 426; affected 
by error, 423 f.; between algebra 
and geometry, 429; between alge- 
bra tests and criteria of ability, 439, 
449; between algebra and Thorn- 
dike intelligence examination for 
high school graduates, 450, 451; 
self, of test, 439; partial, 410, 440; 
multiple, 440 

Cosine, 226, 262, 310; time for work 
with, 257 

Counts’ investigation of occupations 
of high school graduates, 8, 9f. 

Courses of study, 108 

CRATHORNE, correlation between alge- 
bra and school average, 422; alge- 
bra and average of intelligence 
tests, 422, 423, 424 

Criteria for problem selection, 154 

Crutches in algebra, 335 

Cube root of polynomials, 82 

Cultural uses of algebra, 94 

Curve fitting, value of, 51, 54, 91 


124, 125, 


474 


Daman, standard test in algebra, 188 
Data, organization of, 100; for 
graphs, 107; needed for problem 
solving, 111; in equations, 121, 
127, 133, 141, 164; in problems, 


Decimals, 97; as coefficients, 99; as 
answers, 282 

Definitions in algebra, 237 f., 240, 
306; learning meanings from, 241 

Detroit, distribution of scores in 
Terman intelligence test, 35 

Devices for increasing interest, 436 

Diagonal, 84 

Diameter, 84 

Differences in schools in algebraic 
ability of pupils, 4138, 414, 417, 418 

Differential equations, 87 

Difficulty of elements of tests, 200 

DIOPHANTES, 259, 26' 

Direct proportion, 161, 310, 315 

Directed numbers, 318; learning 
meaning of, 262 

Disability in algebra, 426 ff. 

Disciplinary value of algebra, 326 

Discipline, mental, 97, 111 

Discovery of data for problems, 159 

Distribution, of high school graduates 
in occupations, 5, 8 ff; of practice, 
369 ff; by sexes, of scores in algebra 
test, 413 

Division, 329, 351; 
82, 98, 171, 383; 
test in, 90; and multiplication, 
tests in, 173; results of test in, 
323 f., 325; distrioution of practice 
in, 380 f.; of fractions, 383 

Dove.ass, 323; algebra tests, 189 

Drill in algebra, 369 ff. 


of polynomials, 
algebraic, 90; 


Economics, value of algebra for, 
60 ff.; texts, use of algebra in, 71, 
73; texts, use of mathematical 
graph in, 81; texts, use of problems 
from, 147; problems in, 314 

Education, value of correlation in, 
89; value of problems for, 152 

Effect, of changed situations, 171; of 
changed data in reasoning, 458 ff. 

Election of problems by students, 163 

Elimination, learning meaning of, 
262; of unnecessary habits, 229, 
233 ff.; of wasteful learning, 358, 359 


INDEX 


Elyria survey, investigation of occu- 
pations of high school graduates, 8, 
Lite 16 

Encyclopedia Britannica, 
algebra in, 83 ff. 

Engineering, articles in encyclopedia 
on, 88; problems in, 314 

Enrollment in high school, 2,3 

Equality sign, 127 

Equations, 133, 306, 310, 311; of 
third degree, value of, 49; value of, 
50, 60, 79, 82; simultaneous, 50, 
54, 61, 91, 123, 125) 1155, 3047310; 
problems leading to, 50; ‘quadratic, 
50, 62 f., 89, 125; solving quadratic, 
96, 100, 121, 122, 123, 124, 127, 
132; ability with’ quadratic, 100, 
105 ff.; literal, 123; literal, use of 
in high school texts, 72; literal, in 
chemistry, 74; psychology of, 
121 ff.; as organizations of data, 
121, 122, 126; various aspects of, 
121,° 122, 128) (994. 195. 406: 
general, 121, 122, 1235 12405125) 
128; fractional, 128, 155; of vari- 
ables, 130; exponential, 130; fram- 
ing, 149 f., 155; tests in, 167, 174, 
187, 188, 189, 191, 456; simulta- 
neous, tests in, 188, 194; ability to 
frame, 224; ability to solve, 224; 
learning meaning of, 240; framing, 
to express a law, 253; first steps 
in, 281; undesirable work in, 258; 
made from problems, 313; results 
of tests in, 323 f., 325 £.; mastery 
of, 328 

Error, in correlation, source of, 423; 
in reasoning, effect of changed data 
in causing, 459 

Estimates, of amounts of practice, 
340 ff.; of needed practice on 
bonds, 365 ff. 

Evcuip, 259, 260 

Huropean history texts, use of algebra 
in, ’ 

Evaluate, learning meaning of, 261 

Evaluation, of formulas, 76, 78, 83; 
by substitution, pupils’ interest in, 

Examinations in algebra, 108, 113, 
166 ff.; problems for, 156; psycho- 
logical, of the Carnegie "Institute 
of of Technology, 203; new types of, 


use of 
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Exercises, new types of, 283 ff.; in 
variation, 289; in multiplication, 
331 f.; keyed, 330, 334 

Exponents, 133, 2382, 243; theory 
of, value of, 50, 54, 63, 90, 91, 94; 
value of 14 and ¥% as, 66; use in 
physics formulas, 76; use in the 
binomial expansion, 89;  frac- 
tional, 120, 154; study of, 130; 
tests in, 168; learning meaning of, 
240, 261, 262; mastery of, 328; 
relation P. logarithms, 447; to 
radicals, 4 

Exponential Sines 130 

Extracting roots in physics formulas, 


Extraneous roots, 447 
Extrapolation as a completion test, 
214 


Factor, learning meaning of, 240 

Factoring, 194, 195, 278, 279; tests 
in, 168, 188, 189; to solve quad- 
ratic equations, 273, 274 

Factorization, 150, 171, 257, 276, 315, 
317; of polynomials, 82, 89, 91, 
94, 98; amount of practice in, 351; 
inventory of practice in, 351; of 
p?—q?, distribution of practice in, 
B74 f : of mx?+px+q, distribution 
of practice in, 379 f.; as guessing, 
438 

Failures in algebra, Army Alpha dis- 
tribution for, 35; Terman group 
test distribution for, in Detroit, 36 

Fallacy of codrdinates, 82 

Formal computation work, 327 

Forming equations, test in, 189 

Formulas, 126, 129, 131, 133, 135, 
236, 243, 278, 281, 309, 311, 312, 
315, 316; value of, 49, 50, 53, 79, 
89, 90; use in high school texts, 72; 
in chemistry, 74; in physics, 75; 
evaluation of, 89, 90, 99, 124: 
evaluation of, in physics, 76, 78, 
83, 89; greater use of, 80, 83; 
construction of, 83; use in the 
Encyclopedia Britannica, 83, 84, 
86, 88; changing subject of, ae 
78, 99, 172; changing subject of, 
distribution’ of practice in, 378; 


ability with, 100 ff.; genuine vs. 
bogus, 105, 136; solving, 107; 
substitution in, ae. 135, 141; 
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for progressions, 163; tests in, 
169, 174, 189, 456; ability to 


understand, 223, 225, 252, 309; 
ability to ‘frame, 223, 244, 309; 
ability to evaluate, 224, 244, 309: 
ability to change subject of, 224, 
254, 309; ability to use for pro- 
gressions, 226; ability to use, 309; 
for algebraic computation, 225; 
time for work in, 257; for solving 
quadratic equations, 273, 274, 310; 


exercises in, 284 ff., 296 ff: results 
of test in, 323 f.; deriving new, 
333; from science, 333; memory 


of, 335; amount of practice in, 
351; inventory of practice in, 351; 
computational practice in, 361; 
understanding of, 447 

Fractional, exponents, 63, 66, 91, 94, 
120, 154, 284, 248, 276, 306, 311; 
exponents, ability with, 225, 236; 
equations, 155, 313; equations, 
tests in, 169 

Fractions, 98, 315, 317; as answers, 
282; ability with, 231; undesirable 
work i in, 258; pupils’ interest in, 408 

Framing, ‘equations, 149 f., 155, 313; 
equations, tests in, 189; formulas, 
161, 163, 164; rules, 160 

Frequency, distribution, 538, 91; 
face of, 91, 94, 119 

Friends School, study of algebra dis- 
ability in, 427 

Function, 315; linear, value of, 50; 
quadratic, value of, 50; use in high 
school texts, 72; concept of, 79, 
82, 83, 126; study of, 130 

Functionality, idea of, 7 

Fundamentals of high school mathe- 
matics (Rugg and Clark), 330 


sur- 


General, science texts, use of algebra 
in, ray 72, 73; abilities, 198; 
equations, 313; equations, ability 
to understand, 225; laws, 246, 254; 
laws, principles of learning, 250; 
intelligence, 278 

Generalization, powers of, 100; ability 
in, 198, 251; test for, 207, 210, 217, 
436; understanding of, 441 

Genuine vs. bogus problems, 157 f. 

Geology, use of problems from, 147 

Geometric series, 211, 311, Rogers, 
test for ability in, 214 
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Geometry, 838, 85, 86, 97, 242, 265; 
demonstrative, "value of, 50, 54: 
as an aid to algebra, 441 ff. 

Gouverneur Schools, investigation of 
occupations of graduates, 13 

Graded exercises, 334 

Graphic representation, 126, 
135; value of, 50, 53, 97 

Graphs, 313, 315, 318; value of, 50, 
58, 79, 89, 90; use in high school 
texts, 72; use of, 81; over-use of, 
82; dangers in use of, 82, 83; use 
of in Encyclopedia Britannica, 83, 
84, 85, 88; to make, 99, 124, 132; 
to understand, 99, 132; ability 
with, 100, 115 ff.; classes of, 115 ff., 


129, 


118; as aid to solving equations, 
126, 129, 130; as aid to solving 
problems, 132; of simultaneous 


quadratics, 155; tests in, 170, 173, 
174, 456; ability to understand, 
225; ability to make, 225; exer- 
cises in, 253; bonds to be formed 
concerning, 253, 254, 255; time 
for work in, 257; statistical, 310, 
440 ff.; of quadratics, 310, 312: 
for discipline, 314; results of tests 
in, 323 f., 457; distribution of 
practice in, 383; pupils’ interests 
mn, 409 

Guessing in factoring and simplifica- 
tions, 438 

Gymnasium, German, 6 


Habits, of algebraic operation, 238, 
245, 246; of functional thinking, 284 

Hart, W.W., and WELLS, quoted, 112 

Hawkes, Lusy and TourTon, First 
Course in Algebra, 358 

H.C E.; 9831195, 279 f. 

Heprick, E. Re 253, 283 

Hierarchies of algebraic habits, 246, 
250 


High school pupils’ interest, in alge- 


bra, 386 ff.; in other subjects, 
388 ff. 

Higher degree equations, value of, 
50, 54, 91 


Horace Mann High School, study of 
algebra disability, 427 

Hotz, 323, 409, 417, 455; tests in 
algebra, 166, 173 ff., 177, 178, 179, 
192, 210, 456; tests used in study 
of disability, 427, 429 


Identity, 306; 
- 262 
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Hyperbola, 262 
Hypotenuse law, 226, 315 


Identities, use in high school texts, 
72; in chemistry, 74; pseudo-use 
in word analysis, 79 

learning meaning of, 


I.E. R., algebra test, 181 ff., 192, 210; 
Test for Ability with Symbols, 
201 ff.; Test for Selective and 
Relational Thinking, 203 ff.; Test 
for Generalization and Organiza- 
tion, 207 ff. 

Imaginary numbers, 306; value of, 
49, 50, 54, 91; as answers, 282 
Improvement in pupils from exercises 

in algebra, 437 

Inability, with principles vs. 
computation, 437 f. 

Individual differences, in ability, 150, 
177; in algebraic ability, 412 ff. 

Informational abilities, 226 

INGLIS, investigation of occupations 
of high school graduates, 8, 10 

Institute of Educational Research, 
180; tests from, 181 ff., 192, 201 ff., 
203 ff., 207 ff., 210 

Integral answers, 281, 282 

Integration of specific bonds, 360 f. 

Intelligence, of high school pupils, 
18 ff., 245; Army Alpha Examina- 
tion, 38 ff., 199; examination for 
high school graduates, 199; test, 
National, 199; general, correlated 
with algebra ability, 151; of 
pupils studying algebra, 320, 326 

Interest, in getting right answers, 
330; in learning algebra, 333; in 
algebra, 386 ff.; in various features 
of algebra, 399 ff.; devices for 
increasing, 436; aids to, 444 f. 

Interference of bonds, 124, 304, 307, 
317, 355, 464 

Interpolation, as completion test, 
214; exercises in, 253 

Inventory, of algebraic abilities, 172, 
180, 210; tests, 188, 194; of 
amount of practice in textbooks, 
348 ff.; of underlearning, 356; of 
overlearning, 357 f. 

Inverse, proportion, 161, 310, 315; 
learning meaning of, 2! 62 


with 


INDEX 


Investigation of occupations of high 
school graduates, 8 ff 
Irrational roots, test in, 170 


Kanter, study of pupils’ interests in 
high school studies (with ScHorz- 
Ina and MILER), 386, 394, 395 

Keiry, T. L., 486; tests for values 
of algebra study, 217 ff. 

Keyed exercises, 330, 334 

Kocu, investigation of the uses of 
algebra, 58 

Koons, investigation of the occupa- 
tions of high school graduates, 8, 
HOM, 16 f. 


Labette County High School, investi- 
econ of occupations of graduates, 
1 

Ladder test, 194 

Latin, interest of pupils in, 386 

Law school, test in algebra, 452 ff. 

Laws of signs, 191, 226; drill on, 256 

L. C. D., 337; distribution of prac- 
tice in, 376 f. 


L. C. M., 98, 195, 279 f. 
Learning, meanings, 230, 240 ff., 
261 ff.; operations, 2380, 245; 


algebraic principles, 230; defini- 
tions, 306; permanence of, 452 ff. 
Linear equations, 149, 310, 313; 
value of, 49; ability to frame, 224: 
ability to solve, 224; tests in, 167, 
168, 169, 170, 174, 187, 188, 189, 


191; general treatment of, 254; 
graph of, 254 
List of bonds, 382 
Literal, equations, value of, 50, 
54, 91; equations, bonds for 
meaning of, 254; equations, re- 
placement by formulas, 131; 
expressions, 96, 99; quantities, 


operations with, 149; 226 f., 246; 
quantities, learning meanings of, 


240, 243, 244, 283; quantities, 
value of, 278 ; computation, checks 
on, 256; computation, pupils’ 


interest in, 408; exponents, 304; 
notation, 315, 329, 447 

Logarithms, 226, 234, 236, 310; value 
of, 50, 54, 91, 94; ability with, 
225; time for work in, 257; rela- 
tion to exponents, 447 
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Mapsspy, I. N., distribution of Army 
Alpha’ scores, 30 

Manipulation of polynomials, 327; 
use in high school texts, 72; value 
of, 79, 82, 94, 98 

Mann Report, correlation between 
algebra and intelligence, 423, 424, 
425 


Massachusetts Institute of Tech- 
nology, correlation between algebra 
and intelligence, 423, 449 

Mastery, in algebraic tasks, 326, 328; 
of technique, 437 

Matching, type of test, 212 

Mathematical, graph, 72, 79, 81 f., 
83, 119 f.; graph, use in science, 
50, 53, 54; requirements, National 
Committee on, 436; reasoning, 438 

Mathematics Teacher, The, 96, "121 

Mean, square deviation, 243; calcu- 
lation of, 315 

Meanings, knowledge of, 133 

Measurement, of algebraic abilities, 
166 ff., 172, 179, 198; of intelli- 
gence, 199; of general ability, 199; 
of effect of algebra teaching, 199 f.; 
of improvement produced by study 
of algebra, 210; of changes in 
interests due to study of algebra, 
217 ff.; of amounts of practice, 
347 ff. 

Mechanical drawing, texts, use of alge- 
bra in, 71, 73; use of algebra in, 79 

Mechanics problems, 314 

Median, alpha score of high school 
students, 19 ff.; calculation of, 315 

Mental, discipline, 97, 111; connec- 
tions, 248, 249, 251; connections, 
desirable to be formed, 252 ff.; 
connections, undesirable now 
formed, 256 ff. 

Method of Least Squares, 87 

Milan High School, Army a 
score distribution, 20 ff., 32 

Mitimr, G A, 444 

Miter, interesta of pupils in high 
school studies (with ScHoRLING and 
KAHLER), 386, 394, 395; mind set, 
329 

Misplaced emphasis in amounts of 
practice, 354 f. 

MiTcHELL, investigation of occupa- 
tions of high school graduates, 8, 9 
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Monomial, 238 f.; 
of, 261, 265, 306 

Monror, Water 8., 187, 323, 325; 
algebra test, 187 

Mt. Clemens High School, Army 
pas score distribution, 19 ff., 
32 f. 

Mt. Pleasant High School, Army 
Alpha score distribution, 20 ff., 31 f. 

Multiplication, 247, 317, 329, 351; 
of polynomials, 82, 98, 171; of 
polynomials, distribution of prac- 
tice in, 383; algebraic, 90; tests 
im iid eESr "190; results of test ama, 
3238 f., 325; exercises in, 331 f. 
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National, Academy of Sciences, 
Memoirs: Report on Army Intel- 
ligence Testing, 25; committee on 
mathematical requirements, 99, 
283, 486; committee on mathe- 
matical requirements, investiga- 
tion on the uses of algebra, 48 ff.; 
intelligence tests, 199 

N. E. A. commission on the reorgani- 
zation of secondary education, 99 

Negative, numbers, 96, 99, 133, 309, 
316; numbers, value of, 49, 50, 53, 90; 
numbers, computation with, prob- 
lems as aid, 153; numbers, learning 
meanings of, 262; numbers, place of, 
314; numbers, mastery of, 328, 448, 
449; exponents, 91, 94, 232, 234, 
276, 311; exponents, ability with, 
225 

New types of exercises in algebra, 
283 ff 


North Central Association of Col- 
leges, 9 

Nonticist High School, Philadelphia, 
investigation of occupations of 
graduates, 17 

Numerical computation, value of, 
50, 53, 54, 141; pupils’ interest in, 
408 

Nunn, Percy, 99, 129, 182, 134, 146, 
163, 177, 229, 272, 312, 315, 316, 
318, 333, 340 


Ober-real Schulen, 6 

Objectivity in scoring tests, 180, 192, 
198 

Sag Sr ogo of high school graduates, 


8 
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Omissions in tests, 171 

Operations in algebra, 133 oe me 

Order, of topics, 97, 305 5 ff.; 
culty in test material, Te ri? 
bonds, 304 ff.; of subjects in 
pupils’ likings, 389 ff 

Ordinate, 84, 85, 106 

Organization, of data, 100, 195; of 
data for graphs, 107; of data in 
equations, 121, 127, 133, i41; of 
data in problems, 128, 136, 164; 
of abilities, 197; ability in, 198; 
ability in tests "for, PAVE aie 210, 
217,436; of habits, 334; of bonds, 488 

Originals in algebra, 150 f., 156, 195, 
197 f.; algebra exercises as, 327 

Ottawa Township High School, 
investigation of occupations of 
graduates, 12 

Overlapping of sexes in algebraic 
ability, 414 

Overlearning, 357 ff. 


Parabola, 262 

Parallelism of relations of dependence, 
graphs, equations, 107 

Parentheses, 90, 306, 309, 462, 464; 
use in physics formulas, 76; 
elaborate simplifications of, 98; 
tests in, 167; within parentheses, 
171; mastery of, 191; bonds for 
work with, 256; removal of, dis- 
tribution of practice in, 383; as 
crutches, 335 ; 

Partial correlation, 248, 316, 410 f. 

Percentage of population in high 
school, 4 

Permanence of school learning, 452 ff. 

Physics, 265, 314; value of algebra 
in, 50 ff., 60 ff.; texts, use of algebra 
in, 71, 72, 73; problems from 77, 78, 
164, 314; articles in Encyclopedia 
Britannica, 88 

Physical sciences, value of algebra in, 
50 ff., 60 ff.; . 97, 135; texts in, use of 
algebra in, 71; use of problems 
from, 147, 148 

Physiography, texts, use of algebra 
in, 71, 73; use of "formulas hay cout 
use of problems from, 147 

eae cd texts, use of algebra in, 


Polar codrdinates, value of, 49, 51, 54 


INDEX 


Polynomials, 312; manipulation of, 
use in high ’ school texts, 72: 
manipulation of, value of, 79, 82; 
91; learning meaning of, 243, 265, 
306; work with, 321; amount of 
practice in, 351 

Pontiac Township High School, 
investigation of occupations of 
graduates, 13 

poe cet arts texts, use of algebra in, 


Practice, in error, 330; in insecurity, 
330; material, 331, "332: material, 
standardization of, 442; in com- 
putation, 334; amount of, 338 ff.; 
estimates of amount of, 340 ff.; 
estimates of amount of, in text- 
books, 343; inventory of amount 
of, in textbooks, 348 ff.; probable 
error of inventory of amount of, in 
textbooks, 350; provided by 
teachers, 353; relative amounts 
estimated by teachers, 353; relative 
amounts of, provided in texts, 354; 
misplaced emphasis in, 354 f.; 
time required for, 358; in com- 
putational formulas, 360 eo syn 
computational formulas,  distri- 
bution of, 369 ff.; in removing 
negative parenthesis, 372 f.; dis- 
tribution of, in product of (p-+q) 
(p—q), 374; distribution of, in 
factoring p?—q?, 374 f.; distribu- 
tion of, in finding L. C. M., SiG ts 
distribution of, in changing subject 
of formula, 378; distribution ot, 
in factoring mx?+-px-+q, 379 f.; 
distribution of, in division of 
monomials, 380 f. 

Principles, vs. habits, 237, 238, 239; 
of order of topics, 304; algebraic, 
mastery of, 328 

Probability, value of, 50, 54, 91; 
curve, 119 

Probable error, of inventory _ of 
amount of practice in algebra 
texts, 350, 352; of certain partial 
correlations, 411; of average in 
tests, 429; of determination by 
tests, 439 

Problems, 309; value of, 50, 53, 91, 
97, 98; in chemistry, "5; solving 
of, 96, 127, 128, 136; puzzle, 97, 
137, 138, 154, 162; ‘ability with, 
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100; genuineness of, 108 ff., 137 f.; 
scale for genuineness of, 139, 146; 
on public health, 109; steps in 
solution of, 113 f.; to teach mean- 
ings, 132; ‘from science, 135 f.; as 
propaedeutic material, 134, 137; 
importance of, 137, 140 ff.; scale 
for importance of, 140; application 
of algebraic technique to, 137; 
routine procedure in solving, 137; 
as routine procedure vs. as originals, 
150 ff.; educational value, 137, 
152; use in review, 137 f.; use as 
tests, 137, 151, 156; criteria for 
selection of, 137, 154; grouping of, 
137, 158; selection of data for, 137, 
158; discovery of data for, 137, 
159; use of real situations for, 137; 
requiring general solutions, 137, 
160; list of, 143 ff.; in each 
technique, 148; use of physics 
situations for, 148; arranged by 
topics, 148; overvaluation of, 151; 
to show need for a technique, 152; 
on temperature, 153; purpose of, 
154; bogus, 154; selection of, 155; 
in proportion, 161; from physics, 
164, 314; tests in, 173, 174, 189, 
456; unreal, 258; genuine, 309; 
solving, a unit topic, 3L2 hie in 
statistics, 314; in economics, 314; 
in chemistry, 314; in mechanics, 
314; in surveying, 314; in engineer- 
ing, 314; pupils’ interest in, 408; 
standardization of material for, 
442; abilities involved in solving, 
446 ff.; solving of, vs. computation, 
448 

Proctor, correlation between algebra 
scores and I. Q., 422, 424 

Prognosis tests for ability in algebra, 
214 ff. 


Progressions, 311; value of, 50, 54, 
89, 91, 95; formulas in, 163 

Progymnasium, 6 

Projective geometry, 87 

Proportion, 281, 310, 315; value of, 
50, 53; use in chemistry problems, 
75, 78 

Provision for habits now neglected, 
229 ff. 


Prussia, numbers of pupils in schools 
of, 6, 7 
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Psychographs of special disability in 
algebra, 428 ff 

Psychological examination, Carnegie 
Institute of Technology, 203 

Psychology, value of algebra for, 
60 ff.; texts, use of algebra in, vA, 
os use of correlation in, 89; of 
problem solving, 112, 132 ff.; of 
Arithmetic (Thorndike), 250 f. 

Pupils, number in high school, 2; 
errors in algebra, 249 

Puzzle problems, 97, 137, 138, 154, 
162 


Pythagorean theorem, 226, 315 


Quadrant, 318 

Quadratic equations, 148, 150, 273, 
312,. 313; value of, 50, 54, 89; 
solving, 107, 125; simultaneous, 
125, 155; tests in, 166, 169, 188; 
ability to frame, 224; ability to 
solve, 224; solved by factoring, 
273,. 276, 277, 355; solvel by 
formula, 273, 310; solved by com- 
pleting the square, 273, 310; 
solved by graph, 310 

Quadratic function, value of, 50, 54 

SSN EL learning meaning of, 
65 

Quantitative dependence, 107; prob- 
lems in, 110 

Quartile, calculation of, 315 


Radical, sign, use in physics formulas, 
76; equations, 313 

Radicals, 306, 315; reduction of, 82; 
operations with, 82; use of, 90, 
91, 98; tests in, ‘170; needed elimi- 
nation in, 233; learning meaning 
of, 240, 242; work with, 276; 
relation to exponents, 447 

Radicand, 306 

Ranking, type of test, 213 

Ratings, of terms for learning algebra, 
265; of problems for genuineness, 
138 ff.; of problems for importance, 
140 f.; of problems for interest, 
404 ff. 

Ratio, 226; value of, 49, 50, 53, 98; 
computing with, 99; bonds for, 
255 f., 281 

Rationalization, 234, 275, 276, 306 

Realgymnasium, 6 

Realschulen, 6 


INDEX 


Real, situations vs. described ones for 
problems, 157; number, 306 

Reasoning, ability in, 251; effect of 
changed data on, 458 ff. as 
organization of habits, 458 

Reciprocal, 226 

Reduction of fractions, 307; to C. D., 
test in, 187 

Reeves, W. D., 441 

Regression equations, 243 

Relational thinking, 100; 
203, 210, 217, 486 

Relation, lines of, 123, 124, 125, 129, 
130; of variables, 155, 160, 161, 
310, 318 

Relations, ability to deal with, 198; 
time for work with, 257; Rogers 
test in, 216; study of, 327 

Relative, overlearning, 357; interest 
in high school studies, causes of, 
398; interest in sorts of algebraic 
work, 402 ff. 

Reliability, of scores, in C. E. E. B. 
tests, 192 f.; of scores in I. E. R. 
tests, 193; of scores from equal 
forms of tests, 193; of algebra tests, 
439 

Removal of parentheses, distribution 
of practice in, 372 f. 

Research suggestions, 486 

Resolution of forces, 72 

Review exercises to correct unequal 
distribution of practice, 382 

Rogers tests of mathematical ability, 
214, 216; used in study of dis- 
ability, 427, 428 f., 430, 431 

Roots of an equation, 306; learning 
meaning of, 240 

Routine solution of problems, 150 

Ruae, H. O., and Ciark, 
113, 1325 134, 229, 242) 
318, 323) 325, 329, 330, 
tests in algebra, 166 ff., 
176, 178, 179, 192, 210, 
272, 309, 311 

Rules in algebra, 228, 235, 
250 


test for, 


a 


” , 
312, 315, 
409, 441; 
pales 
234, 237, 


236, 248, 


Scale, for genuineness of problems, 
139; for importance of problems, 
141; for rating technical terms, 
264: drawings, 315 

prepa of correlation, 419 ff., 
425 


INDEX 


ScHLAUCH, investigation in uses of 
algebra, 58 

School, Review, 1; and Society, 446 

SCHORLING, 441; (with KAHLER and 
Minter), study of interests of 
pupils, 386, 394, 395 

Secondary schools, number of pupils 


in, 2 
Selection, of high school pupils, 5 f.; 
of data, for problems, 158; ability 
in, 194, 198; type of test, 211 
Selective thinking, test for, 203 ff., 
210, 217, 436 
Sentence completion (Trabue) in 
peers mathematical ability test, 


Series, 311, 313; completion, Rogers 
test for, 215 

Sewing, texts, use of algebra in, 71, 
73; adjusting patterns, 79; use of 
formulas, 80 

Sex differences, in algebra ability, 
412 ff.; in interest in algebra, 

' 414 ff.; in various sorts of algebraic 
learning, 415 f. 

SHALLIES, 
tions of high school graduates, 8, 9 

Short-cut, 171, 279, 337; methods, 
value of, 50, 53, 89; method of 
solving quadratics, 274; vs. stand- 
ard methods, 276 ff. 

Sigma, in disability group, 428 

Signed numbers, 318 

Signs, laws of, 191, 249 

Simple equations, tests in, 167, 174, 
187, 18 

Simplifications, 171; of radicals, 311; 
pupils’ interests in, 408; as guess- 
ing, 438 

Simultaneous, equations, 50, 54, 61, 
SIP et30. 155,017 25 175,.304,. 3510, 
313; equations, solved by addition 
or subtraction vs. by substitution, 
356; equations, distribution of prac- 
tice in, 383; quadratics, 125, 155; 
quadratics, tests in, 170, 189 

Sine, 226, 262, 310; time for work 
with, 257 

Slide mule, use of, value of, 50, 54, 94 

Social sciences, value of algebra in, 
OO tiewvialetis, 35 

Sociology; value of algebra for, 60 ff.; 
use of correlation in, 89 


investigation of occupa-— 
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Solving, 50, 54, 60 ff., 65, 72, 77, 79, 
82; an equation, 90, 91,.96, 99, 105, 
107; equations, test in, 167, 174, 
187; three types of, 106 f.; a 
formula, 106, 129; problems, 154; 
learning meaning of, 261; results 
of test in, 325 

SprarMa\, C., correction for attenua- 
tion, 423 

Special, products, 98, 276; : products, 
tests in, 179; equations, 313 

Square root, 310, 315; of poly- 
nomials, 82; distribution of prac- 
tice in, 383 


Standard, number form, 49, 65; 
deviation, 87; tests in algebra, 
166 ff.; methods vs. shortcuts, 
276 ff 


Standardizing, tests in algebra, 439; 
problem material, 442; practice 
material, 442 

Stanford, revision of Binet-Simon 
scale, 24, 199; mental age, 326 

Statistical, graphs, 440 ff.; graphs, 
use of, 50, 53, 72, 73, 78, 79, 81, 83, 
84, 88, 90, 94, 310; graphs, use in 
high school texts, 78; graphs, 
ability with, 115 ff.; concepts, 243; 
tables, 315 

Statistics, 265, 314; value of, 50, 54, 
56, 60 ff.; use in high school texts, 
72: Theory of (Yule), 243 

Strength of bonds, 197, 250, 320 ff., 
357 ff. 

Srromauist, C. E., algebra test, 189 

Subjects, interests of pupils in, 388 ff. 

Subscripts, need for in physics, 76; 
bonds for, 25 

Substitution, tests in, 166, 
method of elimination, 309 

Subtraction, 306, 317, 329, 351; of 
polynomials, 82, 98; algebraic, 90; 
tests in, 167, 173, 190; results of 
test in, 323 f. 

Suggestions for research, 436 ff. 

Superfluous bonds, 273 

Superposition, Rogers test for, 215 

Surds, 150, 234, 306; use of, 90; 
learning meanings of, ’240, 243; . work 
with, 275, 276; as answers, 282 

Surface of frequency, 91, 94, 119 

Surveying problems, 314 


189; 
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Symbolism, 252, 304, 311, 318; intelligence examination score, 422, 
algebraic, 94, 100, 103; of 424, 425, 450, 452; McCay reading 
exponents, 154; literal, 160; scale, used in study of disability, 


learned by use of formulas, 283; 
pale of as training, 327 f.; test 


436 
Sibel, 240; algebraic, 89, 90, 104; 
translation into, 160; ability to 
deal with, 198, 242: test for 
ability in, 20% ff., 210, 217 
Symonps, P. M., analysis of pupils’ 
errors, 249; study of disability in 
algebra, 426 ff. 


Tables, use of, value of, 50, 53, 91, 
94, 135; making, 135; of values, 
157, 225, 253; use of, 226, 234, 236; 
of statistics, 315 

Tangent, 226, 310, 315; 
work with, 257 

Tasks to measure interest in algebra 
topics, 400 f. 

Teachers’ estimates of amounts of 
practice, 340 ff. 

Technical terms, 262 ff. 

Term, learning meaning of, 240, 262 


time for 


Testimony. of oa, concerning 
interest in algebra, 3 
Test, National Intelligence, 199; 


Thorndike-McCall, for paragraph 
reading, 209; Rogers, for mathe- 
matical ability, 214 ff., 427 ff.; 
Kelley, for values of algebra, 217 ff.; 
Woody-McCall, arithmetic, 427, 
428; Trabue completion, 430 

Tests, problems as, 151, 156; stand- 
ard, in algebra, 166 ff.; ladder, 
194; for ability with symbols, 
201 ff.; for selective and relational 
thinking, 203 ff.; for generalization 
and organization, 207; true-false, 
211; selective, 211; matching, 212; 
ranking, 213; completion, 213 f. 

Texts, in high school, examination of, 
70 ff.; in algebra, 108; amounts of 
practice in, 348; distribution of 
practice in, 372 ff. 

Theory, of exponents, 226; of Sta- 
tistics (Yule), 242; of variable 
measurements, 242 

THORNDIKE, intelligence examination 
for high school graduates, 199; 
Psychology of Arithmetic, 250; 
correlations between algebra and 


427, 428 

Time, for work not now given in 
algebra, 257; for beginning algebra 
study in England, 315; to do work 
of first year algebra, 308; for 
operation of bonds, 358, 361 f. 

Topical arrangement of problems, 148 

Trabue, completion test, used in dis- 
ability study, 4 

Trade secrets in algebra, 172 

Transfer of training, 165 

Transposing, 239; in physics formu- 
las, 77, 78; tests in, 187; results 
of tests in, 325; reason for chang- 
ing signs in, 447 

Trigonometric ratios, 310, 312, 315 

Trigonometry, numerical, value of, 
50, 54; plane, value of, 51, 53 

Trinomial, learning meaning ‘of, 261, 
po factored into two binomials, 


True-false test, 211 
Underlearning, 356, 359 


Undesirable, bonds, 257 ff.; com- 
putations, 257 f.; problems, 258 
ff.; vocabulary, 260 f.; terms and 


definitions, 261 f. 
Undistributed zeros, 178, 197 
Unit arrangement of problems, 148 
University of Wyoming algebra, test, 
189 


Unreal problems in tests, 179 
Jureliability of test scores, 192, 193 
Upton, C. B., 447 

Use, of rules, 250 

Uses, of algebra, 47; as preparation 
for work in science, 48 ff.; rated 
by scientific men, 60 ff.; as shown 
by inventory of high school texts, 
70 ff.; as shown by inventory of 
Encyclopedia Britannica, 83 ff. 


es 


Validity of tests, 489 

Value, educative, of problems, 152; 
of algebra, 326; of accuracy vs. 
speed, 356, 361, 363, 364 

Variability, 243; of teachers’ esti- 
mates of practice, 346 ff.; of group 
as affecting correlation, 424 


INDEX 


Variables, 226; relation of, 50, 54, 
8l, 91, 94 121, 124° 
125, 126, 129, 135, 155, 160, 161, 
253, 283, 312, 318; related, 310; 
equations of, 130, 131; making 
graph for, 225; time for work with 
257 

Variation, 130, 311; value of, 50, 53; 
direct, 130; inverse, 130; exercises 
in, 289; in conditions of measure- 
ment as source of error in correla- 
tions, 423 

Variety of tasks in examination, 194 

Verifying ape 330, 363 f. 

Vinculum, 3 

Vocabulary, useless, 261 


Wasteful learning, 256 ff. 

WGLEIN, correlation between alge- 
bra and other school work, 422, 424 

Wetts and Hart, New High Schoo} 
Algebra, 112, 358 
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WILLETT, avahghee of pupils in high 
school studies, 3 

Woop, Brn D., “eehable error of 
examination scores, 192 f. 

Woodworking, texts, use of algebra 
in, 71, 73; use of algebra in plans 


In, 

Woody-McCall, mixed fundamentals 
test in arithmetic, used in study of 
disability, 427, 428 

Wyoming, University of, algebra test, 
189 


Youna, J. W. A., 245 
Yun, G. Upny, Theory of Statistics, 
242 


Zero strength of bonds, 327, 334 
Zeros, undistributed, 178, 197 
Zodlogy texts, use of algebra in, 71, 73 
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